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1. Introduction

Significant interest has emerged in coating flows over topographical features owing to
applications in many industrial processes. Such flows are employed in technological systems for
the actuation of microfluidic platforms [1-3] and the cooling of electronic circuits [4,5]; they also
occur in the desalination of salt water [6] and the coating behaviour of liquid paints among other
areas. Often flows are driven by gravity [7] and surface tension [8-10]; the governing equations
are well-known and have been described in comprehensive reviews, e.g. by Oron et al. [11] and by
Craster & Matar [12].

However, other physical mechanisms may drive coating flows. It has been shown that me-
chanical vibrations in a solid substrate, most commonly MHz-frequency Rayleigh surface acous-
tic waves (SAWs), can produce coating flows of thin films atop the solid via interfacial phenom-
ena: acoustic radiation pressure and convective contributions in SAW-induced boundary layer
flow [13-16]. The former mechanism is an excess quasi-steady stress at the free surface of a film that
reflects the ultrasound over timescales longer than the SAW period [17-19]. The latter is known as
Rayleigh streaming or the Rayleigh law of streaming; it is a quasi-steady drift flow generated at
long times in a boundary layer flow owing to the convection of momentum near the solid surface
that supports the SAW [20-25]. The thickness of the boundary layer flow, i.e. the viscous pene-
tration of the SAW into the liquid, 6§ = 1/21/(pw), is usually submicron for ordinary liquids in the
MHz-SAW regime, where (1, p and w denote the liquid viscosity, the liquid density and the angular
frequency of the SAW, respectively. Where the liquid thickness is comparable to or larger than the
wavelength of the ultrasound that diffracts off the SAW, the dominant acoustic streaming mecha-
nism is known as Eckart streaming [26,27]. Eckart streaming signifies a drift of mass, resulting at
long times from the convection of momentum through variations in the intensity of the ultrasound
along the ultrasound path.

Several studies have examined bulk (Eckart) acoustic streaming in water films and drops and
its contribution to their displacement [24,28,29]. Moreover, a self-consistent theory was developed
recently for the dynamics of thick free surface films owing to bulk streaming and was verified by
experiments that employed millimetre-thick silicone oil films atop the flat substrate of 20 MHz
frequency SAW actuators [30]. In addition to the acoustic stress in the film, the analysis accounted
for the capillary and gravitational stresses that shape the liquid/air interface and dictate its
dynamics.

Here, we study SAW-induced coating flows of thick liquid films over obstacles as a paradigm
for using ultrasound for coating processes. We focus on experiments and a long-wave theory to
investigate the free-surface evolution of thick films that support Eckart streaming over topograph-
ical features via a SAW propagating in an underlying solid substrate. To facilitate such a devel-
opment, we build upon the model developed by Fasano et al. [30] to incorporate the additional
contribution to the gravitational and curvature stresses of a topographical feature, taking an ap-
proach consistent with the classical work of Stillwagon et al. [8] and the more recent work of Park
& Kumar [31].

The remainder of the paper is structured as follows: in §2, we discuss physical experiments that
demonstrate the phenomenon of thick silicone oil films driven over various obstacles under the
action of propagating 20 MHz-frequency, Rayleigh-type SAWs. In §3, we present a corresponding
mathematical model, and in §4, we show its application to the experimental set-up. We summarize
the model and initial conditions in §4a, before comparing our theory with the two obstacle sce-
narios in our experiments: a ramp obstacle in §4b and a bump obstacle in §4c. In §5, we compare
our experimental and theoretical results, and in §6, we summarize our findings and draw con-
clusions. Technical details and background are relegated to appendices: appendix B summarizes
the theoretical model without an obstacle present that was developed by Fasano et al. [30] and
forms a basis for the extended model presented here, and appendix C describes aspects of SAW
characterization in the experiment and the long-wave approximation used to derive the model in
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Figure 1. (a) Top view of the SAW actuator used in the experiment (dimensions: 24.5 mm X 10.8 mm X 0.5 mm), comprising
an inter-digital transducer to the left made from metal electrodes fabricated atop the piezoelectric lithium-niobate substrate
of the actuator and a PDMS obstacle placed atop the SAW actuator (to the right). (b) The SAW actuator, supporting a three-
dimensional printed PDMS obstacle viewed from above, attached to a power source (to the left). (c) Side view of the same SAW
actuator supporting the PDMS obstacle (to the right) and an oil film that spreads over the SAW actuator and towards the obstacle
under the action (and in the direction) of the SAW in the solid substrate of the actuator.

which topographical obstacles are present. Additional supplementary materials provide videos
of selected experiments and animations of representative computational results.

2. Experiment
(a) Experimental system

Figure 1 shows a representative experiment, where an 8 pl oil film is driven by a 20 MHz fre-
quency SAW towards a PDMS obstacle. The nanometre-amplitude mechanical wave is generated
by the SAW actuator, comprised of a 5 nm titanium/1 um aluminium interdigitated transducer
((IDT); from which the SAW emanates) fabricated atop lithium niobate (LiNbO;, 128° Y-cut, X-
(SAW) propagating, Roditi International, UK) by standard photolithography (figure 1a). The ac-
tuator is powered using pogo pins (BC201403AD, Interconnect Devices, Inc.) assembled in a three-
dimensional-printed elastomeric stage (figure 1b), which holds the actuator and is connected to
a signal generator (R&S SMB100A microwave signal generator) and an amplifier (model A10160,
Tabor Electronics Ltd.).

The PDMS obstacle, shown on the right of figure 1b,c, is made of silicone-based elastomer
(SYLGARD™184 Silicone Elastomer Kit, Dow, Australia) with a mixture ratio of 8 (pre-polymer):
1 (curing agent). It is attached to the lithium niobate substrate, about 5 mm away from the IDT,
by pre-treating the substrate for 10 minutes using an air plasma cleaner (PDC-002 Plasma cleaner,
Harrik Plasma, New York, USA). We consider two obstacle geometries: (i) cylindrical cap ‘bump’
obstacles, of several heights (as shown in figure 1) and (ii) a prism-shaped ‘ramp” obstacle, of slope
approximately 42° relative to the flat substrate of height 3.2 mm and width 3.5 mm.

We employ a top-view camera (Dino-Lite Digital Microscope Premier) and a higher-precision
camera (Data Physics; OCA 15Pro, CMOS id: UI-3360CP-M-GL) for side-view documentation of
the obstacle coating. The side-view camera provides a clear contrast between the silicone oil and
the PDMS obstacle, enabling tracking of the location of the oil film front on the obstacle, although
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Figure2. Side-view snapshots of a typical experiment (A,=1.43 nm), where oil climbs over aramp-shaped obstacle, indicated
by the sketch in (a). During the experiment, (b) initially, the oil film (highlighted by a thin, white curve) moves along the upper
surface of the SAW transducer to make contact with the obstacle; the oil film then deforms and (c)—(e) climbs up the obstacle
and (f) reaches the peak. Time t is measured from the moment the oil comes in contact with the ramp. The height, H;, measured
as indicated in (c), is the vertical distance that the front of the oil film has climbed. (Full experimental videos are presented in
the supplementary material, movies S1-52.)

the high-resolution camera has a limited field of view. The top-view camera allows us to track the
overall coating process and determine how long it takes for the oil to traverse the obstacles.

In each experiment, a sessile film of silicone oil (v = 50 cSt, 378 356, Sigma-Aldrich) is deposited
on the surface of the substrate using a pipette, approximately 2 mm from the obstacle. The SAW
is then activated by applying a sinusoidal voltage signal of f = 20 MHz frequency. The applied
voltage is proportional to the measured normal displacement amplitude, A, of the SAW at the
surface of the actuator, which is in contact with the oil film. This nanoscale normal surface dis-
placement amplitude (intensity) of the Rayleigh SAW on the actuators is measured with a scanning
laser Doppler vibrometer ((LDV) MSA-500, Polytec). This measurement confirms that the SAW is
a travelling wave and provides a correlation between applied voltage on the SAW actuator and
SAW displacement amplitude at the device surface; the latter is given in appendix A. Once power
is applied to the actuator, the oil film begins spreading along the path of the SAW. Experiments
were performed by placing an oil volume of V; = 8 ul and 16 pl; in the latter case, this was done
by placing an oil volume of 8 pl atop the actuator twice, as explained below.

(b) Ramp obstacle

A typical ramp obstacle experiment is shown in figure 2: the ramp is a triangular prism with a
right angle, see figure 2a. The horizontal width of the ramp (in the direction of SAW propagation)
is 3.5 mm, the height is 3.2 mm and the angle of the slope with respect to the substrate is 42°. In the
experiment, we placed 8 and 16 pl of silicone oil on the actuator and induced a SAW of varying
strength (as shown in figure 2b). Under the influence of SAW, the silicone oil moves in the direc-
tion of the propagating wave and climbs up the ramp (figures 2b—f). The PDMS elastomer has a
similar chemistry and density to the silicone oil and thus a similar acoustic impedance [32,33].
Hence, the ultrasonic wave that diffracts off the SAW in the actuator propagates also through the
PDMS obstacle, driving the coating motion of the silicone oil film. The ultrasonic energy available
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Figure 3. Time evolution of the climbing film height, H;, from an 8 pul initial oil volume placed on the SAW actuator atop
the ramp for (a) A, = 0.52 to 1.69 nm. (b) The same data, now plotted with a logarithmic time-axis, show a change of slope at
H; ~ 1mm, indicatingamodification in the mechanism that drives the climb above this height. Symbols are experimental data,
and the connecting curves are guides for the eye. The uncertainty in H; is estimated to be 5% based on the spatial resolution of
the camera. The detailed dataset is presented in the Excel file provided in the supplementary material. The observed change of
slope of the curves in (b) appears near the characteristic capillary length, where both capillary and gravitational stresses govern
the film dynamics.

for climbing will decrease as the silicone oil ascends higher on the ramp owing to the dissipa-
tion of ultrasound in the PDMS structure. Eventually, the oil either reaches the top of the ramp
(figure 2f) or reaches a steady-state height because the reduced ultrasonic energy is insufficient to
support further climbing. (Experimental videos are given in the supplementary material, movies
51-S2.)

To better understand the climbing process, an analysis of the dynamic moving oil front is nec-
essary. By carefully analysing the experimental side-view videos (using the software Image]), we
determine the climbing height, Hy, of the oil film on the ramp under different experimental condi-
tions (figure 2). Figure 3 displays this height versus time (measured from the time when the silicone
oil front first touches the rear of the ramp) for several different SAW amplitudes; part (a) shows
selected results for the range of SAW power levels (the SAW normal amplitude before attenuation
isin the range A, = 0.52 nm-1.69 nm). The total climbing time varies with the SAW amplitude A,;
larger A, values result in shorter climbing times, as expected since A, is proportional to the square
root of the ultrasonic power supplied to the oil film.

Part (b) presents the same results using a log-scaled time, where a change in the slope of the
curves on the logarithmic scale is apparent at a height level that corresponds to the characteristic
capillary length, 1/7/(pog) ~ 1.4 mm, where y = 0.02 N m™' and p, ~ 1000 kg m~? are the surface
tension and density of silicone oil, respectively, and g ~ 10 m s72 is the gravitational acceleration.
Hence, once the oil film climbs to the height corresponding to capillary length, the contribution of
gravitational stresses to film dynamics becomes appreciable.

The tendency of part of the oil to flow around, rather than over the ramp, results in a diminished
volume of oil at the base of the ramp during the experiment, which leads to a decreased capability
of the oil film to climb. Introducing a total of 16 ul of silicone oil, by first placing 8 ul oil on the
SAW actuator at the bottom of the ramp and then adding another 8 pl oil when the oil accumulated
around the ramp is consumed, encourages further oil climbing. This is likely owing to additional
oil mass at the bottom of the ramp that improves the transfer of ultrasound power directly from
the SAW actuator to the climbing film.

Figure 4 shows the maximum climbing height, H, ., both with (red dots) and without (blue
dots) additional silicone oil, for all experiments conducted. The results of figure 3 represent a
subset of the results shown here, with a detailed dataset given in the supporting materials. We
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Figure 4. Maximum climbing height, H,y,,, of the film on the ramp, versus SAW normal amplitude displacement, A,,, for sil-
icone oil volumes of 8 1l (blue dots) and 16 pul (red squares). The dashed line shows the top of the ramp. The uncertainty in
climb height is estimated to be 5% based on the spatial resolution of the camera and manual selection of the front position.

observe that the additional oil enhances climbing (the red dots are associated with larger H, .-
values), so that, for A, 2 1 nm, the oil film reaches the top of the obstacle.

(c) Bump obstacle

To better understand how substrate topography affects spreading, we also consider bump-shaped
obstacles: cylindrical cap structures, whose height, /1, varies from 0.26 mm to 1.1 mm. The bump
width, w, (distance from the rear to the front of the bump in the direction of SAW propagation
and the motion of the oil film), is in the range of 2-3 mm, with variability caused by the PDMS
deposition process used to create the bumps. We note that both &, and w, may vary along and
across the bump, leading to variability of the bump properties and, therefore, of the reported
results.

We apply SAW forcing to propel the silicone oil towards and over the bump. The process is cap-
tured using two cameras: the side view captures the dynamics (shown in figure 5b1-el), whereas
the top view allows us to determine the overall time 7 needed to traverse the bump, defined as
the time elapsed between the oil reaching the near side (the rear; figure 5b2) and the far side (the
front; figure 5e2) of the bump.

In a typical experiment, the travelling oil front first reaches the rear of the bump and coats
it under SAW power. We use the side camera video images to extract the contact point posi-
tion over time and obtain results such as those in figure 6 (results shown for a bump of height
h, = 0.92 mm and for several different SAW amplitudes). Here, we capture the time variations of
(a) the horizontal position of the oil front, x;, along the path of the SAW and of (b) the height of the
oil front above the flat surface of the SAW actuator, H;. We observe (dataset is given in the sup-
plementary material) that as the applied SAW amplitude increases, so does the coating velocity
(given by the slope of the curves in part (a)). Together, parts (a) and (b) show that initially the front
of the coating film rises quickly up the bump under the influence of capillarity (for approx. 5 s,
taking the A, = 1.04 nm case as an example). Then the velocity of the coating front decreases; see
the period 545 s for the A, = 1.04 nm case in figure 6a. The thickness of the oil film then builds
up; as this happens and the oil passes the peak of the bump obstacle (evident from the turning
point of the corresponding curve in part (b)), the coating velocity increases again: see the period
from 45 s to the end of the experiment for A, = 1.04 nm. (Full experimental videos are given in the
supplementary material, movies S3-54.) The trends across various SAW forcing amplitudes and
bump geometries are also considered via numerical simulations, discussed later in §4.

We further measure the time 7 taken for the silicone oil to fully traverse bumps of different
heights as a function of the SAW unattenuated normal amplitude A, at the actuator surface under
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Figure 5. (a) Sketch of the oil covering the bump obstacle. Snapshots of side (b1—e1) and top (b2—e2) views of a SAW—driven
silicone oil film climbing over and coating a bump; the oil film outline is marked by a dark, thin line. The snapshot sequence
commences att = 0 (b1and b2) when the oil front reaches the rear of the bump, located at x = 0. The oil then climbs over it
under the influence of SAW (c1—d1; c2—d2, with H; and x; marked in c1) and ultimately reaches the bump front after 46 seconds
(eTand e2). (Full experimental videos are given in the supplementary material , movies $3-54.)

H;[mm]

Figure 6. (a) Front position, x;, measured relative to the rear (left edge) of the bump and (b) front height, H;, as functions of
time, for a bump of height i, = 0.92 mm. Time is measured from the moment the oil reaches the rear of the bump. The SAW
amplitude, A,,, is varied from 0.78 nm to 1.69 nm. Symbols are experimental data and the connecting curves are guides for the
eye. These measurements have a 5% error owing to the limited angle and resolution of the side-view camera. The dataset is
included in the supplementary material.

Downloaded from royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2026.0147/6164467/rspa.2026.0147 .pdf
by guest
on 12 September 2026

19109707 280 1205 y20id  edsy/biobusyandiaaposiefor [


https://royalsocietypublishing.org/rspa

\~ > .
N Q\ N »
Q‘ \~ .
'\. \‘. L] .
LS L] 2],11 ° The
100 .. \_.! . 100 A\
R e
= N AN - RN
™ Sul *{° . 2 '\l,
.. \. - ~ .
10 \..'-_’\‘ 10 AN
."‘II’l\
o\.o"
LEREN
1 1
0.5 1 1.5 0.5 1 1.5
A, [nm] A, [nm]

(a) ho =0.26 mm, wo = 1.8 mm (b) ho =0.65 mm, wo =2.5 mm

~ . .
~ .
. ta ® M
-~ -
100 L
ol .
LI
a . ® e s
pu 10 » Regular experiment
= Upside down
experiment
! 0.5 1 1.5
A [nm]

(¢) ho =0.92 mm, wo = 1.8 mm

Figure 7. Time 7 to traverse the bump obstacle as a function of A, for different bump heights: (a) h, = 0.26 mm,
(b) h, = 0.65 mm and (c) h, = 0.92 mm. All red dots correspond to a drop of volume V; = 8 pil. The blue dots in (a) are
for a drop of volume V; = 2 pl, while in (c) they represent the upside-down experiment with an 8 pul drop. Climbing time
is the time elapsed from when the drop front touches the rear of the bump to when it reaches the front. (a) h, = 0.26 mm,
w, = 1.8mm, (b) h, = 0.65mm, w, = 2.5mmand (c) h, = 0.92mm, w, = 1.8 mm.

a range of conditions; see the log-log plots in figure 7. As expected, we find that larger A, results
in shorter coating times: the logarithm of the coating times varies linearly with the logarithm of
A,, suggesting that the two quantities are related by a power law. Regarding the influence of the
bump height on the results, we observe in figure 7 the intuitive trend that larger heights lead to
longer coating times.

To further enhance our understanding of the coating process, we also show in figure 7a the
results of experiments carried out using a smaller volume, 2 pl, of silicone oil (aside from the
usual 8 ul). The results show that a smaller volume of silicone oil requires a longer time to coat
the bump. However, as A, increases (approaching 1.5 nm), the time required for the 2 ul oil vol-
ume to climb over the bump approaches that of the 8 ul case. Moreover, when the SAW amplitude
is sufficiently high, the coating effect is less sensitive to the initial volume of the oil film. The ob-
served power-law relation between A, and the coating time persists over a range of bump heights;
see figures 7a—c.

In addition to the experiments reported so far, we also conducted selected experiments in an
‘upside-down’ configuration. The results of such experiments are shown in figure 7c alongside
the results for the regular configuration: the results confirm that gravity plays a small role in this
case.
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3. Theory

We base our model of the experimental system described in §2 on the two-dimensional framework
developed by Fasano et al. [30], who described the spreading of silicone oil films driven by SAWs
on a flat substrate. In that work, an asymptotic analysis, based on assumptions that the oil film
free surface has a small slope (the long-wave or lubrication approximation) and that the acoustic
Mach number is small, was used to derive a fourth-order nonlinear partial differential equation
governing the film height, with a SAW-induced stress term driving flow. Here, we build on that
model to account for the presence of topographical obstacles made of PDMS, modifying all forcing
terms in the resulting ‘thin-film” governing equation, consistent with existing literature where
available. Again, the modelling is simplified by considering a two-dimensional viscous oil film
driven by a SAW propagating along the substrate and under the obstacle (also two-dimensional),
in the positive x-direction. In what follows, we use the similar acoustic properties of the cured
PDMS and liquid silicone oil [32,33] to assume that the SAW attenuates in the same way under
the PDMS obstacle and under the silicone oil. We further note that the extension of the model
to include a topographical obstacle does not modify the leading-order quiescent or first-order
oscillatory flows in the asymptotic expansion of the oil film from those derived earlier [30], but it
does modify the second-order streaming flow that drives the oil film dynamics.

(a) Non-dimensionalization and scaling

We assume that the viscous silicone oil film has a density p and dynamic viscosity p. The surface
tension of the oil-air interface is denoted by y. The acoustic field is characterized by the maxi-
mum vertical displacement amplitude of the solid substrate owing to the SAW, A, and the angular
frequency of the SAW, w = 2zf. We carry out a standard non-dimensionalization to highlight the
balances between the considered forces in the model. Let L = 1 mm be a characteristic length scale
based on the acoustic attenuation length under the oil film [30]; all lengths, including the film
height, h(x, t), are scaled with L. Time is scaled with T = 3uL/y to balance viscous and capillary
forces in the dimensionless governing equations. Pressure is scaled with P = y /L so that the cur-
vature term enters the governing equations with a unit coefficient. With gravitational acceleration
g owing to gravity acting in the z direction, the non-dimensional groups used in the governing
equations are defined as

pogL? . Pl pyA’a’L

nd S=-—="—-—, G.1)
Y Y

Bo =

where Bo is the Bond number, which measures the relative strength of gravity and surface ten-
sion and S measures the relative strength of the SAW-induced stress and surface tension. Here,
po is the constant, leading-order term in the asymptotic expansion of the oil film density in the
small acoustic Mach number (see appendix B for further details). Additionally, P, is a SAW-
induced stress scale, with units of pressure, that gives the characteristic magnitude of the time-
averaged Reynolds stresses produced by the first-order ultrasonic field that diffract (leak) off
the SAW (see appendix B for further details, specifically the force components in equations (B 4)
and (B5)). In what follows, we will use the non-dimensional formulation to present the govern-
ing equations, but will show results in terms of physical variables to facilitate comparison with
experiment.

We comment here also on the relation between the experimentally measured SAW amplitude,
A,, and the theoretical one, A, used in appendix B to derive the model, which we use in accor-
dance with [30]. Although we expect A «x A,, it is not clear that these amplitudes are identical,
as discussed in some detail by Royer & Dieulesaint [34]. A detailed analysis to determine the ex-
act relation between A and A, is beyond the scope of the present work; we will comment further
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regarding this relation when discussing the comparison between experimental and theoretical re-
sults in §5.

(b) Governing equations

On a flat substrate without topographical obstacles, the non-dimensional evolution equation de-
rived in [30] can be written as

oh . d oP .35
O O 1392 35 (2K — 1 + &1 = 2Ky )| = 2
of tox ox ~ eV )( z +ei( z )>] 0. (32)

where the non-dimensional effective pressure is (with ' representing d/dx)

SC
P=-h"+Boh+ ZKZW(X’ h). (3.3)

The first two terms in P represent the effects of capillarity and gravity, respectively, while the final
term describes contributions arising from the acoustic field in the oil, with y(x, h) given by

1 X <X,
e h) = e 2l O] ) < x < x4, ey
i [xf(f)—xr (t)]’ x> xp(t).

Further acoustic parameters that appear in the above model include: a measure of the deviation
of the SAW-induced stress from conservative form, C; the attenuation coefficient of the leaky SAW
in the liquid including viscous effects in the z-direction, K; the attenuation coefficient of the leaky
SAW in the x-direction, k,;; and the coefficients of the acoustic body force in the x and z directions,
C, and C,, respectively. See appendix B for full definitions and further details on how these param-
eters arise in the mathematical model. In simulations, we assume that SAW attenuation starts at
the rear cut-off line location, x¥, and ends at the front cut-off line location, X, defined by the points
where the film height reaches a specified cut-off thickness, h(x}, t) = h(x,t) = h* (in practice, each
of these points is uniquely defined). The value of the critical cut-off thickness at which the SAW be-
gins attenuating, /i*, is chosen based on the thickness below which mass transport is dominated by
other mechanisms different from that of Eckart streaming, such as Rayleigh streaming and acoustic
radiation pressure [35,36]. This thickness turns out to be i* = (1,;/4)L™ = 17 umL!. We note that
the SAW contribution to the governing equation (3.2) has both conservative and non-conservative
parts: the former corresponds to P in the last term on the right-hand side of equation (3.3) and the
latter to the final term (the C-contribution) in equation (3.2).

When a topographical PDMS obstacle of height profile s(x) is introduced, the oil film thickness
h(x,t) is measured relative to the obstacle, so that the total height of the free surface above the
substrate is H = h + s. The governing equation is then modified to

oh, of_,20P .38

— - 212 1 o 2Kheq _ _
e - CSng(x,h+s)(2th 142N 2th)>] 0, (3.5)

with effective pressure

SC
[ " z
P = (h +s >+Bo(h+s)+ oK w(x,h+5s). (3.6)

4

Here, the capillary contribution to P in equation (3.6) is modified through the obstacle’s contri-
bution to the curvature of the oil film, consistent with the work of Park & Kumar [31]. Similarly,
the gravitational term accounts for the increased height of the film owing to the obstacle (see also
Stillwagon & Larson [8]). The SAW-induced stress is affected by the obstacle only via the vertical
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attenuation, through its inclusion in the second argument of y. This is a result of our assumption
that the solid PDMS obstacle has the same attenuation coefficients as the silicone oil; for other
fluids (or obstacles), this assumption may not hold. For the same reason, we modify the definition
of the rear and front cut-off line locations to account for the additional height of the solid obstacle
beneath, defining x;and x} as the points such that h(x], t) + s(x) = h(x, t) + s(x{) = h*.

In the absence of an obstacle (s = 0), equations (3.5) and (3.6) reduce to the flat-substrate model.
Additionally, without acoustics (S = 0), our model is in agreement with that of Park & Kumar [31].
We point out that equation (3.5) is of the form h, + (vh), = 0, where v is the thickness-averaged
horizontal velocity component of the silicone oil, given by

_20P . 38

_ 212 _ 2K,
v=—h I 8hK§W(x’h+s)<2KZh 1+ "1 2th)>. (3.7)

See appendix C for the detailed long-wave reduction leading to equation (3.5).

Before proceeding to the numerical results, we briefly justify the neglect of acoustic radiation
pressure in the present model. As discussed in our previous work [30,37], the dominant driving
mechanism in the present parameter regime is acoustic streaming generated by the SAW propa-
gating within the solid substrate. By contrast, acoustic radiation pressure originates from the leaky
acoustic field within the liquid and therefore attenuates over a shorter length scale owing to the
lower sound speed in the fluid phase. For the experiments considered here, the SAW attenuation
length in the substrate is approximately 1-2 mm, whereas the characteristic lateral drop length
scale is approximately 6-7 mm. Consequently, radiation-pressure effects are expected to remain
localized primarily near the drop rear, while the front dynamics remain dominated by acoustic
streaming. Since the present work focuses on the propagation and climbing dynamics of acousti-
cally driven drops over topographic features, acoustic radiation pressure is neglected.

A useful measure of the relative importance of radiation pressure effects is the non-dimensional
ratio

1
=— 3.8
2rgky;’ (3.8)
corresponding to the ratio between the SAW attenuation length in the solid and the characteris-
tic lateral drop length scale. Radiation pressure effects are expected to become important when
R = O(1), whereas in the present study R < 1 (specifically R = 0.2), justifying their neglect.

4. Simulations

This section is structured as follows: §4a introduces the initial and boundary conditions relevant to
the experiment needed to close the model; then §4b,4c, shows simulations conducted with a ramp
obstacle and a bump obstacle, respectively. In each of §4b,4c, we first present a representative
simulation, then we show how the dynamics change as we vary the SAW amplitude, obstacle
dimensions or oil drop volume. Simulations are compared with experiments in selected figures;
to facilitate this, all figures are plotted in dimensional units. The SAW frequency is always fixed
at 20 MHz; only the maximum vertical displacement amplitude of the solid substrate owing to
the SAW, A (measured in nanometres), is varied. The dimensionless oil drop volume is written
as V; = V4 /L3, and we consider that the standard volume is V4 = 8 ul, except where otherwise
stated.

(a) Initial and boundary conditions

In our simulations, we solve equation (3.5) with effective pressure given by equation (3.6); the main
ideas of the implementation in COMSOL™ are similar to those described in appendix C of [30] for
the dynamics on a flat substrate. The film is initialized with a two-dimensional parabolic profile
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of constant dimensionless area A4, corresponding to a cross-sectional slice of a three-dimensional

parabolic cap, given by
rq 2
Ay =2/ hy [1 - <ﬁ> ] dx = 2, 1)
0 Ta 3

where r4 is the radius of the oil drop and & its maximum height (both dimensionless). This height
hy is obtained by using hy =2V/ (m’i), which follows from the formula for the volume V, of a
three-dimensional parabolic cap of known base radius, ry. Here, we consider ry = 3.2 as a good
approximation of the initial drop radius (the drop is carefully placed with a pipette in the experi-
ments; see the supplementary material), from which we then determine its height hy, for a given
drop volume. Thus, all parameters are chosen to match the dimensional drop volumes used in
experiments, but are here expressed in dimensionless form. The initial oil drop is centred at x = x4
with rear and front contact line positions at x,(0) = x4 — r4 and x;(0) = x4 + r4.

To regularize the moving contact line, we impose a thin prewetting film of thickness h, < hy,
similar to previously reported studies of acoustically driven spreading films [30] or as described
in many other works; see [38] for a detailed discussion of the influence of such a prewetting layer
on the dynamics of spreading. We point out that this model is not intended to capture the details
of the physics in the immediate vicinity of the contact line, but instead simply introduces a cut-off
length scale (thickness of the prewetted layer). Further work (beyond the scope of this paper) will
be needed to fully understand such physics in particular when a change of the surface shape is
involved.

We discretize the domain with grid spacing Ax = h,/2 to ensure numerical convergence [39].
The initial condition for the drop profile is then

hp, x < x,(0),
2
hx,0) =4 (g =1, ) [1 - (22) ] +hy x,(0) < x < x0), 42)
o> x > x4(0),

ensuring that the drop thickness profile is piecewise continuous. This introduction of a prewet-
ting film for numerical consistency has insignificant effects on the dynamics, but slightly modifies
the prescribed area above the prewetting film to Ay = (4/3)(hgq — h,)ry, which is the quantity con-
served throughout the simulations.

Atthe lateral domain boundaries, we fix the height to the prewetting film thickness via Dirichlet
boundary conditions (h = h,,) and impose vanishing Neumann boundary conditions on h (1" =
0). These boundary conditions ensure that the simulation captures the dynamics of the moving
film without introducing spurious mass loss or gain from either domain end. The computational
domain is chosen large enough so that the film does not interact with the boundaries; if the film
were to reach a domain edge, the imposed Dirichlet condition would no longer be valid.

(b) Spreading on aramp

We first investigate spreading over a ramp-shaped obstacle, designed to mimic the experimental
set-up shown in figure 2. Since the silicone oil film reaches the top of the ramp in only a small
number of the experimental realizations (figure 4), we simplify to an infinite ramp profile in our
simulations, ensuring that a finite equilibrium film climbing height on the ramp can always be
found. The ramp profile is specified as a smoothed linear incline of height #, and width w,, be-
ginning at position x = x:

h
s(x) = w—"Rd(C), (4.3)
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where { =x —x,, and

0, ¢ <—d,
RO =1d(2+15+2(5)"-1(5)")  1e1<a, (4.4)
¢, ¢ 2 d.

Here, we have incorporated a smoothing layer near x = x, of total width 24 (here d = 0.25) to en-
sure continuous first and second derivatives. This construction reproduces the built-in smoothed
ramp function used in COMSOL Multiphysics. Unless otherwise stated, we use i, = 3.2, w, = 3.5
(to match the slope of the experimental ramp) and x, = 20 (so that the entire film is to the left of
the ramp initially). Representative snapshots of the simulation for A = 4 nm are shown in figure 8,
where the evolution of the film profile and the horizontal component of the thickness-averaged ve-
locity (given by equation (3.7)) are shown along with the ramp obstacle, at various times indicated
in the figure caption. The height and velocity profiles are made dimensional via scaling by L and
L/T, respectively. Before reaching the obstacle, the film translates steadily owing to the balance
of capillarity, gravity and SAW-induced stress, similar to the flat-substrate dynamics described
by Fasano et al. [30]. Once the film front reaches the ramp, its dynamics change markedly. As the
film front encounters the increasing substrate height, the free surface (i + s) is forced to bend more
sharply, increasing the local curvature and thus the capillary (surface tension) pressure gradient at
the front. This capillary driving overcomes the additional gravitational resistance associated with
the increased height of the ramp, leading to a transient speed-up of the fluid front. Simultaneously,
the rear of the film continues moving at a quasi-constant speed, unaffected by the changes in the
front dynamics owing to the obstacle, leading to a temporary increase in the horizontal width of
the film. This speed-up effect on the front is fleeting, however, as evidenced by the sharp decrease
in the velocity near the oil front in figure 8b compared with that in figure 8a. Rather than accumu-
lating fluid at the rear though, the film gradually redistributes mass along the incline, flattening
with respect to the ramp obstacle and extending as it climbs [figure 8b,c]. During this stage, the
rear contact line is still driven forward at a quasi-constant speed (with which it translates in the
case of the flat substrate) by the acoustic stress. This causes the horizontal width to contract, since
the rear is now moving faster than the front. This contraction leads to a second speed-up of the
front, owing to the increased SAW-induced stress felt there as a result of the decreased horizontal
attenuation of the force over the shorter drop length. Eventually, as shown in figure 8d, capillary
and gravitational forces balance the attenuated SAW-induced stress, and the film reaches a steady-
state position on the ramp. The slight back-flow (negative velocity) seen in figure 8b,d behind the
bulk is necessary to satisfy conservation of mass in the prewetting film below the cut-off thickness
at which attenuation turns on (i.e. in areas where H = h + s < h*). This is consistent with the dy-
namics seen on a flat substrate [30]. Full animations are presented in the supplementary material
for various values of A (see animations 5-10 in the supplementary material).

The dependence of climbing behaviour on forcing amplitude is summarized in figure 9a, which
shows the front climbing height, H; = s(x;(t)) where the front contact line is determined as the point
x; where h(x;) = h*, as a function of time. For weak SAW-induced stress (A < 1 nm), the film front
only climbs a short distance up the ramp because the rear contact line spreads backwards owing to
capillary forces dominating the SAW-induced stress in this region of the film. This is a significant
effect because it causes the attenuation of the acoustic force at the fluid front to increase in time
as the rear drifts further backwards. Although x* continues to drift left, the attenuation factor y
depends on both horizontal path length and local thickness. As the rear moves backwards, the
film simultaneously thins and levels on the ramp, reducing the vertical attenuation and thereby
compensating in part for the increase in horizontal attenuation. Consequently, the location of the
h = h* contour used to define the front can remain nearly fixed, yielding a stationary climbing
height even while the rear cut-off continues to evolve in the opposite direction to the propagating
wave. For intermediate SAW amplitude (1 nm < A <2 nm), the film exhibits mixed behaviour
between the weak and strong forcing regimes. In this range, the rear cut-off location x drifts
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Figure 8. Evolution of the thickness profile as the film climbs the ramp, for A = 4 nm at different times. The black solid line
denotes the underlying ramp obstacle. The blue solid line represents the height profile of the liquid film at the current time.
The red line indicates the thickness-averaged horizontal velocity component, v, given by equation (3.7) multiplied by L/T.
Full simulation videos are presented in the supplementary material for a range of A values (A =1—6 nm corresponding to the
animations 5-10). (@)t = 1s,(b) t = 2.55,(c)t = 12.5sand (d) t = 50s.

backwards owing to capillarity as in the weak-forcing case, but this motion slows and may tem-
porarily arrest as the SAW-induced stress becomes comparable with capillary forces. As a result,
the front climbing height increases slowly in time before reaching a quasi-steady value that lies
between the weak and strong forcing limits. This intermediate regime corresponds to a partial
balance between horizontal attenuation caused by the retreating film rear and reduced vertical
attenuation as the film thins and redistributes along the ramp. For sufficiently strong SAW am-
plitudes (A > 2 nm), the rear contact line advances in the direction of SAW propagation, resulting
in a net forward translation of the entire film. This translation increases the climbing height by
maintaining stronger acoustic forcing at the fluid front, effectively pushing the film upward along
the obstacle. The climbing height of the film increases monotonically with A as expected owing to
this effect. Figure 9b shows the long-time (steady-state) height profiles for various values of the
SAW amplitude A, with all profiles made dimensional by scaling with L.

We also examine the influence of ramp geometry on results, as shown in figure 10. We carry
out simulations for fixed SAW amplitude, A, varying the ramp parameters (/,/w,) to obtain three
slopes: 31.4°,42.4° and 53.9°. In figure 10a, we plot the climbing height as a function of time (shifted
so that t = 0 corresponds to the moment the film front x; reaches the ramp), and in figure 10b,
we plot the steady-state profiles reached at long times. Increasing the ramp slope influences two
competing effects. On the one hand, steeper ramps produce smaller horizontal displacements of
the front, reflecting stronger gravitational force along the incline and enhanced vertical acoustic
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Figure 9. (a) Climbing height of the film on the ramp, H;, as a function of time from simulations for A = 0.5 nm (magenta)
toA = 6nm (olive colour) with AA = 0.5 nm increasing according to the black arrow. (b) Steady-state (at large times) height
profile of the film on a ramp for different values of the SAW amplitude, A.
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Figure 10. (a) Climbing heights H; as a function of time for SAW amplitudes A = 1 nm (black), A = 4 nm (orange) and
A = 6 nm (green) for ramp slopes of 31.4° (dashed lines), 42.4° (solid lines) and 53.9° (dot-dashed lines); colours shown
here are as in figure 9a where a ramp of slope 42.4° is used. (b) Final height profiles H for the case of A = 4 nm for each of the
three different ramp slopes used in (a).

attenuation. On the other hand, and somewhat counterintuitively, the maximum vertical climbing
height increases with ramp slope. This behaviour arises because steeper ramps reduce the horizon-
tal extent over which the SAW attenuates before reaching a given vertical height, thereby decreas-
ing horizontal attenuation of the acoustic forcing. In the parametric regime considered here, this
reduction in horizontal attenuation more than compensates for both the increased gravitational
resistance and the enhanced vertical attenuation owing to larger film and obstacle thickness, re-
sulting in higher steady-state climbing heights on steeper ramps.

We next examine the influence of film volume on the climbing dynamics, shown in figure 11.
Simulations are performed at a fixed SAW amplitude A = 4 nm for three film volumes, 3 ul, 5 pul
and 8 pul (V4 = 3,5, 8). Figure 11a shows the climbing height as a function of time (again shifted so
that t = 0 corresponds to the instant at which the film first reaches the ramp), whereas figure 11b
shows the corresponding steady-state profiles at long times. The transient climbing dynamics are
nearly identical for all three volumes, and the resulting steady-state climbing heights differ only
modestly. This weak dependence on volume arises from the manner in which acoustic attenuation
is implemented in the model. Attenuation of the SAW-induced stress begins once the total fluid
thickness reaches a fixed cut-off value H = h + s = Ii*, independent of the total film volume. Con-
sequently, for all SAW amplitudes that are able to force the film to climb fully onto the ramp, the
onset of attenuation occurs at approximately the same substrate elevation, corresponding to the
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Figure 11. (a) Climbing heights, H, of the drop’s front as a function of time on the ramp obstacle for amplitude A = 4 nm
calculated for three different drop volumes, Vy: 3 wul (blue), 5 pul (green) and 8 ul (red). (b) Steady-state thickness profile H for
each drop volume, I/, for large times (i.e. when there is no flow).

Figure 12. Side view of the bump obstacle used in experiments, with the circular arc employed in simulations overlaid to
illustrate the close agreement between the experimental geometry and the model representation.

location x, where s(x}) ~ h* — hp. As aresult, the spatial distribution of the SAW-induced stress be-
neath the film is nearly identical across the volumes considered. The modest difference in the final
climbing height, therefore, primarily reflects geometric effects rather than changes in the driving
force. Larger-volume films have a larger footprint and extend farther forward once the rear con-
tact line has settled into a nearly fixed position (x! 2 20 mm), leading to slightly higher measured
climbing heights. The apparent increase in steady-state climbing height with volume thus does
not indicate stronger acoustic driving, but instead reflects the increased spatial extent of the fluid.
It should be noted that decreasing droplet volume, and therefore the lateral drop length, will even-
tually lead to a breakdown of the assumption that R < 1 (where R is given by equation (3.8)) and
therefore acoustic radiation pressure may no longer be negligible.

(c) Spreading overa bump

We next examine the spreading of an oil film over a bump-shaped obstacle, modelled after the
experimental set-up shown in figure 12. The bump is defined by the smoothed, circular arc profile:

Vi-(e-1) - £

s(x)=h , 4.5
() =h, 5 (4.5)
2
where we have defined the smoothed, clipped coordinate
x—x, 1 X=X, 1
=R g) R 5) “0
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Figure 13. (a)—(f) Evolution of thickness profile (blue line) and thickness-averaged horizontal velocity component (red,
dashed line) for A = 4 nm at indicated times as the oil climbs a bump obstacle (black). The grey dashed lines denote the
positions of x™(t) andxf*(t). Full simulation animations are presented in the supplementary material for a range of A values
(A = 4 — 8 nm corresponding to the animations 11-13).(a) t = 15, (b) ¢ = 55,(c)t = 105, (d) t = 205, (e) t = 35sand
(f)t = 250s.

with (motivated by the experimental values and shifted horizontally so fluid lies in x > 0) x, = 25,
h, =057, w, =2.8,d = 0.005 and R, defined by equation (4.4).

Figure 13 shows the evolution of the film profile and the thickness-averaged horizontal velocity
component for A =4 nm. The grey dashed lines indicate the positions of x(t) and x; (@), the rear
and front cut-off line positions at which attenuation starts and ends. The initial dynamics are the
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Figure 14. Positions of the front cut-off line xf* (green), rear cut-off line xr* (magenta), the front contact line x; (red, dashed),
and the rear contact line x, (blue, dashed) of the oil film for the case of A = 4 nm shown in figure 13 for the bump obstacle. The
dashed grey lines indicate the start and end positions of the bump obstacle. The climbing time of the oil film over the obstacle
is denoted by = as the horizontal section of the green curve.

same as for a flat substrate [30]. Once the deformed film reaches the bump obstacle and begins
to climb, the horizontal velocity at the front decreases, as shown in figure 13b,c. This decrease
occurs because the front of the film encounters the upward slope of the bump, where the local
gravitational resistance increases and the SAW forcing becomes attenuated owing to the larger
total film thickness (H = h + s). Meanwhile, the rear of the film remains on the flat substrate to
the left of the bump, where the SAW-induced stress is still strong, generating a net internal flow
that drives fluid forward. As a result, the rear moves faster than the front, compressing the film.
(This is inevitable in our two-dimensional simulations owing to mass conservation, but not in the
three-dimensional experiments, where the film can expand laterally.) The reduced width means
that less acoustic attenuation occurs across the film, strengthening the SAW-induced stress felt by
the front of the film and allowing it to climb fully over the obstacle.

The solid PDMS obstacle has a similar acoustic impedance to the liquid silicone oil. The acous-
tic phase velocity in cured PDMS and silicone oils [32,33] is approximately 1000 + 50 m s~*. Their
densities are also very close, approximately 1.00(+0.05) X 10° kg m=3. The acoustic impedance (to
leading order, the product of the ultrasound phase velocity and the medium density) of solid
PDMS and silicone oil is therefore almost identical. In our theory, we assume that both media
possess similar acoustic impedance and hence their interface is transparent to the ultrasound that
leaks off the SAW. Moreover, since the PDMS absorbs the ultrasound leakage similarly to silicone
oil, even after the film has traversed the obstacle, the SAW begins attenuating at the leftmost point
of the obstacle (near x = x, — w,/2). Thus, the SAW-induced stress on the film significantly de-
creases when it is to the right of the obstacle; its front speed is strongly diminished, and the film
width continually increases primarily owing to capillary forces (silicone oil is fully wetting on
lithium niobate). We direct the interested reader to the supplementary material where animations
for different values of A are provided (animations 11-13).

Figure 14 shows the positions of x’(f) and x;(t) (marking the extent of the SAW attenuation
zone), the film front x(f) and the film rear x,(t) (defined by the point where h(x,) = I*); the grey
dashed horizontal lines indicate the starting and ending points of the bump obstacle. Note the
near-constant speed at which the rear of the film translates before reaching the obstacle, a feature
consistent with results for the dynamics of a silicone oil film on a flat substrate [30]; the collapse of
x, and x} onto a single curve is owing to the fact that the designated rear of the film never climbs
onto the bump obstacle (see grey, vertical line in figure 13d—f). One might expect that, because the
governing equation is parabolic (and theoretically propagates information instantaneously), the
rear of the film should feel the effects of the obstacle the moment the front reaches it, yet this clearly
does not happen: the rear continues to move with a near-constant speed well after the front reaches
the obstacle. This is explained by the fact that the rate at which a disturbance becomes dynamically
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Figure 15. Maximum height on the ramp obstacle reached by the film front, H,,,,, as a function of the SAW amplitude, A,
(experiments) or A (simulations), as obtained from the experiments (black circles) and simulations (red points connected by a
solid line). The shaded grey area indicates the general trend of the experimental data.

significant is controlled by the fourth-order capillary diffusion operator, which operates on a much
slower timescale. Linearizing the non-dimensional PDE (equation (3.5)) about a region of nearly
uniform thickness &, shows that disturbances spread over a non-dimensional distance W on the
characteristic non-dimensional timescale t; ~ W*/I3. For our simulations, we obtain the width
and height of the film during this time as W ~ 9.5 and &, € [.017, .4]. Using the largest thickness
(which gives the fastest possible time), the estimate yields a dimensional (found by multiplying by
our timescale, T) disturbance time of Tt ~ 15 minutes, far longer than the duration of the climbing
event. Thus, the rear cut-off line cannot respond to the presence of the obstacle while the front is
climbing until the rear itself gets much closer to the obstacle.

Additionally, we note that the length of the flat part of x(f) (green curve in figure 14) corre-
sponds to the climbing time of the oil film over the obstacle, discussed in some detail in §5 below.
Based on our definitions of the cut-off lines (points at which # + s = I*), once the oil front reaches
the rear of the obstacle, the location of x{(t) jumps to the front of the obstacle (owing to the addi-
tional total effective film thickness from the obstacle). It stays at this point until enough of the bulk
oil has fully climbed the obstacle, then it begins further translating across the domain. This period,
defined as the climbing time, exactly corresponds to the time it takes for the front contact line, x;,
to pass from one side of the obstacle to the other. Finally, we comment on the relative speeds of the
front contact line before and after reaching the bump. Immediately after passing over the bump,
the front contact line starts to move with a larger velocity owing to the added gravitational con-
tribution (which now aids movement of the front rather than hindering it during climbing). At
long times, however, the front slows owing to horizontal attenuation of the SAW increasing as
the front moves further ahead of the obstacle. At long times after fully climbing, the front moves
almost entirely owing to capillary spreading.

5. Discussion

Here, we discuss comparisons between experiment and theory, first for the ramp obstacle exper-
iments and then for the bump obstacle. Figure 15 shows a comparison of the maximum climbing
heights for experimental and simulation results over a ramp obstacle as a function of the SAW
unattenuated normal displacement amplitude at the surface of the actuator (4, for experiments
and A for simulations). Both experiments and simulations indicate a monotonic dependence of
climbing height on SAW amplitude. Consistent with the findings of Fasano et al. [30] for dynam-
ics on a flat substrate (and as discussed in more detail in that work), the experimental trend is
reproduced in our simulations for appreciably larger values of the SAW normal amplitude, A4,
used in the theory, i.e. A > A,. Essentially, while the theory captures the qualitative trend in the
experiment, it underpredicts the SAW-induced stress in the oil film. While it is not clear why
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Figure 16. Climbing time, 7, from the experiments (black dots) and simulations (red squares) for selected values of the
SAW amplitude, A, (experiments) or A (simulations), for four different sized bump obstacles. The black (red) dashed line cor-
responds to an approximating function for the experimental (numerical) data of the type, 7 = aA®, where A stands for ei-
ther A or A,. The exponents b for both experimental and numerical results are presented in table 1. (a) h, = 0.57, w, = 2.8,
(b)h, = 0.26,w, = 1.8,(c) h, = 0.71,w, = 2.5and (d) h, = 0.65, w, = 2.5.

this difference arises, some plausible reasons, in addition to possible differences between A and
A, [34] include: (i) the potential relevance of inertial effects that are not included in the present
model [40—42]; (ii) the omission of contributions from the boundary layer flow near the solid sur-
face, i.e. the Rayleigh law of streaming; (iii) the capillary waves that appear at the free surface of
the film [21,43]; (iv) the use of a two-dimensional model to understand a three-dimensional sys-
tem; (v) the neglect of the ultrasonic wave reflection off the free surface of the liquid (i.e. acoustic
radiation pressure).

Considering the ramp obstacle, one observes a change in the film dynamics in figures 9a, 10a
and 11a at early times when the height of the film exceeds approximately a millimetre and a half.
A change in film dynamics at a similar film height level was also seen in the experimental results
of figure 3 and discussed there. Interestingly, while the dynamics of the film are slightly different
in experiments and in the simulations, the change in film behaviour at a height that corresponds
to the characteristic capillary length of approximately 1.4 mm, where contributions from gravity
become appreciable, is similar in both cases.

Considering the bump obstacle experiments, figure 16 shows the climbing times, 7, for full
traversal of four different height bumps, for both experiments (black) and simulations (red), on a
log-log scale. The dashed lines in figure 16 show power-law fits for both experimental and simula-
tion data. As is evident, the climbing time decreases with increasing SAW amplitude for all bump
sizes. The model captures this trend qualitatively well for the bump shapes considered, in partic-
ular the power-law dependence t = aA? (see the values of the power b obtained in the fitted lines
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Table 1. Power-law exponents from experiments, be,,, and simulations, bgy,, for the fitting lines, = = g Abim, 7 =

b . . . . .
aepr,,“”, corresponding to the four panels of figure 16. The relative errors between experiments and simulations are 7 — 17%.

Panel Obstacle (h,, w,) beys bgim

@ (0.57, 2.8) -2.29 -2.45
(b)(02518)398 ..................................... : 330 .....................
(()(07125)212 ..................................... S
@ ©es25 a2 249

in table 1). The values found for the coefficient a in the different cases show some discrepancy
between theory and experiment, in large part owing to the appreciably larger SAW amplitude
required in simulations to produce similar dynamics already noted.

6. Conclusions

We have presented experimental and theoretical studies of the SAW-driven motion of a viscous
silicone oil film over solid obstacles. The experiments reported here are, to our knowledge, the
first to show that SAWSs can drive a millimetre-scale film to climb over well-defined topographical
features. To interpret and predict this behaviour, we developed a new long-wave-type model that
incorporates substrate geometry into both the capillary pressure and the SAW-induced stress in
a self-consistent manner. The long-wave model derived in appendix C extends prior SAW thin-
film models by allowing the acoustic attenuation to depend on the evolving local film thickness
above obstacles, and accounts for topographical contributions to the free-surface curvature, to the
gravitational terms and to SAW and ultrasound attenuation.

Comparison between experiment and simulation reveals a physically intuitive steady-state
when the film climbs a ramp: the film reaches a finite equilibrium climbing height at which cap-
illarity, gravity and SAW-induced stress are balanced. This balance in simulations is owing to our
treatment of the obstacle (cured PDMS) as having the same acoustic properties as the silicone oil
phase itself; if the attenuation length of the SAW within the obstacle were much larger than that
of silicone oil, one would expect the fluid to climb much higher. Moreover, the simulation pre-
dicts that increasing the ramp’s slope increases climbing height, despite the greater gravitational
opposition. This counterintuitive result arises because a steeper ramp narrows the film footprint,
reducing the horizontal extent over which the SAW attenuates and therefore strengthening the
forward acoustic driving.

The transient dynamics also display a clear separation of roles between the front and rear of the
film. The rear contact line advances at nearly constant speed for a significant portion of the climb,
even after the front of the film has begun to deform or slow upon encountering the obstacle. This
occurs because the rear portion of the film continues to experience the undisturbed SAW field
until it physically interacts with the obstacle, resulting in decoupling of the front and rear film
motion. This can be understood by examining the timescale on which disturbances travel through
the fluid.

For the bump obstacles employed, the simulation qualitatively captures the experimental
power-law dependence of climbing time, 7, on the SAW amplitude, with fairly good accuracy
across a range of obstacle parameters (table 1). This indicates that, despite the significant simpli-
fications made in deriving the governing equations, our simulations retain the most important
physical mechanisms governing the experiment.

Taken together, these results provide a predictive framework for SAW-driven thin-film motion
over structured substrates, grounded in both experiment and theory. They identify the roles of
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geometry, SAW-induced stress and capillarity in determining whether and how a viscous film
climbs over an obstacle. This framework lays the foundation for future studies of SAW-driven
spreading in multi-layer films, films containing internal interfaces and patterned substrates where
more complex interfacial dynamics are expected. Such set-ups provide a promising test bed for
using SAW to drive coating flows over objects, offering a new paradigm for the coating industry.
Moreover, our study explores a new and energy-efficient strategy to coat irregular surfaces in
general and in low-gravity environments in particular, where the SAW-induced stress is balanced
by capillary stress in coating flows.

Data accessibility. The dataset of experimental results are presented in the supplementary material.
Supplementary material is available online [44].
Declaration of Al use. We have not used Al-assisted technologies in creating this article.
Authors” contributions. Y.L.: data curation, formal analysis, investigation, methodology, resources, writing—
original draft, writing—review and editing; M.E.: data curation, formal analysis, investigation, methodology,
resources, software, validation, visualization, writing—original draft, writing—review and editing; AR.E.:
methodology, writing—review and editing; ].A.D.: investigation, software, supervision, writing—review and
editing; O.M.: conceptualization, investigation, methodology, project administration, supervision, writing—
original draft, writing—review and editing; L.C.: investigation, project administration, supervision, writing—
review and editing; L.K.: project administration, supervision, writing—review and editing.
All authors gave final approval for publication and agreed to be held accountable for the work performed
therein.
Conflict of interest declaration. We declare we have no competing interests.
Funding. This work was supported by the donors of ACS Petroleum Research Fund under PRF no. 62062-ND9
and by BSF grant no. 2020174. ].A.D acknowledges support from Consejo Nacional de Investigaciones Cien-
tificas y Técnicas (CONICET, Argentina) with grant PIP 02114-CO/2021 and Agencia Nacional de Promocién
Cientifica y Tecnolégica (ANPCyT, Argentina) with grant PICT 02119/2020.

Appendix A. Calibration curve for SAW displacement

We measured the normal SAW displacement at the solid surface for different applied voltages,
as shown in figure 17. The average normal displacements are measured by LDV over an area of
1 mm? of the SAW actuator near the IDT (the electrodes fabricated atop the piezoelectric LN sub-
strate). The linear calibration curve is used to determine the SAW displacement corresponding to
the voltage applied to the SAW actuator, which is recorded during our experiments. Each point in
the figure is the average value obtained from measuring hundreds of points over the 1 mm? area
of the lithium niobate surface of the SAW actuator used for our experiment. The uncertainty in the
measurement is based on the standard deviation of the measured points at each applied voltage
level. The ratio between the standard deviation and the mean is approximately 20%; this uncer-
tainty is owing to the defects in the crystal, scratches on the SAW actuator (crystal) surface and the
two-dimensional diffraction of the SAW as it propagates along the surface.

Appendix B. Theoretical model for flat substrate

This appendix summarizes the theoretical framework for SAW-driven flow on a flat sub-
strate, which forms the starting point for the obstacle-modified long-wave model developed in
appendix C and presented in §3. The full derivation, including all intermediate steps and explicit
expressions for the acoustic fields, is given in [30] following the approach of [45] and [46]. Here, we
retain only the essential elements required to identify the form of the second-order acoustic forcing
and clarify how substrate topography alters the long-wave reduction. Throughout this appendix,
the substrate is assumed flat; the role of topographical features enters only in appendix C through
modified boundary conditions.
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Figure 17. Variations of the normal SAW displacement, A, with applied voltage at the surface of our SAW actuator. The error
bars are the standard deviation of the LDV measurement over the measured area on which we conducted our experiment at
each applied voltage.

We consider a two-dimensional Newtonian fluid layer occupying a domain in the (x, z)-plane,
traversed by a sound wave generated by a Rayleigh-type-SAW travelling in a neighbouring solid.
The problem is governed by the Navier-Stokes and continuity equations, written in the fluid do-
main. The acoustic Mach number M, = wA/c (c is the phase velocity of the acoustic field in the
fluid) is small, allowing the velocity, pressure and density to be expanded asymptotically in pow-
ers of M,. The leading order state corresponds to a quiescent fluid (v, = 0) of uniform density p,,
while the first and second order problems describe oscillatory acoustic motion and steady stream-
ing, respectively. Gravity is assumed to enter at second order in M,, consistent with the separation
of timescales between acoustic oscillations and slow evolution of the free surface.

B.1. First-order solution

At first order, the flow corresponds to the oscillatory acoustic field induced in the liquid by the
propagating leaky SAW. Because the flow at this order is dominated by high-frequency oscillations
and inertia, viscous effects are weak except within a thin boundary layer adjacent to the solid
surface. For the film thicknesses and frequencies relevant to the present experiments, this viscous
boundary layer is much thinner than the bulk of the liquid. As a result, vorticity generated near the
substrate remains localized and does not significantly influence the bulk motion. Motivated by this
scale separation, the first-order velocity field is assumed to be irrotational in the bulk of the liquid
and is therefore represented as v; = V¢, where ¢ is the acoustic velocity potential. This assumption
is standard in treatments of bulk acoustic streaming and is consistent with prior theoretical and
experimental studies of leaky SAW-driven flows.

Substituting this form into the first-order governing equations yields a damped wave equa-
tion for ¢, accounting for viscous attenuation of the acoustic field within the fluid. The acoustic
excitation enters through a boundary condition at the solid-liquid interface, which prescribes the
normal velocity induced by the Rayleigh-type SAW propagating along the substrate. This bound-
ary condition is obtained from classical elastic wave theory in solids, as described by Royer &
Dieulesaint [34], with the modification that the wave is leaky owing to coupling with the fluid.

Solving the resulting boundary-value problem leads to a time-harmonic pressure and acous-
tic velocity potential that oscillate at the SAW frequency, propagate in the direction of the SAW
and decay exponentially both normal to the substrate and along the direction of propagation. The
velocity potential is given by

b= Ao exp(imt) exp (—ik,x) exp <—Z\/K52 - K2>, (B1)

K2 — k2
s
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and has zero mean when averaged over one acoustic period; here x and «, are complex wavenum-
bers of the SAW in the liquid and solid, respectively. For more details on their meaning and physical
value, we point the interested reader to [30].

Additionally, the first-order velocity field is identical to the form derived in [30] and is not re-
produced here for brevity. The sole role of the first-order solution in the present work is to generate,
through quadratic nonlinearities, a non-zero time-averaged Reynolds stress that appears as a body
force in the second-order problem discussed next.

B.2. Second-order solution

At second order (O(M2)), time-averaging over one acoustic period yields a steady Stokes flow v,
driven by the divergence of the Reynolds stress associated with the first-order acoustic field. The
resulting governing equations are

-V <p2> +F, — poge, + uV2(v,) =0 (B2)
and V- (v,) =0, (B3)

where F, is the SAW-induced body force. The acoustic forcing takes the form of exponentially
attenuated body forcing in the horizontal (F;,) and vertical (F,,) directions,

F,, = CpPye ks (B4)
andF,, = C,Pje2ki+ka) (B5)

where P, = pyA2w? sets the characteristic stress scale. The coefficients C, and C, and attenuation
factors ky; and K, depend on the acoustic properties of the fluid and substrate. These expressions
are identical to those derived in [30]. Their role in the present paper is to define the functional
dependence of the driving stress that enters the long-wave-type model.

Appendix C. Long-wave model for obstacle problem

In this section, we provide a step-by-step description of deriving equation (3.5) from the second-
order system defined by equations (B2), (B 3), (B4) and (B5). In what follows, we focus on a simpli-
fied two-dimensional geometry that assumes translational invariance in the transverse y-direction
(i.e. that 0/dy = 0); the discussion of three-dimensional effects will be presented elsewhere. As pre-
viously mentioned, the obstacle enters the derivation at this stage through the various boundary
conditions used to translate this Stokes flow system of equations to a single PDE for the height of
the oil film, h(x, t).

The resulting non-dimensional system, using the scales presented in §3a, in component form,
is (after letting (v,) = v = (v,,v,)T and (p,) = p)

0 = P 1% e C1)
T Tox 302 x W2
dp
and0 = —E—BO+SCZu/(x,z). (C2)

Note that we have used a standard long-wave model to rewrite the viscous term as the second
derivative of the horizontal component of the velocity with respect to z since it is the dominant
term in the context of thin-films considered here [47]. The non-dimensional parameters and the
non-dimensional function, y, in the problem are defined as

_ pogl? P,L

Bo » S = - w(x,z) = e 2kir ko) (C3)
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To solve for the pressure, we need to specify a boundary condition at the free surface, which we
do using the following non-dimensional Laplace pressure boundary condition [8]:

= -k, = =s"(x) = I (x). (C9)

z=h+s

Note that we simplify the curvature of the free surface in the boundary condition in the spirit of
the long-wave model. One can then solve for the pressure explicitly by integrating equation (C 2)
with respect to z and imposing equation (C4). Then, differentiating the expression for pressure
with respect to x and substituting it into equation (C 1) one is left with a second-order PDE for v,,

v, , ,  ,. SC, 9 3S
— = 3<—K1+B0(h +s)+2—1<za<w(x,h+s)>>—Czw(x,z). (C5)

Imposing zero shear stress at the free surface (v, /9z|,_;,,; = 0) and no-slip at the obstacle-oil in-
terface (v,|,-, = 0), we can integrate equation (C 5) twice with respect to z to find an explicit ex-
pression for v,. Integrating the continuity equation, equation (B 3), across the film thickness and
applying the no-slip condition at the substrate and kinematic boundary condition at the free surface
yields the conservation law h, + (vh), = 0, where v = (v,,v,)T denoted the time-averaged second-
order velocity field and the scalar field v is its thickness-averaged horizontal component defined
by v = (1/h) L fis v, dz. It is convenient to rewrite the conservation law equation for / in a slightly
modified form by defining an effective pressure,

SC,
P=—-k;+Bo(h+s)+ w(x,h+s). (Co)
2K,
so that the governing equation for the oil film is
oh 0 30P 3S 2,2 2K I
—+—|-rr=-C= h 2KZh" -1 (1 -2K,h) || =0. Cc7
o tox| T S ™ +9)(2K° — 1+ &0 2K €7

Notice the appearance of the parameter C = K,C, — k;C,, which measures the degree to which the
considered acoustic force is non-conservative (that is, for C = 0 the acoustic force is conservative).
We further point out that one can easily recover equation (3.7) from equation (C7) by dividing the
terms in the square brackets by h.

It is easily verifiable that in the case of negligible gravity and no SAW-induced stress, this equa-
tion reduces to the classic case studied by Stillwagon & Larson [8]. Further, in the case of only
gravity and capillarity considered, we have agreement with Park & Kumar [31] (wWhere one must
neglect disjoining pressure and consider a flat substrate in their equations).

Appendix D. Numerical sensitivity to spatial resolution and prewetting film
thickness

In this appendix, we briefly examine the sensitivity of the numerical results to the spatial step size
(Ax) and prewetting film thickness (hp). Figure 18 shows the relative difference in the rear position
of the drop, x,, at the final simulation time for the case of a ramp obstacle.

In figure 18a, we fix the prewetting film thickness to i, = 0.01 and vary the spatial step size
for a subset of the amplitudes considered. As a reference (ground truth) solution, we use the rear
position obtained with the smallest spatial step size considered, Ax = 6.25 x 10~*. We then compute
the relative difference between this reference solution and the results of remaining simulations. For
all amplitudes and spatial step sizes considered, the relative change in the rear position remains
below 0.1%, indicating very weak sensitivity to spatial resolution.

Downloaded from royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2026.0147/6164467/rspa.2026.0147 .pdf

by guest

on 12 September 2026

edsy/bioSusigndisanosiefos

L¥10920C T8V V205 Y 20id


https://royalsocietypublishing.org/rspa

0.001 0.005

Eosx10 RS
L 5
= . _ 0.001
g Lx10 = sx10%
‘H 5x10 ﬁ ;S
"= 1x107 \ /lew*‘
<] 5x10°° B < 5%10°
= _— =
8 8
— 1x107° -
0.002 0.003  0.004 0.005 0.002 0.004  0.006 0.0080.010
Ax hp
(a) (b)

Figure 18. Relative difference in the rear position of the drop at the final simulation time for climbing up a ramp obstacle
(given by equation (4.3) and (4.4)). (a) Dependence on spatial step size Ax for i, = 0.01 and different SAW amplitudes, A.
(b) Dependence on prewetting film thickness h, for A = 2 nm with Ax = 3.125 X 10~*. The reference solution is taken to
be the simulation with (a) the smallest spatial step size or (b) smallest prewetting film thickness value.

Similarly, figure 18b shows the relative difference in the rear position x, as a function of
prewetting film thickness for the case A =2 nm. In this case, the spatial step size is fixed at
Ax = 3.125 x 107*, while the prewetting film thickness is successively reduced by factors of 2 until
h, = 2Ax. The reference solution is taken to be the simulation with the smallest prewetting film
thickness. Although the relative difference increases modestly with increasing h,,, the percentage
change in the rear position remains below 0.5% across all simulations, indicating that the results
are only very weakly dependent on the prewetting film thickness over the range considered.
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