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12.1 Introduction

Granular materials, although ubiquitous in nature and widely used in en-
gineering and construction, remain relatively poorly understood. They may
behave like solids, liquids, or gases, though typically exhibiting a variety of
unexpected behaviors. Complex systems, such as dense granular media,
exhibit intriguing phenomena even in simple cases like monodisperse disk
packings, such as arching or jamming. The confinement imposed by the
sample boundaries necessitates a balance of inter-particle contact forces to
maintain mechanical equilibrium. The formal description of the structural
complexity of such systems has only been achieved in recent times. The
preponderance of problems yet to be solved has sparked a renewed interest
in granular materials, in different communities.
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Granular materials behave differently from usual solids or fluids and show
peculiar mechanical properties such as dilatancy or ratcheting."” One
interesting characteristic of these materials is their sensitivity to external
stress. In densely packed systems, for instance, the external pressure can
cause the system to transition between rigid and floppy states, the so-called
jamming transition typical of many amorphous materials. Since the system
becomes rigid and can carry loads, jamming defines the threshold at which
the elastic stiffness of the assembly assumes finite values.”*

The discrete element method (DEM)®>® has become increasingly popular
in recent decades as a computational tool for modeling granular systems in
both academia and industry. With advancements in particle simulation
methods and increasing computer power, DEM has seen widespread use for
understanding the behavior of granules qualitatively and quantitatively. It
allows us to explore the physics of discrete particulate systems, which tra-
ditional continuum solid/fluid mechanics cannot explain.'®

In micromechanical and numerical studies, the elastic response of a
granular packing is associated with the deformations of a fixed contact
network,'" and should therefore correspond to the “true elastic” behavior
observed in the laboratory for very small strain intervals. When particle
network rearrangement occurs, the sample is considered to have undergone
a plastic response that is irreversible. Indeed, except in very special situ-
ations in which the effects of friction are suppressed, and geometric re-
structuring is reversible, the irreversible changes associated with network
alterations or rearrangements preclude continuous modeling,"* "> motiv-
ating DEM simulations further.

During compression of jammed granular assemblies, if the applied rate is
kept small enough, the assemblies change from one equilibrium state to
another. Before events, the assembly is considered in mechanical equi-
librium with an elastic (reversible) response. When the sample reconfigures
itself (a so-called “event” took place) to reach a new mechanical equilibrium,
it will no longer remain in its initial elastic regime but a new elastic regime is
established according to the new equilibrium configuration. Thus, the
sample experiences an initial elastic response, an event that is the source of
the plastic response, and a new elastic response according to the new
configuration.

The current study doesn’t aim to investigate the plasticity (i.e., irreversible)
behavior of granular assemblies; rather, we focus on transient regimes spanning
from elastic to plastic behavior. Earlier studies have shown that in a steady-state
shear flow, continuous shear induces constant contact breaking, rendering the
transient regime largely overlooked. The advantage of employing isotropic
compression lies in capturing elastic behavior during compression. Here, par-
ticles remain stationary, undergoing local rearrangements (so-called events)
swiftly returning the sample to a new elastic state. It is crucial to note that our
study seeks to illustrate the impact of these local rearrangements (transients) on
the global assembly. By quantifying the energy ratio as a macroscopic parameter,
we aim to show how these events influence the overall system.
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The research outlined in this chapter specifically targets dry polydisperse
frictional granular particles in a jammed state. The main objective is to in-
vestigate how different input parameters (at the particle scale) impact the
contact networks (a macroscopic property) of these particle packings. By
understanding the influence of microscopic parameters on the macroscopic
properties of the packings,'®'® we aim to advance the development of
constitutive models that can accurately predict material behavior at a larger
scale.

We consider a very simple setup: a cubic granular domain exposed to
temporally varying externally applied compression and relaxation. First, we
discuss the overall features of the compression, and then we focus on the
influence of various simulation parameters on the manner in which the
considered granular system responds to externally applied forcing. Even in
simple geometry and under controlled forcing, granular packings respond in
a nontrivial manner, which is strongly imposed by the problem parameters,
in particular friction. In this chapter, we discuss the main features of the
results only, and in particular, we focus only on the insight that can be
obtained by considering the system's kinetic and potential energies. The
interested reader may find much more in-depth discussion in our recent
works,"”** where in addition to consideration of the energies, we also
analyze statics and dynamics of the force networks determining the inter-
actions between the particles.*'**

The rest of this chapter is organized as follows: in Section 12.2, we
introduce the Discrete Element Method; then, we describe the sample
preparation and input parameters in Section 12.2.2. Section 12.3 explores
the effect of simulation input parameters on the energy response of fric-
tional packings. Finally, our conclusions are presented in Section 12.4.

12.2 Numerical Simulation - Discrete Element
Method

The Discrete Element Method (DEM) is a simple algorithm used to solve
equations of motion, both translation and rotational, for multiple inter-
acting particles. The algorithm solves:

mid; = f ;+ 7,9 + mig
e o (12.1)
L = Ti+ Yo, Oy

where m; is the mass of the i-th particle, 7; its radius, I; its (spherical) moment
of inertia, with particle position X;, velocity ¥;=1x, acceleration @; =X, and
angular velocity @;.

The forces acting on the particles can be grouped into three categories: (i)
volume forces due to gravity (ignored in the present work), (ii) background
damping forces, with dissipation coefficients y, and yy,, accounting for en-
ergy loss caused by viscous drag from a background medium (explained
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further in the next section), and (iii) contact forces between particles:
fi= fo, as well as the torques: 7; = Z (71‘ X f¢+ g’ +(j§.), where [; is the
c

c
branch vector. In the present study, the torques due to rolling and torsion,

g%, g, are neglected.

12.2.1 Force Laws

The force laws used in DEM are based on the relationship between the forces
and the overlap or deformation between two particles, which are de-

composed into normal and tangential components (ff —fr+ ft) By inte-

grating the equations of motion with a time-step At using the given normal
and tangential forces acting on all contact points ¢, the positions of the
particles can be obtained over time.****

12.2.1.1 Normal Force Law

Normal interaction forces are computed using the normal overlap " be-
tween two particles (modeled as spheres here) to determine the interaction
force. Two particles interact only if they are in contact, which occurs when
there is a positive overlap between them. The overlap in the normal direction
is given by eqn (12.2), where 7i = (¥; — X;)/|X; — X;| is the unit vector pointing
from the centroid of particle j to particle i, and r; and r; are the radii of the
two particles.

O =(ri+1)— (F—%)-i>0. (12.2)

The most basic contact model in DEM is the linear spring—-dashpot viscoe-
lastic force magnitude.®®**">” This model assumes that particles are nearly
spherical and do not deform significantly during an interaction, and
therefore requires limiting overlaps to small values compared to particle
diameter, typically less 10%. Additionally, this model considers only binary,
pair contacts between particles. The contact force law is given by:

T" =18+ Fse = k0" + 7,0, (12.3)

where f" is the contact force magnitude, k, is the spring constant, and 7, is
the damping coefficient. The damping coefficient causes dissipation pro-
portional to the relative normal velocity between the two particles, which is
denoted by 6" and can be expressed as v, = — (¥; — ;) - 7i.

12.2.1.2 Tangential Force Law

There is a wide range of force models for tangential forces resulting from
oblique particle impacts.>’*° In this study, we use a model based on the
theory of Mindlin,*" as described in ref. 32 to account for tangential forces.
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When two surfaces in contact experience increasing tangential displacement,
denoted as &, relative slip begins at the perimeter and propagates inward over
an annular region of the contact surface. An approach based on the constant
normal force solution of Mindlin was proposed already in ref. 33. Analogously
to the normal force, the tangential force involves a linear (tangential) spring
with stiffness k; and a viscous damping with 7;, similar to the model used in
ref. 32, 34, and 35. The linear viscoelastic tangential test force magnitude:

ft :fél +fst/isc = ktgt + Vtét (12.4)
involves damping proportional to the tangential velocity v = *.

To obtain the elastic tangential displacement, 5, the relative tangential
velocity vector is integrated during elastic deformations, as explained in
ref. 32, 36, and 37. The tangential force described in eqn (12.4) is subject to
Coulomb’s criterion for particle contact friction. When the tangential force
is greater than or equal to uq ", where uq is the dynamic friction coefficient,
dynamic friction occurs. On the other hand, when the tangential force is less
than or equal to ug f", where g is the static friction coefficient, elastic static
friction is active. Further details are provided in ref. 32; in the present work,
for simplicity, we assume that ug = pq = .

12.2.1.3 Background Damping

To mitigate dynamic effects and expedite relaxation times, an artificial
damping force and torque, denoted asfb and gbr, are introduced. They are
designed to mimic the damping characteristics observed in background
media, such as fluids. Unlike traditional damping forces acting on contacts,
ff.’ =— y¥; and G =— 7, 12@;" directly affect particles, and their magni-
tude is proportional to their velocity and angular velocity. By incorporating
the artificial damping force and torque, the system can effectively mimic the
damping behavior experienced in the presence of a surrounding medium,
contributing to improved simulation accuracy and more realistic dynamic
responses.®” Therefore, additional damping with the background can be
introduced, so that the total force and torque on particle i become:

fi=> fi+fth, (12.5)
= (75. xff) +gbr. (12.6)

c

12.2.2 Sample Preparation

To generate the samples, particles are randomly created within a 3D box at a
very low volume fraction, ¢. Each particle is assigned a small velocity, re-
sulting in their movement, collision, and randomization. To prevent
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crystallization, the spheres are polydisperse, characterized by a uniform size
distribution with a width (W = ryax/Tmin = 3), where (r) represents the average
radius, with 7. and ry;, corresponding to the radii of the largest and
smallest particles, respectively. After random generation, the packing is
isotropically compressed to the target ¢, =0.5, which is well below the
jamming (the transition from fluid- to solid-like behavior in the granular
matter) regime ¢,.*® The system is then relaxed at ¢;, and particles are al-
lowed to dissipate their kinetic energy and reach zero pressure. Next, further
isotropic compression is applied up to a volume fraction of ¢, = 0.82.%°°
The compression during the sample preparation is performed using a con-
stant isotropic strain rate (&, =1077) applied to each particle to ensure the
homogeneity of the sample. In Section 12.3.2.1, we study the effect of the
applied rate on the response of assemblies for a specific compression win-
dow which is explained in the next section. We note that large deformations
can lead to the formation of new contacts among particles, among other
effects. Recent studies have addressed the realistic behavior of highly de-
formable particles through both numerical methods***°*° and experimental
approaches;*'™** in the present work we do not consider such effects and
instead employ a commonly used DEM approach to simulate the com-
paction of “soft” elastic grains.

Table 12.1 provides the base set of parameters for DEM simulations. When
any contact parameter is adjusted, the remaining parameters are selected
from the values listed in this table, which also specifies the values used for
non-dimensionalization, t,, x,, and m,, for time, space, and mass, respect-
ively. All the results that follow are presented using these scales, with the
exception of pressure which is also scaled by the (dimensionless) value of

Table 12.1 The microscopic contact model parameters serve as the fundamental
parameters for the simulations unless otherwise specified. The first
and second columns define the meaning of the symbols. The third
column contains (dimensionless) values used in DEM, and the fourth
column contains the (dimensional) physical quantities in SI units.

Property Symbol Dimensionless  Dimensional [SI unit]
Time unit ty 1 10 *s
Length unit Xy 1 107 m
Mass unit my 1 107° ke
Average particle radius (r) 1 10 °m
Polydispersity Tmax /Tmin 3

Number of particles N 4096

Particle density p 2000 2000 kgm ™
Simulation time step Atyp 0.0037 3.710 " s
Normal stiffness k, 10° 10" kgs
Tangential stiffness k; Ik, 0.2

Coefficient of friction I 0.0001, 0.1, 1

Normal viscosity Vn 1000 10 > kgs '
Tangential viscosity Vel Vn 0.2

Background viscosity Y5/ Vn 0.1

Background torque viscosity i /yn 0.02
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kn/d, where d =2(r). More precisely, the dimensional pressure pp, (in the SI
units) can be obtained from the non-dimensional one reported in the results
(p) as pp = (mu /(xutuz))(kn /d)p

Granular materials exhibit a captivating dual nature, displaying charac-
teristics of both solids and fluids. Understanding their behavior involves
categorizing granular flows into three distinct regimes. First, at low de-
formation rates, granular particles remain in contact, engaging in prolonged
interactions with their neighbors, defining the quasi-static regime. Second,
as the deformation rate increases, granular materials transition into a dense
flow state, resembling the behavior of a liquid. In this regime, particles ex-
perience frequent multi-contact interactions, and the transition between
quasi-static and dense flow is marked by the jamming point, where flow
ceases. Third, at extremely high velocities, granular media exhibit gas-like
behavior, characterized by brief binary interactions between particles due to
the rapid nature of their contacts. The transition between these regimes can
be identified using a dimensionless parameter so-called volumetric inertial
number, (I, =é&d\/p/p).*** The inertial number reflects the ratio of the
microscopic inertial time scale (d+/p/p, also known as the particle relaxation
time) to the macroscopic time scale associated with the applied rate (,).
When I, is less than 0.001, the flow approaches the quasi-static limit,
characterized by a dense network of enduring contacts.*>** In the range of
(0.001<1,<0.01), the transition from quasi-static to inertial flow occurs.
Within the interval of (0.01<1,<1), the flow enters an intermediate fluid-
like regime where dynamic inertial effects play a crucial role. To ensure the
simulations are slow enough to be in the quasi-static and rate-independent
regime, the inertial number for the slow rate (&,~1077) at small p>10"?, is
I,~107°, confirming that the simulations are in the quasi-static, rate-
independent regime.

12.3 Results

12.3.1 Big Picture: Full Compression Branch

The simulations are conducted using particles characterized by a few
different values of the contact friction coefficients, u=0.0001, 0.1, and 1,
all starting from the same initial configuration at ¢,, which originates
from u=0."" Figure 12.1(a) displays the dimensionless pressure obtained
from simulations of isotropic compression. We observe a rise in pressure
as the samples are compressed. Moreover, for a given value of ¢, the
pressure increases with p. This is not a surprise, since earlier studies, see
e.g. ref. 51 and 52, have shown that jamming is significantly impacted by
friction. As a result, samples with the same value of ¢ exhibit considerable
variations in both microscopic properties, such as coordination number
(the average number of contacts of a particle), and macroscopic features,
such as pressure. Consequently, comparing packings characterized by
different values of u at the same value of ¢ may be confusing. Instead, we
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Figure 12.1 (a) Pressure p, (b) energy ratio (Ex/E,), plotted against volume fraction
¢ for selected values of friction coefficients p during sample com-
pression. Note that the results for =0 and u=0.0001 are essentially
overlapping; (c) scaled pressure (p¢;/C¢) plotted as a function of
volumetric strain; and (d) coordination number C plotted against
volume fraction ¢.

proceed by comparing the results for packings characterized by a
specified pressure range. The range considered in this work is shown by
the dashed lines in Figure 12.1(a). In precise terms, after loading the
samples, a configuration at a typical pressure of p, = 0.022 is selected; this
value is depicted in Figure 12.1 by the lower dotted line. Then, these
configurations are further compressed from p, to p, + 0.004 (shown by the
upper dotted line in Figure 12.1) at a smaller isotropic strain rate
of &, =107%.

Based on Figure 12.1(a) one may conclude that the evolution of the
compressed packings is smooth. However, consideration of the ratio of
kinetic and potential energy of the packings, Figure 12.1(b), shows that this
is not the case.”>”* Here, for simplicity, the kinetic energy, E;, includes only
the contribution from the translation degrees of freedom; the kinetic energy
associated with rotations is typically much smaller and shows similar fea-
tures as the translation kinetic energy. Furthermore, to visualize more clearly
the most interesting contributions to kinetic energy, we have subtracted the
affine part, which has to do with uniform compression (see ref. 19 and 20 for
more details). The potential energy consists of two components: the normal
and the tangential contributions. Figure 12.1(b) shows that an increase in u
causes a decrease in the kinetic energy for a given value of ¢. This is expected
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since larger friction leads to stronger dissipation and larger tangential
components of force, therefore decreasing the mobility of particles and the
kinetic energy. As already noted above, the ratio of the energies shows that
the evolution of the packings is far from smooth, but instead, it involves a
large number of “peaks” which, as we will discuss in more detail in what
follows, correspond to transitions, that are due to rearrangements of the
considered packings. We note that it is indeed E; that changes during
transitions; E,, similarly to the pressure, is essentially constant on the time-
scale of the transitions.

Previous studies have presente an analytical expression for the
dimensionless pressure in assemblies of polydisperse particles, which is
applicable to a wide range of volume fractions above the jamming regime

d51,55

p= i%(—ev) [1 - yp(—gv)] (12.7)

J

Here, C represents the coordination number, ¢; signifies the jamming
fraction at which the pressure becomes zero during unloading, ¢, denotes the
compressive volumetric strain applied to the particle packing (e, = In(¢;/¢)),
and 4 and y, are fitting parameters.>® The equation relies on the jamming
fraction, ¢;, which cannot be determined from the fits and must be in-
dependently calculated. During isotropic compression, ¢; represents the
volume fraction at which the pressure is larger than zero, signifying the gain
of mechanical stability in the system.’””® We define ¢, using an energy
criterion, stating that it is the first point on the volume fraction axis where
the energy ratio falls below 10~°. It is worth mentioning that there is no
precise definition of ¢;, and similar criteria have been considered by other
researchers®®°"°>°">% tg quantify this volume fraction.

Figure 12.1(c) shows the scaled dimensionless pressure, obtained by div-
iding the inverse contact density by the jamming fraction. Unlike previous
studies on frictionless polydisperse systems,”" the data points do not per-
fectly collapse on a single line. However, a linear relationship with strain is
evident from the figure. This indicates that the impact of particle friction on
pressure cannot be solely evaluated based on contact density and critical
volume fraction. In addition, Figure 12.1(d) shows the coordination number
plotted against the volume fraction.®®®* As particle friction increases, C
decreases, approaching the value of four. Table 12.2 summarizes the DEM
outcomes for packings at jamming and at p,.

Figure 12.1 shows that the friction coefficient plays a vital role in deter-
mining the response of granular packings. However, friction is not the only
controlling parameter. In subsequent sections, we discuss the impact of
both externally applied strain rate and other parameters describing particle
interactions with the purpose of understanding in more detail the evolution
of compressed granular packings, in particular regarding the rearrange-
ments leading to transitions.
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Table 12.2 Packings at the pressure p,=0.022 for samples with
friction coefficients =0, 0.0001, 0.1, and 1. Here, ¢,
represents the jamming volume fraction of packings
prepared using different p values, C; is the coordination
number at the jamming volume fraction, and ¢,, E;/E,
represents the volume fraction and the ratio of kinetic
to potential energy corresponding to the selected pres-
sure p,. Note that the difference between ¢, and ¢ is
approximately 0.056 £ 0.002 for all values of u.

u ¢, G ¢z Er/E),

0 0.654 5.95 0.707 77 x 1010
10°* 0.653 5.91 0.706 20x 10"
0.1 0.616 5.18 0.672 1.6 x 10 1°
1 0.582 4.63 0.638 0.3x10° 1

12.3.2 Transitions

In what follows, we focus on the pressure range bounded by the dotted lines
in Figure 12.1 and discuss the influence of a few control variables on the
evolution of the samples. Understanding their influence helps us to
understand the nature of the evolution of jammed granular systems exposed
to compression. For brevity and simplicity, we focus on frictional systems
only; an in-depth study of frictionless systems can be found in ref .19

Figure 12.2(a) depicts the kinetic to potential energy ratio (0.3 x 10~ %) in
the chosen pressure window, for systems with three different values of E; /E,
and 1. The evolution is not smooth:**** it proceeds along the base-line,
interrupted by discrete transient “events”. As ;1 =0.0001, 0.1, increases, both
the base-line value and the number of events decrease (in particular, for g,
there is only one event in this pressure window; further inspection finds a
very limited number of events on the whole loading branch). While the small
friction data are very noisy around their base-lines, they are almost perfectly
flat for large pu=1.

Figure 12.2(b) illustrates the coordination number, C, for the same sam-
ples as in Figure 12.2(a). It is clear that similarly to the energy ratio plot, the
evolution depicted is interrupted by the events. Also, increasing i shows a
smaller number of transients in the coordination plot. This reduction in
events with increasing u can be explained by the increase in the magnitude
of tangential forces, which limit the particles’ motion. Although samples
with higher friction exhibit lower coordination numbers, the enhanced re-
sistance to movement due to tangential forces makes particle rearrange-
ment, which leads to events, more challenging.

To support the hypothesis that the temporary changes in the system
correspond to a restructuring of the packing, Figure 12.2(c) displays gained
and lost contacts obtained by comparing consecutive snapshots. This com-
parison offers insights into how the microstructure evolves during the
loading process. In Figure 12.2(c), the red and blue curves represent gained
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Figure 12.2 (a) Energy ratio, Ei/E,, and (b) coordination number, C, plotted
against pressure, from p,=0.022 up to 0.026 for ¢ =0.0001, 0.1, and
1 for samples prepared with strain rate &, =10"8 for different p.
(c) Gained (GC, red data) and lost contacts (LC, blue data) of the
sample with friction ¢=0.1, on top of the coordination number
(violet), plotted against pressure, for the same window as in (b). (d)
Red and blue particles depict the creation of new contacts and the loss
of contacts when two frames are considered: before (A) and after (B) of
one large event (frames A, B marked in (c)); around 25 contacts are
gained, and around 150 are lost.

and lost contacts, respectively. Contacts are gradually formed during smooth
loading phases, but there are sudden and significant losses of many contacts
during specific events. Prior to events, the assembly is regarded as being in a
state of mechanical equilibrium with an elastic (reversible) response, as
indicated by the A-point in Figure 12.2(c). However, when the sample
undergoes reconfiguration during events to attain a new mechanical equi-
librium (refer to B-point in Figure 12.2(c)), it no longer maintains its original
elastic regime. Instead, a new elastic regime is established based on the
updated equilibrium configuration. As can be seen from Figure 12.2, these
transitions (elastic-plastic—elastic) are happening in a very short time since
the packings are well above jammings. In Figure 12.2(d), a visual contrast of
the microstructure is presented before and after an event, denoted by points
A and B in Figure 12.2(c). This comparison highlights particles that have
established new contacts, depicted in red, and particles that have lost con-
tacts, depicted in blue. This analysis confirms the presence of substantial,
irreversible events. These events indicate that the system shifts from one
stable state to another, establishing a new equilibrium. These observations
align with previous studies exploring similar phenomena.'**~%°
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12.3.2.1 Strain Rate Variation

Figure 12.3 shows the ratio of kinetic to potential energy (E;/E,) of systems
with varying strain rate, &,, for three considered values of u. We see that the
kinetic to potential energy ratio does not change continuously but rather
follows an intermittent pattern with distinct transitions. These transitions are
identified by sudden and significant changes in the energy ratio and are ty-
pically accompanied by slight decreases in pressure (not shown for brevity).

Figure 12.3 includes a significant amount of information. Focusing first
on the role of u, we observe that the number of transitions (shown by sudden
jumps of E/E, ratio) decreases significantly, suggesting that friction makes
the evolution smoother and removes dramatic changes in the energy ratio. The
transitions themselves typically consist of a sudden increase of E;/E,, followed
by relaxation to a value that may be below the baseline of the E; /E, ratio. These
undershoots, if present, then relax to the base-line; the transitions shown in
Figure 12.3(a) and (b) for &, =10 illustrate this pattern most clearly.

Switching our attention now to the role of the strain rate, the immediate
first and most obvious observation is the scaling of E; /E, ratio with &,°: note
that this observation is not necessarily obvious, since we have removed the
affine contribution to the kinetic energy. The influence of the strain rate is,
however, more subtle than this: focusing for clarity on the results shown in
Figure 12.3(b), we observe that the transitions themselves are modified by
the strain rate value, with two obvious differences between the results for
different strain rates. First, the decay of energy from the peaks is faster
(when plotted against pressure) for smaller &,; however, we need to re-
member that the pressure changes are slower as a function of time for
smaller é,; additional inspection of the results shows that the energy decay in
time is similar for all values of &,. Second, the undershoots below the base-
line occur only if the system is compressed slowly enough since the particles
have enough time to relax to their most stable configuration before the
system is compressed further; therefore, for the results shown in Figure 12.3(b),
the undershoots are visible for &, =1078 and 10™° only (and similarly for
Figure 12.3(a)). Undershoots are not observed for the =1 samples since the
tangential components of the interparticle forces are large enough to dis-
sipate energy quickly after an event.

e S S—

=16 ) L I
10,072 0.024 0.026 0.022 0024 0026 0022 0024 0.026
P r 2

Figure 12.3 Energy ratio E;/E, for (a) #=0.0001, (b) u=0.1, and (c) u=1 for
different strain rates. The data for different strain rates are presented
in the following manner: &, =107° (red), &, = 1077 (grey), &, = 1078 (blue),
&,=107° (green).
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We also note that when friction is small (x=0.0001), the number of re-
arrangements (transitions) and their pressure are affected by changes in the
strain rate. This occurs since the tangential forces are much smaller than the
normal forces; therefore, the particles rearrange more often before reaching
a new equilibrium state; lower strain rates result in smoother behavior,
though. On the contrary, for x=0.1 and 1, the number of transitions is in-
dependent of the strain rate. However, the magnitude of the energy ratio
during these transitions is influenced by the applied strain rate; larger strain
rates lead to a smaller peak magnitude relative to the baseline.

12.3.2.2 Tangential Stiffness k.

The next adjustable simulation parameter is the particles' tangential stiff-
ness, which becomes active when friction is present. Since granular packings
manifest different properties as their frictional properties are modified, we
repeat the preparation step for the results presented here. The parameters
used are the ones specified in Table 12.1, except for k;,, which is varied as
k:/k,=0.001, 0.01, 0.1, 0.2, 0.5, 0.8 (k, is kept fixed).

Figure 12.4 shows the energy ratio, E;/E,, for the considered pressure
window for the listed values of k,/k, and three values of u. By comparing the
results obtained for different values of k; and fixed u, we observe that for
larger values of p, increasing k, decreases the base-line of the energy ratio.
This finding can be explained by the fact that an increase in tangential
stiffness leads to larger tangential forces, resulting in fewer particle re-
arrangements and a decrease in the kinetic energy. This effect becomes less
visible for smaller values of u (e.g. for x=0.0001) since for such values of u
the tangential forces lose their relevance.

As mentioned earlier, friction between particles plays a key role in con-
figuration rearrangements (transitions), with an increase in friction leading
to fewer transitions/rearrangements during compression. When comparing
the results for different values of k; for a constant p, we find that &, plays a
similar role to friction; an increase in k, results in a reduced number of
transitions as particles become more constrained in their movement.

Lastly, we examine the effect of &k, on the undershoots. It has been shown
previously in the section that the magnitude of the undershoots is

(a) ; (2] : (c] L
107 E f ] r ]
T | 1 }
< 10 1 | il L
10—16 " n L
0.022 0.024 0.026 0.022 0.024 0.026 0.022 0.024 0.026

P P P

Figure 12.4 Energy ratio E; /E, against pressure p for samples prepared with different
friction (a) 4= 0.0001, (b) £ =0.1, and (c) # = 1; and different tangential
stiffness k;. The different values of k, /k, are colored in the following order:
0.001 (red), 0.01 (grey), 0.1 (blue), 0.5 (green), 0.8 (brown).
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influenced by the strain rate applied to the system. The results in Figure 12.4
show that the value of k; plays a role as well. Focusing, for example, on
Figure 12.4(b), we note the undershoots are present only for large values
of k;, suggesting that tangential forces play a significant role regarding this
part of packing's evolution.

12.3.2.3 Normal (y,) and Tangential (y.) Viscosity

In DEM simulations, the viscoelastic terms help to accurately represent the
dynamic behavior of particles under loading and unloading conditions.
Simulations allow for the modeling of phenomena such as stress relaxation,
creep, and hysteresis, which are characteristic of granular materials.®>®’

The contact model (eqn (12.3) and (12.4)) takes into consideration the
energy dissipation and time-dependent behavior of contacting particles via
viscosity terms along normal (y,) and tangential (y,) directions. These terms
are relevant since the mechanical response of granular assemblies depends
not only on the applied load but also on the rate at which the load is applied.

The results that we present next are obtained by using the configurations
at p,=0.022, calculated using the parameters given in Table 12.1, as initial
conditions. Starting from these configurations, keeping all inputs as shown
in Table 12.1, new simulations are prepared using a few selected values
of y, and y,.

Figure 12.5 shows the results for selected values of y,; since some features
of the results are difficult to observe when plotting the whole pressure
window [0.022:0.026] that we usually consider, we (also) show additional
zoom-ins (parts (d)—(f)) of the figure). We observe that the main effect of y,, is
to modify the decay rate of E;/E,, with higher viscosity values leading to a
slower decay rate of E;/E,; this effect is most visible in the zoomed-in plots,

[(3)] | (c)
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100,077 0.024 026 0.072 0.024 0.026 0032 0023 0.024 0.025 0026
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& 10 i \
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Figure 12.5 Energy ratio E; /E, against pressure p for samples prepared with different
friction (a) = 0.0001, (b) x=0.1, and (c) u=1; and different tangential
viscosity y,. The different values of y, /y,, are colored in the following order:
100 (red), 200 (grey), 500 (blue), 2000 (green), 5000 (brown), 10000
(orange). The parts (d)—(f) are zoom-ins of (a)-(c), respectively.
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Figure 12.6 Energy ratio E/E, against pressure p for samples prepared with
different friction (a) x=0.0001, (b) x=0.1, and (c) u=1; and different
tangential viscosity y,. The different values of y,/y, are colored in the
following order: 0.01 (red), 0.1 (grey), 0.2 (blue), 1 (green), 2 (brown).

parts (e) and (f) of Figure 12.5. Consistent results are found when y; is
modified, as shown in Figure 12.6. However, in the case of y;, the effect is
less pronounced compared to y,. The friction coefficient itself does not ap-
pear to have any noticeable influence on the decay rate of energy, vis.
Figure 12.5(e) and (f).

12.4 Conclusions

In this chapter, we have focused on the compression of granular packings
and, in particular, on the insights that can be reached by considering the
kinetic energy of the granular particles. The compression process consists of
smooth periods interrupted by intermittent “transitions” that correspond to
rearrangements of the packings. Therefore, contrary to what might be ex-
pected, compression may destabilize a packing, leading to avalanche-like
transitions. By considering the influence of various parameters entering the
compression protocol, we are able to reach additional insight into the
properties of the rearranging transitions.

The transitions are characterized by sudden jumps of the considered kin-
etic/potential energy ratio, Ej/E,, followed by the exponential decay. This
decay may bring the E; /E, ratio either down to the baseline corresponding to
smooth compression or even lower, producing undershoots. The magnitude
of undershoots and subsequent rise/relaxation to the baseline level are not
significantly affected by the value of friction coefficient or viscosity terms. On
the contrary, the strain rate ¢ and tangential stiffness, k;, are found to have a
strong influence on the characteristics of undershoots. Friction itself strongly
influences the number of transitions: larger friction coefficients significantly
decrease the number of transitions. Furthermore, the base-line of the Ey/E,
ratio is friction dependent: larger friction leads to the lower base-line.

In this chapter, we have primarily focused on the insights obtained by
considering the ratio of kinetic to potential energy. However, a deeper
understanding can be achieved by considering the statics and dynamics of
the contact and interaction networks. Interested readers are encouraged to
refer to ref. 19 for a detailed discussion of frictionless results and ref. 20 for
the analysis of frictional results. By combining our findings with the com-
prehensive analysis of frictionless and frictional results in the referenced
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works, we have made significant progress in understanding the compression
behavior of granular packings. The insights gained from this research con-
tribute to the broader understanding of granular materials and can guide
the development of constitutive models for accurately predicting their be-
havior in various applications.
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