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Understanding slow compression and
decompression of frictionless soft granular
matter by network analysis†

Stefan Luding, a Kianoosh Taghizadeh, *ab Chao Cheng c and Lou Kondic c

We consider dense granular systems in three spatial dimensions exposed to slow compression and

decompression, below, during, above and well above jamming. The evolution of granular systems under slow

deformation is non-trivial and involves smooth, continuous, reversible (de)compression periods, interrupted by

fast, discontinuous, irreversible transition events. These events are often, but not always, associated with

rearrangements of particles and of the contact network. How many particles are involved in these transitions

between two states can range from few to almost all in the system. An analysis of the force network that is

built on top of the contact network is carried out using the tools of persistent homology. Results involve the

observation that kinetic energy is correlated with the intensity of rearrangements, while the evolution of global

mechanical measures, such as pressure, is strongly correlated with the evolution of the topological measures

quantifying loops in the force network. Surprisingly, some transitions are clearly detected by persistent

homology even though motion/rearrangement of particles is much weaker, i.e., much harder to detect or, in

some cases, not observed at all.

1 Introduction

In non-Newtonian systems, complex fluids,1 colloidal suspensions,2

and especially granular matter in its flowing states,3 the system’s
macroscopic transport properties are not constants but depend on
various state-variables such as the volume fraction and the granular
temperature.4 This interdependence and the presence of energy
dissipation is at the origin of many interesting phenomena like
clustering,5 shear-band formation,6 jamming/un-jamming,7,8

dilatancy,9 shear-thickening2,10,11 or shear-jamming.8,12,13 While
granular gases are very well described by kinetic theory,4 dense
granular fluids and granular solids are much harder to understand,
in particular since they can transit from fluid-like flowing states to
static, reversibly elastic ones. How and why they achieve this is still
under debate, e.g., by irreversible (plastic) deformations,14–19 related
also to creep/relaxation phenomena,9,20–22 and many other
mechanisms.

In this paper, we focus on the compression (loading) and
decompression (unloading) of three dimensional dense, solid-
like granular packings of frictionless soft particles, which allow

to study a wide range of volume fractions, resembling soft rubber, or
gel particles. Goal is a better understanding of precisely how these
packings respond to (de)compression. For tiny deformations (iso-
tropic strain), the considered systems can, and mostly do, behave
fully elastically and reversibly. However, for larger strains, irrever-
sible events occur that involve some dynamics (motion, rearrange-
ment) of the particles.23–28 In analysis of these events, in addition to
classical measures (pressure, energy, coordination number), we find
it insightful to consider explicitly also the force networks, describing
the interparticle interactions on a scale between particles and
system size. By now it is well accepted that the static and dynamic
properties of these networks are closely related to mechanical
properties of the whole granular sample; the examples include
granular samples exposed to vibrations/tapping29,30 or pullout of
an intruder from a granular sample.31 It is therefore important to be
able to describe the properties of these networks in ways that are
simple enough but also precise and more detailed than the classical
measures alone, and that can be applied in three spatial dimensions
(3D) rather than the rich 2D network analysis of recent years, see e.g.
ref. 32–38 and the references therein. This is not an easy task since
the force networks are built on top of contact networks, which for a
deformed system evolve dynamically together interfering with
each other.

While there are various approaches that could be used to
describe the considered networks, they often do not satisfy
some of the above requirements. In the present work, we focus
on application of persistent homology (PH), which is a
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technique based on computational topology allowing for a
concise description of 3D weighted networks, and is therefore
appropriate for description of force networks, where the role of
weight is played by the magnitude of the forces between
granular particles. PH allows for a significant data reduction,
since it describes a complicated weighted network in terms of
point clouds, known as persistent diagrams, PDs, that contain
information about the connectivity of the contact/force net-
works, and how such connectivity depends on the force magni-
tude. One strength of this approach is that all force magnitudes
can be considered at once. This being said, the concept of a
force threshold is inherent in PD calculations and the informa-
tion about the connectivity for different thresholds is readily
available, see ref. 39 for in-depth discussion in the context of
granular matter, and40 for an introduction to computational
homology, of which PH is an important part.

PDs have been used extensively for a number of systems involv-
ing weighted networks, ranging from social41 to fluid dynamics42

and material science context.43,44 While applications to granular
systems are still rather limited, the approach based on PDs has been
used for the systems exposed to compression,45,46 vibrations,30,47,48

or shear.49 In the present work, we will illustrate some of the
strengths of this approach, including its ability to easily carry out
analysis/computations in 3D, as well as to consider evolving net-
works, including computing their differences. The computations
are carried out using the GUDHI library.50

Before closing this introduction, we point out that in the present
work we also consider relative large volume fractions, that may lead
to large particle deformations, which in turn could produce new
contacts between particles. Recently, there have been a few studies
to tackle the realistic behavior of highly deformable particles both
numerically51–56 and experimentally.27,57–59 In the present paper the
soft-DEM numerical approach is used to model the compaction of
‘‘soft’’ elastic grains; in this approach the change of shape of the
grains is neglected. Since the focus of the present study is to
understand the force networks using persistence analysis and
DEM simulations, which is already a complex enough investigation,
detailed analysis involving deformable particles using multi-particle
contact methods will remain a subject of a future study.

The remainder of this paper is structured as follows: After
introducing both DEM and PD methods in Section 2, we proceed
to discuss the results. Section 3 focuses on a preliminary discussion
of the observations based on classical measures (pressure, energy),
involving the irreversible events occurring frequently during both
compression (loading) and decompression (unloading) of the con-
sidered granular systems. In Section 4 we present the results
obtained based on PDs, as well as by relating the quantities derived
from PDs to the classical measures. Section 5 is devoted to
summary, conclusions and outlook.

2 Methods
2.1 Discrete element method

The approach towards the microscopic understanding of
macroscopic particulate material behaviour is the modelling

of particles using the so-called discrete element method (DEM),
a numerical scheme originally formulated and developed by
Cundall et al.60 DEM is a straightforward implementation to
solve the equations of motion for the translational and rota-
tional (not used here) degrees of freedom for a system of many
interacting particles:

mp~ap ¼ ~fp þmp~g� gb~vp (1)

where mp = (4p/3)rprp
3 is the mass of the i-th particle with

density rp, radius rp = dp/2, position -
xp, velocity ~vp ¼~_xp and

acceleration ~ap ¼~€xp. It is subjected to two kinds of forces, one

due to contacts with other particles ( ~fp ¼
P
c

~f cp ) and one due to

volume forces (i.e. due to gravity acceleration,
-
g, neglected in

this study), as well as global background damping of motion
with coefficient gb.

The basis of DEM consists of the force laws that relate the
interaction force to the overlap of two particles. This force can
be decomposed into a normal and tangential component

-

f c
p =

-

fn +
-

ft. With known normal and tangential forces acting on all
particles, one can numerically integrate the equations of
motion, eqn (1), and obtain the position of particles in future
time-steps. Next, we will describe the simple-most force law
used in this research, ignoring tangential forces.

2.1.1 Normal contact law. The elementary units of granular
material are mesoscopic grains that deform under contact
forces, possibly induced by an externally applied stress. For
realistic modelling of the forces between two particles, we relate
the interaction force to their overlap d. Note that the evaluation
of the inter-particle forces based on the pair overlap may not be
sufficient to account for the inhomogeneous stress distribution
inside the particles and possible large deformations. Within
this simplification, two particles only interact if they are in
contact, resulting in the normal overlap:

dn ¼ rp þ rq
� �

� ~xp �~xq
� �

�~n4 0; (2)

where~n ¼ ð~xp �~xqÞ=j~xp �~xqj is the normal unit vector pointing
from particle q to particle p.

The linear spring-dashpot contact force law is a further
simplification in DEM:61–65

f n ¼ f nel þ f nvisc ¼ kndn þ gn _dn (3)

with kn as the spring stiffness between two particles. In reality,
particles collisions are inelastic, i.e. energy loss occurs during
collisions. Here, the dissipation is related to relative velocity

(vnrel ¼ � ~vp �~vq
� �

�~n ¼ _dn) of interacting particles with the vis-
coelastic damping constant for normal contact viscosity gn

which is a intrinsic model parameter accounting for energy
dissipation. This model implies that the spherical particles do
not deform during the simulation and considers binary con-
tacts only through a single point during their collisions.

2.1.2 Input parameters and units. The N = 4913 particles,
with particle diameters drawn from a random homogeneous
size distribution with maximum to minimum width, dmax

p /
dmin

p = 3, are the same as used in ref. 12. The parameters given
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in the following with a prime, e.g., r0p = 2000 or d 0p = 2, are used

in the simulations shown in this paper. For working with units,
there are two alternatives: either one can read the numbers in
chosen units‡ or the units are chosen based on physical
properties to achieve non-dimensional quantities. The latter
option is adopted here, i.e., the unit of length is chosen as the

mean particle diameter, x0u ¼ d 0p

D E
¼ 2, so that hdpi = 1 is the

dimensionless diameter. The second unit is the material den-
sity, r0u ¼ r0p ¼ 2000, so that one has the dimensionless density,

r = f, and thus the unit of mass, m0u ¼ r0uðx0uÞ3, i.e., the particle
mass, mp = (p/6). For the third unit one has several choices,
where we adopt here the units of elastic stress, s0u ¼ k0n=d

0
p,

with the linear normal contact stiffness, k0n = 105, which
yields the dimensionless stress s ¼ s0d 0p=k

0
n, and results in

the unit of time t 0u ¼ m0u=k
0
n

� �1=2¼ 0:4. In the chosen units,

the dimensionless linear stiffness is kn ¼ k0n t 0u
� �2.

m0u ¼ 1,

and the linear contact viscosity, g0n = 103, becomes

gn ¼ g0nt
0
u=m

0
u ¼ g0n=½k0nt 0u� ¼ 4� 10�3, with background viscos-

ity, g0b = 102, or gb = g0bt
0
u=m

0
u = 4 � 10�4.

The consequent physically relevant properties are the resti-
tution coefficient r = exp(�Zntc) E 0.855, with damping factor
Zn = gn/(2m12), reduced mass, m12 = 0.063, and contact duration,

tc ¼ p=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kn=m12 � Zn2

p
¼ 0:79, or t 0c ¼ tct

0
u ¼ 0:316, all consid-

ered for a contact between the largest and the smallest particle,
with the larger viscous damping time-scale, tv = 2m12/gn E 5,
and the even larger background damping time-scale tb = 2m12/
gb E 50. Note that this choice of units corresponds to setting
t 0u / t 0c, so that the dimensionless time-scale collapses simula-
tions with different stiffness, in the elastic regime.67,68

To prepare samples, first particles are randomly placed in a
3D simulation box with a periodic boundary condition at a low
volume fraction, well below jamming (transition from liquid- to
solid-like behavior). Then, the simulation box is compressed
homogeneously from all directions, up to volume fraction
fmax E 0.9, and then decompressed. Simulations are carried
out using an isotropic strain-rate, _e0v = 1.05 � 10�6, i.e.,
_ev ¼ _e0vt

0
u ¼ 4:2� 10�7, for both loading and un-loading. In the

following sections, we will present a few typical particle simula-
tions from loading–unloading cycles, with the goal to zoom into
this slow rate data, to display the dynamics of what is going on
during plastic, irreversible re-arrangement events; results from
different rates were reported in ref. 69.

2.2 Persistent homology (PH)

For the present purpose, one could think of PH as a tool for
describing a complicated weighted network (such as the one
describing interaction forces between the particles) in the form
of diagrams, so called persistence diagrams (PDs). These dia-
grams are obtained by filtration, i.e. thresholding the strength

of the interactions between particles. For the present purpose,
this strength is quantified by the normal interaction forces.
Then, the simplest PD, which we refer to as b0 PD, essentially
traces how ‘structures’ (could be thought of as ‘force chains’,
without attempting to define them) appear as a filtration level
is decreased, or disappear as two structures merge (b0 stands
here for the 0th Betti number that essentially counts the
number of components or ‘chains’). In three spatial dimen-
sions (3D), there are three Betti numbers, b0, b1 (counting
loops), and b2, counting enclosed 3D structures, and therefore
also three PDs. Since in the present context b2 structures are
rarely present, we will not discuss them further, and will focus
on b0 and b1 PDs. We note, and will discuss later in this section,
that PDs contain the information which is significantly more
detailed than the Betti numbers, since they tell us about
connectivity of the components, and not only about their
numbers.

To illustrate how PDs encode the information about a force
network, Fig. 1 shows a toy example of a simple network and
the corresponding PDs. Fig. 1(a) shows a small set of particles
(nodes) interacting by a force represented by the numerical
values (intensity) along the edges connecting the nodes. The
PDs keep track of how components appear and disappear as the
force threshold is decreased from the highest value (4 in
the present example) down to the lowest value (here 1). To
explain how PDs are produced, let us first focus on b0 PD. The
first component (single edge) with value of 4 is the first one that

Fig. 1 (a) Toy network with the strength of interaction between nodes
shown by numerical values and color intensity. The corresponding persis-
tence diagrams are (b) b0 PD, and (c) b1 PD. Note that in (b) the point with
coordinates (3, 2) is double, since two components disappear (plotted as
two slightly shifted points for visualization purposes).

‡ Units could be, e.g., length, x̂u = 0.5 � 10�3 m, time, t̂u = 10�5 s, and mass, m̂u =
1.25 � 10�10 kg, to match experimental values: d̂p = d 0px̂u ¼ 1 mm, r̂p ¼ r̂ur

0
p ¼

2000 kg m�3, etc., see ref. 66.
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appears at level 4 and, by convention, never disappears (or
dies), leading to the point with coordinate (4, 0) on b0 PD. On
the level 3, we note that the existing component (4) becomes
larger (this is not encoded in the PD, since connectivity has not
changed), and three more components appear. On level 2, two
of these components connect to the existing component (4) and
therefore these two components disappear, or die, leading to a
double point at (3, 2). Finally, on the level 1, another compo-
nent from the level 3 connects to the existing component,
leading to the point (3, 1). Since at level 1 all the nodes are
connected, and there is just a single component existing, b0 PD
is complete. We note that this PD contains the information
about the number of components and their connectivity for all
considered thresholds, which is a major difference to the Betti
number, b0, which is threshold dependent (in this example,
there is one component on level 4, four components on level 3,
two components on level 2, and one component on level 1). All
of this is encoded in the b0 PD, and we leave to the reader, as
simple exercise, to extract the Betti numbers listed above
directly from this persistence diagram.

Turning now our attention to the loops and b1 PD, we see in
Fig. 1(a) that we need to go down to the threshold level 2 to
form a loop (a loop forms when the weakest link appears; in
this case we have two edges with the force 2 in the loop in the
lower part of the figure). This loop has coordinates (2, 0) in b1

PD. Then, on level 1, another loop (central) closes, leading to
the (1, 0) point in b1 PD. In the present simple toy example we
do not observe disappearing or dying of loops: in a more
complicated network, bigger loops ‘die’ when they get (com-
pletely) filled by edges of non-zero strength. In a granular
system, this could correspond to the formation of crystalline
zones, where eventually all neighboring particles interact by
non-zero contact forces in a hexagonal network; see ref. 39 for
further discussion of this point.

We conclude this brief discussion of PDs by pointing out
one important feature: one can show that PDs are stable, in the
sense that small changes of the underlying network lead to
small changes of a PD; such a result can not be proven, e.g., for
Betti numbers.39 In practical terms, and in the context of
granular physics, this means that small errors in measuring
forces between particles would lead only to correspondingly
small errors in the measures derived from the PDs.

It should not come as a surprise that the PDs resulting from
simulations of a large number of granular particles are signifi-
cantly more complicated than the ones resulting from the toy
example.

While there are many possible measures that could be
introduced, one simple choice is based on the idea that there
are two appropriate measures/numbers (i) points (generators)
in a diagram, and (ii) the threshold range over which a point
persists – both describing the force network. Using landscape
as an analogy, the number of points in b0 PD specifies the
number of (mountain) peaks, and their lifespan (see below)
describes how well developed these peaks are, or, to push the
landscape analogy further, how high they are compared to the
‘valleys’ that surround them. The lifespan L, is introduced as

the difference between birth (B) and death (D), coordinates, so
L = B � D. Both measures could be combined into one by
defining the total persistence, TP, as a sum of all lifespans.
Then, for our toy example shown in Fig. 1, b0 TP = 8, and b1

TP = 3. We will be using TP later in the paper to quantify the
force networks obtained from DEM simulations.

During the last decade, the software for computing PDs and
additional measures has been developed by a number of
research groups and made publicly available. All the results
presented in the present work were computed using the GUDHI
library.50

3 Classical analysis of DEM results

In this section we compare the loading and unloading branches
at the full range of volume fractions. Focus here is on DEM
particle simulation output/information, whereas in the next
section, the properties of force networks and their relation to
the classical measures are discussed.

Fig. 2 shows the dimensionless pressure, p ¼ p0dp=kn plotted
against volume fraction f. On the scale of the whole compres-
sion/decompression cycle, the differences in pressures between
the branches are rather small, and the pressure curves look
rather smooth. As we will, in what follows, zoom into these
curves, rich structures show up to be explored deeper. The
symbols in the figure show the location of some of the events
which we will consider in more detail. It is worth mentioning
that the (isotropic) inertial number for these simulations is of
the order of 10�5, already for rather small p Z 10�4. Note that
while faster compression rates lead to different results, simula-
tions with slower deformation rates (not shown here for
brevity),69 are practically identical on this scale, confirming
that the simulations shown in Fig. 2 are in the quasi-static, rate-
independent regime.

Note that volume fractions in Fig. 2 go as high as 0.9. Recent
studies56 have shown that classical DEM is not accurate at such

Fig. 2 Pressure plotted against volume fraction, f, for loading (L, red) and
unloading (UL, blue). The symbols indicate the locations of three selected
simulation event windows, for both L and UL, as circles and triangles,
respectively, see Table 1.
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high compression, due to extreme deformations, so that parti-
cles are not spherical anymore, with additional, multiple con-
tacts established. Different methods, e.g., DEM-FEM coupling,
could be used to simulate high volume fractions,52,70,71 how-
ever such methods are computationally costly. For simplicity, in
the present work we stick to classical DEM, following the
phenomenology in a qualitative way, leaving more quantitative
considerations of the influence of the change of particle shape
(and other aspects related to large volume fractions) to other
studies53 and future research.

Fig. 3 shows the energy ratio (kinetic to potential), Ek/Ep, of
the system during loading and unloading. It is a known fact
that the energy ratio is one way to identify jamming: it drops
rapidly below unity at jamming,7 while it sharply increases at
unjamming, but at a different, larger value of f. This figure also
illustrates that the process of loading and unloading is not
smooth. Slow isotropic deformations results in an energy ratio
base-line Ek/Ep p _e2

v { 1. But the kinetic energy is also
characterized by numerous events, i.e., peaks of energy ratios
up to Ek/Ep E 10�3, still well below unity. This indicates that
the system remains jammed even though a considerable kinetic
energy shows up rapidly and decays (exponentially) fast, after
each event. A closer zoom into some selected events
follows below.

Next, we consider the coordination number C* which is
related to the contact number per particle C = 2M/N (given the
total number of contacts M) by C* = C/(1 � fr), in which fr is the
fraction of rattlers. Fig. 4 shows that the coordination number,
C*, is quite similar for the loading and unloading branches,
most different at the lower volume fractions, close to jamming
and unjamming. On this scale, like for pressure, the tiny
fluctuations, variations and differences can be seen only when
zooming in to the data, as we will do in the next subsection. It
must be noted that large deformations may lead to develop-
ment of new contacts between particles51,53 and that consider-
ing the influence of these newly developed contacts on the

results in this paper remains to be carried out in the
future study.

3.1 Loading and unloading events

To proceed further, three different windows of volume fraction
for both loading and unloading branches were selected.

We proceed by comparing the loading and unloading
branches at a few different selected values of f so to be able
to zoom into windows of Df = �0.0012 around the events
marked in Fig. 2–4 and summarized in Table 1.

Fig. 5 shows the pressures around the selected values of f at
which events take place. We note that p, differs significantly
between loading (L) and unloading (UL). Only the last event on
the loading branch is followed by an elastic regime that is
exactly, reversibly traced back during unloading from the
maximum volume fraction, fmax = 0.9013, confirming reversi-
bility for small enough strain and strain rates.

All the events are characterized by (sometimes tiny, some-
times large) changes in pressure: for L we always observe
pressure drops, while for UL, we also observe increases in
pressure (note that the UL figures need to be viewed from right
to left since f is decreasing). As we will see in what follows,
other considered quantities show significant changes during
the event windows considered in Fig. 5, even when the pressure
changes are almost invisible.

Fig. 6 shows the energy ratio, Ek/Ep, for the zoom-in win-
dows. We find that this ratio is more sensitive to a change of f

Fig. 3 Kinetic to potential energy ratio, Ek/Ep, plotted against volume
fraction, f, for loading (L, red) and unloading (UL, blue). The symbols
indicate the location of three selected simulation event windows, for both
L and UL.

Fig. 4 Coordination number, C*, plotted against volume fraction, f, for
loading (L, red) and unloading (UL, blue). The symbols indicate the location
of three selected simulation event windows, for both L and UL.

Table 1 Summary of the event windows marked in Fig. 2–4 and detailed
as zooms in Fig. 5–7

f p Ek/Ep C*

L1 0.674492 0.0105787 0.00437983 6.81299
L2 0.742856 0.0872874 0.000538789 8.4115
L3 0.899943 0.3411 0.000410461 10.3534
UL1 0.772703 0.124572 0.000540811 8.83516
UL2 0.704472 0.035903 0.000752957 7.57317
UL3 0.697589 0.0285596 0.00104019 7.42286
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than pressure. Note that the energy ratios during loading and
unloading do not follow the same trend – even if f is the same.
This is not surprising, since the sample configuration has
changed. We note that each event is followed by an exponential
decrease in energy ratio. The corresponding dissipation rates
(data not shown) depend on the restitution coefficient as
p(1 � r2) and, somewhat, increase with volume fraction, due
to an increased number of contacts,

Fig. 7 shows the coordination number, C*, for the same data
range as in Fig. 5 and 6. Similar to the energy ratio shown in
Fig. 6, the coordination number plot reveals irreversible rear-
rangements during events, showing that the events (at least the
ones considered in this figure) correspond to changes of the

microstructure (coordination number) associated with plastic,
irreversible deformations of the granular sample (in contrast to
elastic, reversible deformations during which the coordination
number varies continuously (i.e., outside of the event window,
without significant jumps). We will discuss later in the paper
also situations where events could occur without particle
rearrangements, therefore without strong changes of the
Ek/Ep ratio, or the coordination number.

For the events considered so far, Fig. 7 shows that an event
always starts with a coordination number decrease. This is due
to rearrangements of particles, which leads to an increase of
the Ek/Ep ratio, as can be seen in Fig. 6. For an explanation why
such kinetic energy (and displacement) fluctuations result in a

Fig. 5 Pressure, p, plotted against volume fraction, f, from the same data as in Fig. 2, zooming into three events on each branch ( and symbols), for
loading (L, red) and unloading (UL, blue). The same color/symbols are applied to Fig. 6 and 7. (a) L1, (b) L2, (c) L3, (d) UL1, (e) UL2, (f) UL3, see Table 1.

Fig. 6 Kinetic to potential energy ratio, Ek/Ep, plotted against volume fraction, f, from the same events as in Fig. 5.
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drop of coordination number, see the discontinuous general-
ized distance probability density functions in ref. 72. Once an
event is completed, the coordination number typically recovers
close to its original, elastic trend, sometimes below (a and b),
sometimes above (c–f).

3.2 Events force networks

In Fig. 8, force networks are plotted during events, for the
loading branch only, with a threshold set such that the plots
have similar volume fraction, even with a few holes/gaps that
indicate extended islands of weak contacts only. The intensity
of forces is color coded the same way in all plots, where blue,
green, red range from low to high forces.

The four snapshots shown in Fig. 8 for each of the events L1
(f = 0.6735), L2 (f = 0.7427), and L3 (f = 0.899), are equally
spaced within the event window, Df E 0.00023, so that biggest
changes are expected between the two middle panels. However,
given the rather small relative changes in pressure during
events, also the force intensity change is practically invisible,
and only a few modifications of edges are visible. This observa-
tion brings us to the conclusion that the visualisation of the
force network is not very helpful to understand the evolution
during events; further analysis of these networks based on
persistent homology method will be discussed in Section 4.
Before that, we discuss briefly the non-affine displacement.

3.3 Non-affine displacements during events

The main difficulty in describing the mechanics of granular
materials is how to deal with disorder. The simplest approach
is to ignore disorder altogether, and attempt to gain insight
based on ordered, crystalline packings.73 This assumption
considers a uniform strain at all scales, with the displacement
field of the grains following the macroscopic deformation, so-
called affine motion. However, a number of studies74–80 have

shown the failure of only considering affine motion in describ-
ing the mechanical behavior of granular packings.

The basic idea of elastic theories relevant to granular pack-
ings is that the macroscopic work done deforming the system is
equal to the sum of the work done on the level of each grain–
grain contact. The latter scale has to be replaced by a suitable
split to average (affine) and fluctuating (deviating, non-affine)
quantities. Thus, the displacement of a particle can be
written as:

Dxi = xi(t + Dt) �xi(t) = Dxi
affine + Dxi

reversible + Dxi
events, (4)

where xi(t) is the position of particle i at time t, the subscripts
indicate the affine, non-affine reversible, and the event displa-
cements. Note that the last two terms are different contribu-
tions to non-affine deformations, on top of the first, which
accounts for the affine deformations only. The first two terms
provide the smooth total displacements of particles during
elastic, reversible phases, both affine plus non-affine. As we
will see later, the last term accounts for the much more violent
dynamics during non-reversible deformations (events); it is not
smooth in time (volume fraction).

Next we focus on the non-affine displacement from before to
after an event, which involves Dxi � Dxi

affine. The reversible non-
affine displacement is typically much smaller than the irrever-
sible event displacement, so that we do not attempt to separate
it off (data for Dxi

reversible not shown here separately).
In order to visualize the evolution during the events, the

non-affine displacement of all particles during the events (from
f = 0.673 to 0.899) is plotted as thin lines with a stretch factor
in Fig. 9. The figure shows the events from the loading branch
for the system with periodic boundary conditions (grey bars).
The particles with displacement above a certain threshold are
plotted in color, whereas the particles with little displacement
are omitted. The first and the last event are remarkable, since
they show up strongest, both with a strong displacement of

Fig. 7 Coordination number, C*, plotted against volume fraction, f, from the same events as in Fig. 5.
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many particles, covering the whole system. It was found that in
the low volume fraction case, the system is not yet fully jammed
and the event is the superposition of several smaller sequential
events. Even for very large f, significant events can occur,
even though the system is already strongly jammed/

over-compressed. Also some events show considerably less
particles involved. However, in all cases the whole system is
involved, indicating possible relevance of finite size effects.

Fig. 10 shows an event from the unloading branch starting
at f = 0.899 until f = 0.673. For unloading, the first event (left)

Fig. 8 Force networks during the three loading events L1, L2, and L3 (in the same scaling, where each event is represented by a row of four snapshots),
with the forces/overlaps plotted only above a threshold of the overlap, d/(2R) 4 0.006, 0.04, and 0.11, respectively; all lines are color coded the same
way, from small (blue), moderate (green) to large (orange) forces. Forces across the periodic boundaries (light grey boxes indicate the outside) are
omitted.

Fig. 9 Non-affine particle displacements projected to a plane, during event-windows with Df E 0.0012, plotted for a few representative events from
begin (f = 0.673) to end (f = 0.899) of loading (L), i.e., volume fraction increasing from left to right (as visible from the grey bar). The thin black lines give
the scaled displacement, and the circles indicate particles with displacement above a threshold of 0.1, with blue, green and red indicating moderate, large
and very large displacement amplitude.
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is very weak, almost not showing up for the given thresholds,
and also the last event (right) is rather weak. The three marked/
selected events in the middle show different characteristic
patterns well above the threshold. All events involve groups of
particles of order of half system size, indicating that these are
almost system spanning events, with possible relation to the
finite size of the system. Additionally, comparing non-affine
figures for loading and unloading events, it is found that the
non-affinity is more pronounced for loading than for unloading
events.

4 Force network analysis based on
persistent homology
4.1 Global view

The force networks, see Fig. 8 for examples, are difficult to
analyze visually. As discussed in the Introduction and Section 2,
persistent diagrams, PDs, provide one complementary
approach to understand granular packings under slow defor-
mations more quantitatively. Fig. 11 shows an example of b0

and b1 PDs for volume fraction f = 0.6739. Before proceeding
with their quantification, we note a couple of issues that need

to be considered when computing PDs for a complicated 3D
network: (i) one needs to decide how to treat the forces across
periodic boundaries: in our implementation, we treat these
forces in the same way as all the other ones, resembling a
system without wall-induced inhomogeneities or boundaries;
(ii) one needs to decide how to treat so-called trivial loops
formed by three particles in contact: in the current implemen-
tation, as a choice, these loops are ignored, what in practical
terms means that larger loops can ‘die’ when they get comple-
tely filled by trivial loops. The interested reader is referred to
ref. 39 for more details.

The PDs are essentially point clouds, and one needs to come
up with appropriate measures to quantify their features that
describe the corresponding contact- and force-network in gran-
ular matter. As discussed already in Section 2, a particularly
simple quantification of the connectivity properties of the
underlying networks is obtained when the information con-
tained in the PDs is compressed into a simple measure, i.e.,
total persistence, TP, which could be considered separately for
components (‘chains’) and loops. Fig. 12 shows TP for compo-
nents (b0) and for loops (b1), together with the pressure (already
plotted in Fig. 2) for both loading and unloading branches. TP
for b1 (TP1) closely follows the pressure, while TP for b0 (TP0) is
much more noisy. In particular, while the loading pressure is
always larger than the unloading one, the same does not apply
to TP0. We note that the evolution of TP0 is particularly
nonuniform for large f’s, suggesting significant changes in
the force network.

Next, the finer features of both pressure and TP are dis-
cussed. Before that, however, we quantify the correlation
between pressure and TP, by computing their correlation func-
tions. Since the data are rather noisy, we consider the data
averaged over a moving window, as described next.

The moving correlation between the two time series x(t) and
y(t) is calculated by first finding the covariance between the
subseries xi and yi in the moving window centered at time = t0,

ct0w ðx; yÞ ¼
1

w

X

xi ;yi2W
t0
w

xi � �xt0
� �

yi � �yt0

� �
(5)

where Wt0
w is a selected window which centers at t0 and w is the

total number of data points in Wt0
w . Also, %xt0

, %yt0
are the means

Fig. 10 Non-affine particle displacements projected to a plane, for event-windows with Df E 0.0012, plotted for a few representative events from
begin (f = 0.899) to end (f = 0.673), of unloading (UL), i.e., volume fraction decreasing from right to left (as visible from the grey bar). The thin black lines
give the scaled displacement, and the circles indicate particles with displacement above a threshold of 0.1, with blue, green and red indicating moderate,
large and very large displacement amplitude.

Fig. 11 Examples of persistence diagrams, PDs, for (a) components (clus-
ters), b0, and (b) for loops (cycles), b1 for f = 0.6739. The axes show the
force level at which a structure appears (B = birth) and disappears
(D = death). The lifespan l = B � D (distance from diagonal marked as
green horizontal line) illustrates the force threshold range over which a
structure persists. See ESI† for animations showing the evolution from
f = 0.6739 to f = 0.6750 (discussed later in Fig. 14–16).
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of xi, yi, respectively. The standard deviation, st0w ðxÞ, of xi at time
t0 is

st0w ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

w

X

xi2W
t0
w

xi � �xt0
� �2

vuut ; (6)

with a corresponding expression for st0w ðyÞ. Then, using the
standard deviations, the appropriately normalized correlation
function is

rt0w ðx; yÞ ¼
ct0w ðx; yÞ

s
t0
w ðxÞst0w ðyÞ

; (7)

which is unity for perfect correlation, and can go down to
negative unity for perfect anti-correlation.

Fig. 13 shows the correlations between the pressure and
total persistence TP (separately for TP0 and for TP1). We
immediately observe that the correlation between pressure
and TP1 is very high, in particular for large values of f. The
correlation decreases for a few isolated events, which we dis-
cuss further below, but even for those events the correlation is
still very strong. This result suggests that the properties of the
loops in the force network are strongly correlated with the
pressure.38 On the other hand, the correlation between TP0 and
pressure is much more pronounced, in particular during the
rapid isolated events showing as negative peaks in the correla-
tion curve, indicating strong anti-correlation. Therefore, the
topological properties of the components are much less repre-
sentative of the pressure in the system. We proceed by discuss-
ing in more detail the fines structures of the evolution during
selected events on the loading and unloading branches.

4.2 Analysis of the events

As already discussed in Section 3.1, and further illustrated by
Fig. 13, a considerable number of events (tens or hundreds,
depending on how an ‘event’ is defined) occur – in particular
during loading. In what follows, we discuss further the evolu-
tion of the force networks for the events already considered in

Fig. 5–7, with the goal of understanding such events more
precisely.

We focus first on loading and consider (on a much finer
scale now) pressure and total persistence, TP. Fig. 14 shows the
results, where all quantities are normalized by their value at the
peak of the event. Pressure is plotted as Dp = (p � p*)/p*, where
p* is the reference value as marked with symbols on Fig. 2 and
reported in Table 1. Total persistence, TP, is plotted as
DTP = (TP � TP*)/TP*, where TP* is the total persistence of
corresponding volume fraction given in Table 1. Even on this
very fine scale, and during the event itself, TP1 closely follows
the pressure. TP0 changes much more dramatically, showing
that the topology of the force network changes during an event,
but not all of these changes resemble pressure modifications.

Fig. 12 Loading (solid line) and unloading (dashed line) branches of
pressure (black), TP b0 (TP0, red), TP b1 (TP1, blue).

Fig. 13 (Normalized) correlation coefficient between pressure, TP0 (red)
and TP1 (blue) for loading (solid line) and unloading (dashed line) with
w = 15.

Fig. 14 Normalized values for the pressure change Dp (red solid), DTP0
(blue solid) and DTP1 (blue dashed) for event L1; all shown quantities are
normalized by their value at the center of the event; for example, pressure
is plotted as Dp = (p � p*)/p*, where p* is the reference value shown by J.
The meaning of colors and line patterns is the same in the figures that
follow.
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Note that a single PD provides information about the state of
the system, at a given time, and therefore does not include any
information about the dynamics. Another crucial feature of the
PDs comes handy here: PDs live in a metric space, and there-
fore could be compared, see ref. 39 for a more detailed discus-
sion of this point. This means that one can define a concept of
distance between PDs, which could be thought of as a mini-
mum (Euclidean) distance by which the points in one diagram
need to be adjusted to map them exactly to each other; if the
number of points in two PDs is different, the extra points are
mapped orthogonally to the diagonal.

One type of distance which is often used is the degree q
Wasserstein distance, Wq(PD, PD0), which is essentially the Lq

norm of the minimum distance required to map the points
from PD to PD0 (minimized over all possible mappings). The

value of q puts emphasis on larger differences between the
points, for q 4 1, or on smaller ones, for q o 1. We use q = 2 in
the present work and refer the reader to ref. 39 for a more
detailed discussion of this concept.

Fig. 15 shows the same event from Fig. 14, but from a
different perspective. Here we plot the distance between the
persistence diagrams, together with the relative change of the
kinetic energy of the particles, scaled by the peaks, such as

DEratio = (Ek/Ep)/(E�k
.
E�p)� 1, where E�k

.
E�p are given in Table 1.

Likewise other parameters, W2 distances were scaled using of
the peak value of the event such as DW2 ¼ W2 �W2

�ð Þ=W2
�).

We see that the changes in W2 distances follow the changes in
kinetic energy, although not too closely.

The fact that the W2 distances before and after an event are
similar in Fig. 15 inspires another question: is the topology of
the force network before and after an event similar? To answer
this question, we compute heat maps, which show the dis-
tances between all the persistence diagrams describing force
networks during an event. Fig. 16 shows these heat maps (both
for W2 b0 and W2 b1 distances) for event L1. This figure shows
the heat maps as a (symmetric) square matrix, where the color
of element (i, j) illustrates the distance between this element
and the (i, i) one (here i counts rows, and j counts columns of
the heat map); by definition, the elements on the diagonal are
zero. We see that the distances between the elements progres-
sively increase as we move away from the diagonal, meaning
that the topological properties of the system before and after
the event are significantly different. The blue square regions
(top left and bottom right) show that before and after the event,
the distances between the PDs are very small (compared to the
changes during the event itself). The difference from before to
after an event is considerable, however, as indicated by the dark
red color in the off-diagonal corners.

To complete the discussion of the loading phase, Fig. 17
shows the results for events L2 and L3. We see that the general

Fig. 15 DW2 distances both for b0 (blue solid) and b1 (blue dashed) as well
as relative change of kinetic energy DEratio (red solid) for event L1, and the
arrow is pointing to the reference value used for normalization. The
meaning of colors and line patterns is the same in the figures that follow.

Fig. 16 (a) Heat map (a symmetric matrix) of DW2 for b0 of the event L1, where the color of element (i, j) illustrates the normalized distance of PDs for b0

between f = fi and f = fj, normalized by the same reference value used in Fig. 15, (b) normalized DW2 for b1 distance. The minimal steps between i and j
are Df E 0.00014.
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features of the results are similar as already discussed in the
context of event L1 – only these events at larger volume
fractions are narrower, more localized. While TP1 closely
follows the pressure, TP0 could increase or decrease during
an event. Therefore, a general pattern emerges: properties of
the loops that form in the force networks as characterized by
TP1 (which combines the number of loops and their ‘intensity’
(distance from the diagonal), are closely related to the material
response, as quantified by the pressure.

Next, we proceed by discussing unloading. Fig. 12 already
suggested that this phase is smoother than the loading one,
with lesser and weaker events, at least on the coarse scale. On
the fine scale, we consider the same three events as in Fig. 5–7,
with the results shown in Fig. 18. The general features of the
results are similar to the ones observed for loading, with TP1
closely following the pressure, and TP0 evolving in a much
more dramatic fashion, either increasing or decreasing during
an event. The relative changes are behaving similar to the
kinetic energy ratio.

Fig. 18(c) and (d) show an interesting feature at f E 0.7049,
where the distances between PDs show changes in the topology
of force networks, although kinetic energy is unchanged –
showing that changes in the topology can occur even without

any motion of the particles. Note that also the coordination
number is not changing much, see Fig. 7 bottom-centre,
however, with stronger fluctuations.

Further results could be used to quantify the changes
occurring during events by considering in more detail the
ingredients that define TP: average lifespan of generators and
their numbers. However, these additional results do not show
obvious common features of the events. Further research,
perhaps including a more detailed analysis of the persistence
diagrams may be needed to better understand the details of the
force network evolution during plastic events for either loading
or unloading.

To conclude, we use the fact that a significant amount of
information can be condensed in a visually simple-to-digest
form using heat maps, and show in Fig. 19 and 20 the heat
maps for a set of ten loading and unloading events. Fig. 19
shows that the distances are becoming larger as the system
progresses to larger f’s during the loading, and Fig. 20 shows
that the distances are becoming smaller for smaller f’s while
unloading. The bigger the blue and red squares, in most higher
volume fraction cases, the sharper the event is localized in
strain (volume change), whereas only a few events closer to
jamming are not localized, diffuse, or overlapping multiple

Fig. 17 (a) L2, DTP0, DTP1 and Dp, (b) L2, DW2 of b0 and b1 and DEratio; (c) L3, DTP0, DTP1 and Dp, (d) L3, DW2 of b0 and b1 and DEratio, following the same
format as in Fig. 14 and 15.
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events. Generic features of the heat-map results do not appear
to change significantly between loading and unloading, or
between components and loops.

Finally, we comment on the aspect, which has not been
discussed extensively so far: while most of the events that we
analyzed involve considerable particle dynamics, i.e., a signifi-
cant kinetic to potential energy ratio, there are also events

which involve only rearrangements of the force networks, with
much weaker particle motion (data not shown, orders of
magnitude smaller energy ratios). To illustrate this feature of
the results, Fig. 21 shows the distances between consecutive
persistence diagrams and the energy ratio for two selected
loading/unloading windows. Careful inspection shows that
while most of the events do involve changes of both W2 and

Fig. 18 (a) UL1, DTP0, DTP1, and Dp, (b) UL1, DW2 of b0 and b1, and DEratio; (c) UL2, DTP0, DTP1, and Dp, (d) UL2, DW2 of b0 and b1, and DEratio; (e) UL3,
DTP0, DTP1, and Dp, (f) UL3, DW2 of b0 and b1, and DEratio, following the same format as in Fig. 14 and 15.
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Ek/Ep, there are a few events where only changes in W2 are
present, showing that force networks can change while parti-
cles remain stationary.

5 Summary and conclusion

In this paper, the process of slow compression (loading) and
decompression (unloading) was studied for a three dimen-
sional granular model system of soft particles. While below
jamming the system evolution is irreversible (fluid-like), one
main finding is that above jamming, both loading and unload-
ing proceed via either reversible (elastic-) or irreversible
(plastic-solid-like) processes. While the former are smooth
and reversible, the latter are associated with rapid events, with

serious rearrangements of the particle micro-structure, their
positions and contacts, with associated particle dynamics
(kinetic energy). However, there are also events that are asso-
ciated with the changes in force networks persistence diagrams
(PDs) only, without similarly strong particles dynamics (kinetic
to potential energy ratio).

The analysis of the force networks is carried out using PDs, a
technique that can quantify the evolution during both reversi-
ble and irreversible processes. While PDs allow the extraction of
a number of features of the underlying force networks, here we
focus mostly on the most condensed measure, the total persis-
tence, TP. It encodes information about complex weighted
three dimensional (3D) networks into a single number. Even
under such extreme information reduction, we find that TP
provides interesting insights about the underlying force net-
work and its evolution. In particular, we find that the changes
of the mechanical pressure are strongly correlated with the TP
computed for the loops that spontaneously form in evolving
force networks during (de)compression. This finding suggests
that the force network loops play a significant role in determin-
ing the mechanical system properties.

Further insights regarding the evolving force networks can
be obtained by comparing consecutive system configurations.
Such a comparison is made meaningful by computing the
differences between the persistence diagrams that describe
the main features of the underlying network. The difference,
known as Wasserstein distance, shows that the force network
experiences a significant change during the events discussed
above, with strongly different force networks before and after
an event. It should be emphasized that for obtaining such
simple but insightful results, the data reduction provided by
PH is crucial. This data reduction leads inevitably to an
information loss, however we find that even under the most
dramatic data compression, the emerging information still
allows for reaching useful and relevant insights.

Future work should be devoted to a more quantitative
analysis of strongly compressed and sheared frictional, soft
granular packings – in the same spirit as present – where the

Fig. 19 W2b0 (top) and W2b1 (bottom) heat maps in log-scale for ten
selected events during loading; left to right, f = 0.674, 0.700, 0.715, 0.742,
0.760, 0.798, 0.820, 0.840, 0.882, 0.899. For this figure, the distances are
computed only every eight outputs, at steps Df = 0.001, so to reduce
computational cost.

Fig. 20 W2b0 (top) and W2b1 (bottom) heat maps in log-scale for ten
selected events during unloading; left to right, f = 0.886, 0.866, 0.842,
0.798, 0.773, 0.761, 0.751, 0.729, 0.697, 0.694.

Fig. 21 Energy ratio (red solid) and W2 distances for b0 (blue solid) and b1 (blue dashed) for loading (a) and unloading (b) against volume fraction, f, for a
range between 0.68 and 0.695.
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deformability is fully taken into account, and also developing
new approaches to consider such strong deformation of real
particles, far beyond the validity of the over-simplified Hertzian
based models. We expect that further significant insights into
the micro-mechanics of soft granular matter, using further
detailed features of PDs (like generators life-spans and num-
bers). Particularly interesting is the influence of inter-particle
friction on the force networks, which could be better under-
stood by a simultaneous analysis of the properties of both
normal and tangential force networks.
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