
Journal of Engineering Mathematics          (2025) 152:12 
https://doi.org/10.1007/s10665-025-10451-w

Phase separation of a binary fluid mixture under external
forcing

Mark Fasano1 · Javier A. Diez2 ·Ofer Manor3 · Lou Kondic1 ·
Linda Cummings1

Received: 18 December 2024 / Accepted: 15 April 2025
© The Author(s) 2025

Abstract
We present a simplified, thermodynamically consistent model of the phase separation
of a binary fluid mixture under the effects of a conservative volume force that drives
fluid flow. Enforcing conservation of mass provides advection–diffusion equations for
the concentrations of the individual components. We propose Darcy-type laws for the
velocity and flux of each component, that ensure a nonincreasing free energy func-
tional consistent with the second law of thermodynamics in an isothermal setting. The
model is closed by prescribing a free energy in accordance with the Cahn–Hilliard
and Flory–Huggins theories. A linear stability analysis of the unforced model yields
the range of initial concentrations for which instability occurs and the linear growth
rate of perturbations, which are numerically confirmed. We provide fully nonlinear
numerical solutions to the model in the specific case of a silicone oil–water mixture,
where the conservative force is generated by gravity, or by a surface acoustic wave
(SAW) propagating through the underlying substrate. In agreement with recent exper-
imental results, we find that increasing the SAW amplitude or decreasing the SAW

B Mark Fasano
mf326@njit.edu

Javier A. Diez
jdiez@ifas.exa.unicen.edu.ar

Ofer Manor
manorO@technion.ac.il

Lou Kondic
kondic@njit.edu

Linda Cummings
Linda.Cummings@njit.edu

1 Department of Mathematical Sciences, NJIT, University Heights, Newark, NJ 07102, USA

2 Instituto de Física Arroyo Seco (CIFICEN-CONICET-CICPBA), Universidad Nacional del
Centro de la Provincia de Buenos Aires, Pinto 399, 7000 Tandil, Buenos Aires, Argentina

3 Department of Chemical Engineering, Technion - Israel Institute of Technology, 32000 Haifa, Israel

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10665-025-10451-w&domain=pdf


   12 Page 2 of 29 M. Fasano et al.

attenuation length speeds up total phase separation. This provides a proof-of-principle
for modeling phase separation due to the effects of a SAW, within the limitations of
our model.

Keywords Cahn–Hilliard dynamics · Phase separation · Surface acoustic waves

1 Introduction

Many processes involve binary fluid mixtures undergoing a phase separation process,
including metal alloys heated via laser pulses [1], greywater recovery [2], the for-
mation of membraneless protein granules in embryos of roundworms [3], and even
tumor growth [4]. Thus, the study of mixtures separating into distinct phases (spinodal
decomposition) has received significant attention over the years. The diffuse-interface
approach, where the interface between two immiscible fluid phases is considered to
have a small but finite thickness, was first introduced by van der Waals and Rayleigh
[5]. Cahn andHilliard [6]made anothermajor advancewhen they accurately described
the free energy in a mixture as dependent on both local concentration and local con-
centration gradients. They also extended van derWaals’ hypothesis to time-dependent
situations by approximating interfacial diffusion fluxes as being proportional to chem-
ical potential gradients [7]. Notably though, the standard Cahn–Hilliard model does
not account for ambient fluid flow, important in many practical situations.

Several methods to incorporate fluid flow into the Cahn–Hilliard model have since
been proposed, such as coupling the system to Darcy’s Law [4, 8–10], or to the Stokes
[11] or Navier–Stokes equations [12]. The Darcy approach was used to model two-
dimensional multiphase flow in a Hele–Shaw cell [8–10] where the fluid mixture is
trapped between two parallel plates. This is very similar to the setup considered in
the present work, where we have a binary mixture trapped in a closed cell; hence a
Darcy-type model may provide an appropriate framework. A generalized Darcy Law
was also successfully used to model tumor growth in which the tumor cells and host
organism cells are treated as constituent fluid components that can migrate, while
undergoing phase separation [4]. One can justify such a model in this more general
setting on the basis that, with a mixture of several phases present, each fluid must
travel through the other fluid(s), which exert mutual drag, thus one fluid experiences
the other(s) as a porous medium.

In the Stokes flow approach, the two-phase system is modeled by coupling the
concentration equation for one of the phases to the Stokes equations (in the particular
example cited [11], a mixture of two immiscible liquids is confined in a closed cell
and subjected to shearing). Coupling the Cahn–Hilliard equation to the full Navier–
Stokes equations produces the most complete (and complicated) model. Náraigh and
Thiffeault [12] considered a simplified version of this problem: phase separation in
asymptotically-thin free surface fluid films comprising two density- and viscosity-
matched fluid phases; the resulting equations couple the evolving free surface fluid
film height to the film-averaged phase concentration. The case of fluid mixtures where
the components have contrasting densities and viscosities is still an active area of
interest; Ding et al. [13] have provided one possible framework for this scenario.
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Within the thin-film context studied by Náraigh and Thiffeault [12], an alternative
gradient dynamics formulation has been investigated by multiple authors; see Thiele
[14] for a recent review. The models discussed in this work have applications rang-
ing from describing the free surface evolution of two-layer flows to solutions (e.g.,
mixtures or suspensions), with or without surface activity. The main idea is to use
Onsager’s variational principle to derive a general thin-film equation in the form of a
gradient dynamics for one (or multiple) conserved order parameter(s). The equations
arising from this approach have been shown to be equivalent to the standard thin-film
equations that result from the full Navier–Stokes equations in corresponding limiting
situations. Interestingly, in certain limits, the general gradient dynamics approach is
broken and the question of whether these systems can result in unphysical behavior
remains unanswered [15].

Avoiding such difficulties associated with free surface flows, the goal of the present
paper is to model the phase separation of an oil–water mixture trapped in a closed
cell under the influence of external forcing. While the model we develop allows for
inclusion of fairly general (conservative) forcing, motivated by potential applications
in greywater recycling, wemostly focus here on forcing due to a surface acoustic wave
(SAW) propagating through one side of the cell (the substrate). Recent experimental
work [16] suggests that this may be an inexpensive and efficient way to hasten the
separation ofmixtures of silicone oils andwater. In those experiments, amm-scale drop
of oil–water emulsion is placed on a planar lithium niobate actuator, a few cm long,
with an interdigitated transducer (IDT) at one end. When voltage is applied across
the IDT, a SAW is generated along the substrate, which drives flow in the droplet.
Under these conditions, the initially well-mixed drop is observed to phase-separate
rapidly, so that a thin film of oil coats the surface of the drop, including the contact
line. After a sufficient time period, a film of oil (of order 10 μm) is extracted from the
stationary droplet and begins to travel in opposition to the propagating wave. Similar
setups with free surface droplets or films have also been examined experimentally
and theoretically by other authors [17–19]; it has been found that fluid dynamics and
phase separation depend not only on the physical properties of the fluids that form the
emulsion, but also on the size and composition of the droplet and the thickness of the
oil film that forms [20].

As the earlier discussion of modeling phase separation coupled to fluid dynamics
makes clear, these free surface flow setups are quite complex to model, even within
the thin-film approximation; and here, in addition to the questions that remain about
the appropriateness of that approach, one needs to account also for the external forc-
ing. Hence, rather than attempting to model the full experimental configuration, we
adopt a less ambitious approach in which we model the flow and forced phase sep-
aration in a closed cell, so as to ignore the complications of free surface dynamics
for now. We also employ a simplified Darcy-type model for the fluid dynamics [4,
8–10], which models the external force driving the flow as a conservative volume
force (described by a scalar potential), which acts on both phases in the mixture, but
which they experience differently due to their different densities and viscosities. We
consider the potential to derive from two distinct possible sources: the potential from
a SAW propagating through the underlying substrate or a gravitational potential. The
Darcy-type expressions for the component velocities are used in conjunction with
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Fig. 1 Schematic of the physical setup. A homogeneous binary mixture is initially at rest in a closed cell
occupying spatial domain �, sitting atop a flat substrate. The mixture is then excited by a conservative
volume force acting parallel and/or perpendicular to the substrate, leading to enhanced phase separation

conservation of mass (volume) arguments to derive a thermodynamically consistent
system for the concentration profile of the binary mixture and the underlying pressure
field.

The remainder of this paper is structured as follows: In Sect. 2, we present the
derivation of our model for a general binary mixture with components that have dis-
tinct viscosities (which, in the approach we take, materialize as distinct component
mobilities) and densities. In Sect. 3, we present results for a specific application of
this model to a binary mixture of silicone oil and water. We include results with a
gravitational forcing potential function as well as the forcing potential arising from a
SAW propagating through the boundary at z = 0. Finally, in Sect. 4, we present our
conclusions.

2 Forced phase separation in a closed cell

To derive the general model, we first propose conservation laws for the volume con-
centrations of both components. Then, following the approach of Wise et al. [4], we
determine thermodynamically consistent velocity and flux equations for each compo-
nent (i.e., generalized Darcy laws for each phase of the mixture). Finally, we prescribe
an associated free energy to the mixture following the Cahn–Hilliard theory [6], but
with an additional contribution due to the conservative body force. Boundary con-
ditions for our system arise during the derivation of velocity and flux expressions,
which close the model. This section concludes with linear stability analysis (LSA) of
the system, in the absence of forcing.

2.1 Modeling preliminaries

We consider an incompressible binary mixture, comprising components A and B, in
a fixed rectangular cell � with solid walls, as depicted in Fig. 1. Then, a given volume
of the mixture, Vm, can be decomposed as

Vm = VA + VB, (1)
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where VA and VB are the respective volumes of the two components in the mixture,
and we can define the volume concentrations of each phase,

φA = VA

Vm
, φB = VB

Vm
, (2)

from which it follows that the no-voids constraint, φA + φB = 1, must be satisfied.
We further define the density and the mass-averaged velocity of the mixture as

ρm = ρAφA + ρBφB, �um = ρ−1
m

(
ρAφA �uA + ρBφB �uB

)
, (3)

where ρi and �ui (i = A, B) are the component densities and velocities, respectively.
The incompressibility condition for the mixture is then

∇ · �um = 0, (4)

while mass conservation for the mixture is represented by

∂ρm

∂t
+ �um · ∇ρm = 0. (5)

In what follows, we will solely consider the case of constant component densities, ρA

and ρB . Note, however, that the mixture density ρm in Eq. (3) is not constant due to
its dependence on the phase concentration variables φA, φB .

2.2 Model derivation

In this section, we derive the model that we use to describe the phase separation
of a binary mixture in a closed cell (represented by a finite computational domain
�), excited by an external conservative volume force to which the two phases may
respond differently. We begin by utilizing basic conservation arguments to write down
convection–diffusion equations for the component concentrations, then follow the
approach of Wise et al. [4] and use arguments based on energetics to determine ther-
modynamically consistent velocity and flux equations for each component. Themodel
is closed by prescribing a free energy for the system, which we do in accordance with
the Cahn–Hilliard theory [6].

2.2.1 Conserved quantities

Since we consider a closed-cell geometry, the mass of the entire two-phase mixture
should be conserved. Further, because there is no chemical reaction taking place, the
mass of each of the components must be conserved. It follows that the concentration
of each component must satisfy a convection–diffusion equation of the form

∂(ρiφi )

∂t
+ ∇ · (ρi �uiφi ) + ∇ · �Ji = 0, i = A, B, (6)
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where the second term represents the convective flux, while �Ji is the diffusive flux of
component i . On summing Eq. (6), we see that conservation of mass of the mixture,
given by Eq. (5), is satisfied only if �JA+ �JB = �C , where �C is a constant. To further sat-
isfy the no-penetration boundary condition imposed later in Eq. (15), we must require
that �C = 0 which we assume in everything that follows by enforcing �JB = − �JA. We
make the additional assumption that the component densities, ρi , are constant, and we
utilize the no-voids constraint to define a single concentration variable φ,

φA ≡ φ, φB ≡ 1 − φ. (7)

Then, replacing the conservation equation for component B by the sum of the con-
servation equations for both components (see Eq. (6)), the system can be equivalently
written as

∂φ

∂t
+ ∇ ·

(
�uAφ + 1

ρA

�JA
)

= 0, (8)

∇ ·
(

�uAφ + �uB(1 − φ)

)
+

(
1

ρA
− 1

ρB

)
∇ · �JA = 0. (9)

These equations must be solved on the specified computational domain �, subject to
suitable boundary conditions on the boundary ∂� (discussed further below).

2.2.2 Constitutive laws for component fluxes and velocities

Here, we follow Wise et al. [4], who proposed generalized Darcy-type constitutive
equations for the velocities and fluxes of each fluid component, that are thermody-
namically consistent with a nonincreasing total free energy. We choose this route over
approaches used by other authors (such as Khatavkar et al. [11, 12], who couple a
concentration equation with standard fluid momentum equations such as the Stokes or
Navier–Stokes equations), for two main reasons: first, a Darcy-type model provides
considerable simplification, averting the need to couple Eqs. (8) and (9) to another
equation for the mixture velocity; and second, this method has proved successful in
applications such as tumor modeling [4].

In their tumor model, Wise et al. introduced a four-phase system, with distinct
concentrations for a nutrient-carryingwater phase, a host tissue phase, a live tumor-cell
phase (which phase-separates from host tissue), and a necrotic tumor-cell phase. Here,
we take a specific limit of that model in which only two phases (corresponding to the
phase-separating host tissue and live tumor cells) are present, and further modify their
model to account for the presence of an external forcing.Hence, following the approach
inWise et al., ifwe assume a free energy functional that depends only on the component
concentrations, E = E[φA, φB], we can derive the following thermodynamically
consistent expressions for the velocities and fluxes of the phases:

�uA = −(q + qA)

[
∇ p − 2

δE

δφ
∇φ

]
− qρm∇ψ
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− qA

[
2(1 − φ)∇ δE

δφ
+ ρA∇ψ

]
, (10)

�uB = −(q + qB)

[
∇ p − 2

δE

δφ
∇φ

]
− qρm∇ψ

− qB

[
ρB∇ψ − 2φ∇ δE

δφ

]
, (11)

�JA = − �JB = −MB

((
1

ρA
+ 1

ρB

)
∇ δE

δφ

+
(

1

ρA
− 1

ρB

)(
∇ p + (1 − 2φ)∇ δE

δφ
− 2

δE

δφ
∇φ

))
, (12)

(see Appendix A for details). Here, q, qA, qB are positive mobilities, all with dimen-
sions L3T /M (specifically, q is themass-averagedmobility coefficient for themixture,
while qi is the mobility coefficient for component i); MB is the diffusive mobil-
ity coefficient with dimensions MT /L3; and p is the underlying pressure in the
mixture. We estimate the value of the unknown diffusion mobility coefficient using
MB = ρ2

BqB [21]. Both component velocities contain a Darcy-type term proportional
to the gradient of the pressure, and terms that represent the excess force resulting from
similar and dissimilar cell–cell interactions (in the language of the tumor model). The
diffusive fluxes �Ji of each component are of equal magnitude and opposite sign to
ensure conservation of total volume (which, given our assumption of constant densi-
ties, is equivalent to conservation of total mass). Finally, ψ represents the potential
of some conservative volume force; the inclusion of terms proportional to ∇ψ in the
component velocities extends the model of Wise et al. [4].

In what follows, wewill consider two specific examples, where (i) the forcing is due
to gravity; and (ii) the forcing is due to the effects of a SAW propagating through the
lower boundary (as considered by Shiokawa et al. [22], and Li et al. [23] in a different
context). The forcing in the first case is well studied, and straightforward to model. In
the second case, as the wave propagates through the substrate, its amplitude attenuates
strongly due to the overlying viscous fluid (much more so than if air surrounded the
substrate). This is modeled by a potential that decays exponentially in x . Similarly,
the effects of the wave attenuate in the z-direction into the fluid; this is also modeled
by an exponential decay in z (albeit with a different attenuation rate constant). Thus,
we use for the potential ψ

ψg = −gz or ψs = (1 + λ2)A2ω2e−α(x+λz), (13)

where for the gravitational forcing ψg, g is the standard gravitational acceleration
with dimensions L/T 2. For the SAW forcing ψs, A is the maximum amplitude of
the vertical displacements at the surface of the solid substrate due to the propagating
SAW, ω = 2π f is the angular frequency of the SAW, α is the SAW attenuation factor
in the x-direction (the direction of SAW propagation), and λα is the SAW attenuation
factor in the z-direction. See Shiokawa et al. [22] for more details regarding this form
of acoustic forcing potential and its derivation.
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The SAW attenuation factor is the inverse of the attenuation length � of the SAW
for the given substrate-fluid system, and is calculated using [24]

α = 1

�
= ρm,0

ρs

cm
c2s

f , (14)

where ρs and ρm,0 are the density of the substrate and the initial mixture, while cs and
cm are the SAW phase velocities in the substrate and the mixture, respectively.

Equations (10)–(13) substituted into Eqs. (8) and (9) form a closed system to be
solved on � once the free energy E is specified. As is demonstrated in Appendix
A, the boundary conditions to be imposed on ∂� arise during the derivation of the
expressions for the phase velocities and fluxes and are given below (see Eq. (A.3)):

(
�uAφ + 1

ρA

�JA
)

· n̂ = 0, on ∂�, (15)

(
�uB(1 − φ) − 1

ρB

�JA
)

· n̂0, on ∂�, (16)

p = 0, on ∂�. (17)

The first boundary condition (15) above specifies zero flux of both mixture compo-
nents at all boundaries, ensuring that the total mass (volume) is conserved for each
component and hence for the total mixture. The Dirichlet condition imposed on the
pressure is to ensure that flow is due not to imposed pressure gradients, but rather to
concentration gradients and to the underlying forcing applied.

2.2.3 Associated energy equations

The model is closed by prescribing a free energy for the system, which incorporates
all hydrodynamic effects to be considered. According to the Cahn–Hilliard theory, the
free energy of the system should be dependent on the free energy of the homogenous
system with a given reference concentration and the local free energy density for a
compositionally inhomogeneous system [4, 6, 25]. Hence, in a closed, rectangular cell
�, the total energy of the mixture is

E =
∫

�

(
f (φ) + ε2

2
|∇φ|2 + ρmψ

)
d�x . (18)

The first term on the right-hand side above represents the bulk energy due to local
interactions, while the second term models interfacial energy (interfaces being char-
acterized by concentration gradients) and is the term responsible for the domain
coarsening seen in solutions to the standard Cahn–Hilliard equation. The last term
is the added energy per unit volume (pressure) due to the conservative volume force,
ψ . We note that here �x = (x, y, z); for the lower dimensional problems studied, we
consider the “extra” spatial variables to be a scaling factor to ensure that the correct
dimensions are obtained.
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Fig. 2 Shown is the Flory–Huggins logarithmic potential (19) for various values of the interaction parameter,
χ . For χ ≤ 2, the function has a single minimum at φ = 0.5; these values should be used to model miscible
liquids that prefer to stay mixed. For χ > 2, the function has two local minima equally spaced from the
center that approach 0, 1, respectively, as χ increases. The critical points for the function are shown by the
red dots on each graph; notice the appearance of the two local minima as χ > 2 and how these move closer
to the extreme values of φ as χ increases further. (Color figure online)

We utilize the Flory–Huggins form [26] for the homogeneous bulk free energy
density f (φ) in Eq. (18),

f (φ) = Ē

(
φ ln (φ) + (1 − φ) ln (1 − φ) + χφ(1 − φ)

)
, Ē = kbT

Vm
. (19)

Here, kb is Boltzmann’s constant, T is the temperature of the mixture (assumed
constant here), and Vm is the volume of the mixture in �. In this setting, χ is the
nondimensional interaction parameter that depends on both phases; it is a mixture-
specific parameter that provides the excess energy of the mixing of two components.
This function is plotted in Fig. 2 for various values of χ .

This choice of free energy density, which is commonly used in modeling phase
separation, guarantees that our solution will remain within physical bounds (i.e.,
0 ≤ φ ≤ 1) for an appropriate choice of χ . Specifically, for χ > 2, f (φ) has two
attractive minima, symmetrically placed in the interval (0, 1); the equations evolve
so as to minimize the energy E , and thus minimize f as well. As time passes, if the
numerical method slightly over- or undershoots the true minima during the evolution,
it is attracted back to the desired valueswithin physical bounds. Further, asχ increases,
the minima approach φ = 0 and φ = 1, which give rise to a well-delineated phase
separation of components in the solution. Note that for χ ≤ 2, the function has a single
minimum at φ = 0.5; in such situations (not considered here), the well-mixed state is
preferred and the phases do not separate. Hence, the choice of χ ≤ 2 is appropriate
for the case of two miscible liquids. It is commonplace in numerical applications to
approximate the above logarithmic function with a quartic double-well polynomial [4,
27, 28], although we do not do that here.

All terms in the integrand of the energy functional E[φ], defined in Eq. (18), have
dimensions of energy per volume. Hence, the coefficient Ē = kbT /V in f (φ) (Eq.
(19)) has dimensions M/(LT 2) (energy per volume), while the coefficient ε2 has
dimensions ML/T 2. The grouping

√
ε2/Ē thus has dimensions of length, and is the
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typical thickness of the diffuse interface that forms between the two phases (upon
phase separation) predicted by the Cahn–Hilliard model [11].

2.3 Nondimensionalization

We proceed by formulating a nondimensional version of the system. As a length
scale, we choose the above-mentioned typical interfacial thickness in the model, based
on energy parameters ε2 and Ē [4]. Since this lengthscale is expected to be orders
of magnitude smaller than the size of the box containing the mixture, to properly
model experimental setups, one should take very large nondimensional numerical
domains, which requires significant computational resources.1 To avoid excessive
computational demands, we take the common approach of carrying out simulations
using an unphysically-large value for this interfacial thickness lengthscale (on the
order of 1mm), allowing us to simulate three-dimensional experiments on the cm
scale within a reasonable computing time.

We base our time scale on the same energy parameters and one of the mobility
coefficients, as a measure of the rate at which phase separation is occurring due to
energy effects. The application we have in mind is a silicone oil–water mixture, for
which the viscosity ratio is approximately 50 : 1. Hence, we expect very different
mobilities of the phases, water (phase B) being much more mobile (qB � qA), which
motivates the use of the mobility qB to define the timescale. We note here that the
numerical results obtained were verified to be independent of the labeling of the two
phases (results not shown). We choose to scale our pressure by Ē , defined in Eq. (19);
this also provides the natural scaling for the free energy density f . The dimensionless
variables are defined as follows:

�x =
√

ε2

Ē
�̂x, (�uA, �uB) = qB Ē3/2

ε
(�̂uA, �̂uB), p = Ē p̂,

t = ε2

qB Ē2
t̂, f = Ē f̂ , ψ = ψcψ̂,

(20)

with all hatted quantities being nondimensional. Here, the scale for the forcing poten-
tial, ψc, is equal to (Aω)2 or g

√
ε2/Ē depending on the conservative volume force

considered (of dimension L2/T 2 in either case). We also define nondimensional
parameters

κ = q

qB
, κ1 = qA

qB
, Rρ = ρA

ρB
, � = ρBψc

Ē
, M = MB

ρ2
BqB

, γ = α

√
ε2

Ē
,

(21)

1 Alternatively, we could choose as a length scale the size of the domain, but this would then require a very
fine spatial mesh, at least locally, to resolve the diffuse interface where concentration gradients are large. It
is possible that careful matched asymptotic analysis could be utilized to allow for more efficient numerical
computation on larger domains than considered here; however, this is beyond the scope of the present work.
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and a nondimensional gradient operator, ∇̂ = (∂x̂ , ∂ŷ, ∂ẑ). The parameters κ , κ1 are
mobility ratios and Rρ is the density ratio of the phases, while � can be thought
of as a measure of the relative strengths of the conservative volume force and the
Flory–Huggins logarithmicpotential, andM is a nondimensional diffusion coefficient.
Finally, γ , which only appears when ψ = ψs, via

ψ̂s = (1 + λ2)e−γ (x̂+λẑ), (22)

is a ratio between the interfacial thickness and the attenuation length of the SAW in
the direction of propagation. Substituting these scalings into Eqs. (8)–(12), the system
to be solved numerically is

φt̂ + ∇̂ ·
(

φ �̂uA + 1

Rρ

�JA
)

= 0, (23)

∇̂ ·
(

φ �̂uA + (1 − φ)�̂uB

)
+

(
1 − Rρ

Rρ

)
∇̂ · �̂J A = 0, (24)

where

�̂uA = −(κ1 + κ) �P − 2κ1(1 − φ)∇̂μ −
(
κRρ�φ + κ�(1 − φ) + κ1Rρ�

)
∇̂ψ̂,

(25)

�̂uB = −(1 + κ) �P + 2φ∇̂μ −
(
κRρ�φ + κ�(1 − φ) + �

)
∇̂ψ̂, (26)

�̂J A = −M
[

2

Rρ

(
1 − φ + Rρφ

)
∇μ +

(
1 − Rρ

Rρ

)
�P
]
, (27)

μ = f̂ ′(φ) + (Rρ − 1)�ψ̂ − ∇̂2φ, (28)

�P = ∇̂ p̂ − 2μ∇̂φ. (29)

In Eq. (28) above, the auxiliary variable

μ = δE

δφ
(30)

can be thought of as the nondimensional chemical potential, as it gives the free energy
change on replacing a molecule of one component with that of another component,
while �P in Eq. (29) is a generalized pressure gradient. The nondimensional boundary
conditions are

(
�̂uAφ + 1

Rρ

�̂J A

)
· n̂ = 0, on ∂�, (31)

(
�̂uB(1 − φ) − �̂J A

)
· n̂ = 0, on ∂�, (32)

p̂ = 0, on ∂�. (33)
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Henceforth, we will drop the hats, on the understanding that we are working with the
nondimensional system above. The dimensional parameters in the problem are listed
in Table 1, along with the numerical values used in simulations, the dimensions of the
quantity, and a brief description of the parameter’s physical meaning. The numerical
values listed are for the specific case of a silicone oil–water mixture.

2.4 Linear stability analysis (LSA) without external forcing

When � = 0, no external forcing acts and there are equilibrium solutions to Eqs. (23)
and (24), given by (φ, p) = (φ0, p0), where φ0, p0 are constants. We can study the
stability of these uniform states by imposing small perturbations on φ and p of the
form

φ(x, t) = φ0 + φ1e
i�k·�x+σ t , (34)

p(x, t) = p0 + p1e
i�k·�x+σ t , (35)

where |φ1| � φ0, |p1| � |p0|, �k = (kx , ky, kz) is thewavenumber, andσ is the growth
rate. By linearizing Eqs. (23) and (24) and assuming a 1D geometry for simplicity, so
that �k · �x = kx x = kx , we obtain a system of equations for φ1 and p1 in the form

a11φ1 + a12 p1 = 0, (36)

a21φ1 + a22 p1 = 0, (37)

where the coefficients are given by

a11 = k4
(
2M
R2

ρ

− 2Mφ0

R2
ρ

+ 2Mφ0

Rρ
+ 2φ0κ1 − 2φ2

0κ1

)
+ σ

+ k2
(

− 2M f ′(φ0)
R2

ρ

+ 2M f ′(φ0)
Rρ

− 2φ0κ1 f
′(φ0) − 2φ0κ f ′(φ0) + 2M f ′′(φ0)

R2
ρ

− 2Mφ0 f
′′(φ0)

R2
ρ

+ 2Mφ0 f
′′(φ0)

Rρ
+ 2φ0κ1 f

′′(φ0) − 2φ2
0κ1 f

′′(φ0)
)

, (38)

a12 = k2
(
M(1 − Rρ)

R2
ρ

+ φ0(κ1 + κ)

)
, (39)

a21 = k4
(
2M
R2

ρ

(
1 − Rρ − φ0 + 2Rρφ0

) − 2φ0 − 2Mφ0 + 2φ2
0 + 2φ0κ1 − 2φ2

0κ1

)

+ 2k2

R2
ρ

(
−

(
M(1 − Rρ)2 − R2

ρ(φ0 − 1) + R2
ρκ + R2

ρφ0

)
f ′(φ0)

+
(
M(1 − Rρ − φ0 + 2Rρφ0 − R2

ρφ0) + R2
ρ(φ2

0 − φ0 + φ0κ1 − φ2
0κ1)

)
f ′′(φ0)

)
,

(40)

a22 = k2

R2
ρ

(
M − 2MRρ + R2

ρ + MR2
ρ − R2

ρφ0 + R2
ρφ0κ1 + R2

ρκ

)
. (41)
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Nontrivial solutions exist only when the determinant of coefficients vanishes, giving
the dispersion relation for the growth rate as a function of the wavenumber, k, as

σ(k) = −2K̄
M̄

k2
[
k2 + f ′′(φ0)

]
, (42)

where we have defined the parameters

M̄ = M(1 − Rρ)2 + R2
ρ(1 − φ0) + R2

ρ(φ0κ1 + κ) > 0, (43)

K̄ = κR2
ρ (1 − φ0) φ2

0 + κ1R
2
ρφ0 [(1 − φ0) (1 + κ(1 − φ0)) + M]

+ M
[
κ

(
1 − (1 − Rρ)φ0

)2 + 1 − φ0

]
> 0, (44)

(that M̄, K̄ > 0 can be inferred from the fact that 0 < Rρ < 1 for the oil–water
mixtures considered here, and also 0 < φ0 < 1). Clearly, the critical wavenumber is
given by Eq. (42) as

kc = √− f ′′(φ0); (45)

if kc ∈ R, then perturbations with wavenumbers in the range 0 < k < kc will be
unstable. Figure3a shows the dispersion relation Eq. (42) for different values of φ0,
using the parameter values from Table 1. From these results we can conclude that, for
the chosen parameter values, phase-separation instability occurs for values of φ0 in
the range 0.211 < φ0 < 0.789. Thus, a perturbation of the concentration field with
an initial concentration φ0 ∈ (0.211, 0.789) will grow in time with growth rate given
by Eq. (42) if the perturbation wavenumber, k, lies in the unstable range.

Further, we find the wavenumber of maximum growth, kmax, and the corresponding
growth rate to be

kmax =
√

− f ′′(φ0)

2

⇒ σ(kmax) = K̄ f ′′(φ0)

2

2M̄
= 2K̄

M̄
k4max. (46)

This prediction is verified inFig. 3bwhere themaximumgrowth rate times t (σ(kmax)×
t) is plotted (red dashed lines) alongside the growth rates obtained by numerically
solving the unforced model, for three cases: φ0 = 0.355 (black solid line), 0.5 (blue
solid line), and 0.75 (green solid line). To calculate the results for a given value of
φ0, we compute the normalized amplitude of the concentration perturbation at each
time step as the maximum of φ minus the minimum of φ over the spatial domain
(which defines the amplitude A), divided by the initial amplitude of the perturbation
of φ1 (which defines the initial amplitude, A0). As expected, we see good agreement
between the LSA and our (unforced) simulations at short times when we are in the
linear growth regime; after this, nonlinear effects begin to play a role and the LSA
prediction ceases to hold. The results also illustrate the point noted above, that a dilute
mixture (in either phase) leads to a much smaller growth rate than a 1:1 mixture.
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Fig. 3 a The dispersion relation as a function of wavenumber, σ(k), with the parameter values in Table 1 and
initial concentration values given by the legend. The system is maximally unstable for mixtures containing
equal amounts of each phase (φ0 = 0.5) and becomes more stable as the initial mixture becomes more pure
in either phase. The inset shows that for φ0 = 0.22 (orange) and φ0 = 0.78 (cyan), we have a very small
band of unstable wavenumbers; these values are the bounds of the unstable regime with respect to φ0. b
Amplitude growth of φ (numerically calculated) for the case of no external force (solid lines) and external
force with �s = 31.135 (dashed lines) for three different initial concentrations: φ0 = 0.355 (black), 0.5
(blue), and 0.75 (green). The corresponding red dashed lines are the product of the analytically predicted
maximum growth rate and time. (Color figure online)

Since our focus here is on the phase separation instability under forcing, we also
in Fig. 3b compare the analytical results for the unforced case with the corresponding
numerical predictions for growth rates in the presence of forcing using the SAW
forcing potential (22); notice that the presence of this external force causes slightly
faster amplitude growth (black, blue, and green dashed lines), which represents a
hastening of initial phase separation.

3 Numerical results

All results presented in this section were computed using COMSOL’s PDE Coef-
ficient form. This software runs finite element analysis together with error control
using a variety of numerical solvers to accurately solve our second-order system. See
Appendix B for a description of the numerical method.

We first discuss the physical setup that motivated our study. The main application
considered is a silicone oil–water mixture, acted on by a SAW that propagates along
one container boundary. Experiments performed utilizing MHz frequency Rayleigh
SAWs have associated known parameter values, which we use accordingly [16]. To
determine the rest of the parameters, we use the following logic (see Eqs. (20)): we
first fix the length scale to 1 mm based on experimental conditions, which allows us
to solve for ε; we similarly fix the timescale to 60 s and solve for the parameter qB ;
we then use this value to fix qA by requiring the ratios of the component mobilities to
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Table 2 Nondimensional parameters in the model

Symbol Numerical value Description

κ1 0.02 Ratio of mobilities of oil and water

κ 0.54 Ratio of mobilities of mass-averaged mixture and water

�g 1.932 Measure of relative strength of gravity and adhesion (interaction)
force

�s 31.135 Measure of relative strength of force from SAW potential and
adhesion (interaction) force

M 1 Nondimensional diffusion coefficient

Rρ 0.888 Ratio of component densities

γ 0.037 Ratio between interfacial thickness and attenuation length of SAW
in x-direction

χ 3 Interaction parameter from Flory–Huggins theory

λ 2.47 (λα)−1 is attenuation length for SAW in z-direction

Full list of nondimensional parameters, the numerical value used for computation, and a brief description

be equivalent to the ratio of the component viscosities (known to be 50 : 1); finally
we solve for the mass-averaged mobility q by using the equation below, where we
use the initial concentrations so that this parameter has no time dependence (i.e.,
φ = (1 − φ) = 0.5)

q = φ
ρA

ρm
qA + (1 − φ)

ρB

ρm
qB . (47)

The full list of parameter values used (unless otherwise stated) is given in Table 1. The
corresponding nondimensional parameters defined in Sect. 2.3 are given in Table 2.

All solutions shown below correspond to solving Eqs. (23)–(29) with boundary
conditions (31)–(33). The section is organized as follows: we first present 1D results
for the system under the effects of external forcing due to a SAW potential (ψs) or due
to the gravitational potential (ψg) in Sect. 3.1; here, we also present 1D space–time
plots for SAWs of different amplitudes and wave attenuation coefficients to better
examine the coarsening dynamics seen in all solutions. To explore further the specific
influence of acoustic forcing, we then show 2D results for the system subject to SAWs
of different amplitudes in Sect. 3.2. Next, we present 3D results showing the evolution
of the system under the two different forcing potentials in Sect. 3.3. We conclude in
Sect. 3.4 with a discussion of how the SAW forcing amplitude affects the time until
total phase separation in our model. The parameter values in Table 2 are used unless
otherwise stated. We emphasize that solutions presented here are either for the case
of gravity or SAW forcing, but never for both. Black arrows are included to indicate
the direction of the forcing; this can also be determined by referring to Fig. 1.
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Fig. 4 a Snapshots of the solution, φ, with gravity acting in the direction of the black arrow are shown at
t = 0, 5, 150, 500 (blue, green, red, cyan). b Snapshots of the solution, φ, with a SAW potential applied
of amplitude A = 1 nm in the direction of the black arrow are shown at t = 0, 1, 2.5, 14 (blue, green,
red, cyan). (c) The normalized free energy, E[φ]/E[φ0], calculated at each time step for both simulations.
In (a) and (b), the final times shown correspond to the steady state solutions, and the arrows represent the
directions of gravity, and the propagating SAW, respectively. (Color figure online)

3.1 Results on a 1D spatial domain

To gain insight into the system behavior, we first study the 1D problem with the
following initial conditions:

φ(x, 0) = φ0 +
N∑
j=1

(
A j cos

(
2π j

W
x

)
+ Bj sin

(
2π j

W
x

))
, 0 ≤ x ≤ W , (48)

p(x, 0) = p0 +
N∑
j=1

(
C j cos

(
2π j

W
x

)
+ Dj sin

(
2π j

W
x

))
, 0 ≤ x ≤ W , (49)

where φ0 = 0.5, p0 = 0, N = 20, and W = 20 is the length of the computational
domain in the simulation (corresponding to 2cm). The coefficients A j , Bj ,C j , and
Dj are random numbers uniformly distributed in (−δ, δ) (we use δ = 0.001), so that
the initial state is very nearly uniform. The corresponding solutions for φ are shown in
Fig. 4: in pane (a), the mixture is subjected to a gravitational potential; whereas in pane
(b), it is subjected to an acoustic potential, see Eq. (13). For the case of a gravitational
potential, note that we take x → z in the initial conditions given by Eqs. (48)–(49)
and consider the dependent variables varying only with z and t . Further, for the case
of an acoustic potential, we take λ = 0 to remove any variations in z and in that way
consider a strictly 1D problem (dependent variables varying only in x and t).

The dynamics are qualitatively similar in both cases. Initially, the mixture rapidly
separates into its constituent phases creating small internal (nearly) pure phase
domains. These domains then coarsen over time until a single domain of each phase
exists, separated by a diffuse interface; the coarsening dynamics are a result of the
longer-range molecular interactions modeled by the Cahn–Hilliard formulation. In the
case of gravity, the buoyancy effect is observed in which the less dense fluid phase
(oil) rises to occupy the domain 10 < z < 20, atop the denser water phase. For
the SAW forcing, the oil again ends up in the right-hand side of the computational
domain (x > 10); this may be attributed to the fact that the forcing arising from ψs
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Fig. 5 Space–time plots showing evolution of the concentration patterns of the mixture with the potential
from a SAW acting on the system. All parameter values used correspond to Table 2 except: a �s =
31.14, γ = 0.037; b �s = 31.14, γ = 0.0037; c �s = 11.21, γ = 0.037. Note, the steady states are
reached for each of the cases by the final time shown. Here, and in all subsequent plots, red indicates pure
oil and blue pure water. (Color figure online)

(see Eq. (13)) acts on both components in the (−x)-direction, but due to the different
densities and mobilities of the two phases they experience the forcing differently: the
water phase ends up in the left-hand side of the computational domain 0 < x < 10,
with the oil displaced to the region 10 < x < 20. A notable difference between the two
simulations is the time to reach final equilibrium, which differs significantly for the
two forcing types. All nonzero SAW amplitudes examined (A > 0 in Table 1) greatly
accelerate the phase separation observed, much more so than gravitational effects.

This observation is further confirmed by pane (c) of Fig. 4, where we plot the nor-
malized free energy functional calculated at each time step: in agreement with our
result in Appendix A, we obtain a nonincreasing functional for both simulations. The
total free energy is dependent on the conservative volume force itself (see Eq. (18));
hence, a comparison between the amount of energy in the final solution is not appro-
priate, but the plot confirms that our solutions do in fact evolve to minimize the free
energy functional, and that the coarsening process is much faster for the SAW than for
gravitational forcing. The plot also shows clearly when a coarsening event is taking
place, as such events correspond to large abrupt decreases in the energy.

Figure 5 shows a different set of solutions with an acoustic potential applied to the
trapped mixture, for three combinations of values for the parameters �s and γ (see
Eqs. (20), (21) and Table 2). The evolution is shown as a space–time plot in each case,
with the time domains in plots ending when the solution reaches its steady state. Panes
(a) and (b) show cases corresponding to a SAW amplitude of A = 1 nm, but SAW
attenuation lengths that differ by a factor of ten (pane (a) uses the default attenuation
length from Table 1, for pane (b) it is ten times longer), while pane (c) shows the case
of a smaller SAW amplitude A = 0.6 nm with the default attenuation length.

A comparison of panes (a) and (c) shows that increasing the SAW amplitude leads
to a significant speed up in phase separation, evident from the time it takes each
simulation to achieve complete phase separation (note the different vertical scales in
the plots). To compare pane (b), recall that γ is the ratio of the length scale (thickness
of the interface separating the phases) and the SAW attenuation length for the system.
Thus, assuming interfacial thickness to be fixed, we can interpret decreasing γ as
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increasing the attenuation length of the SAW. Comparing panes (a) and (b) we see
that decreasing γ leads to an increase in the time to total phase separation (for fixed
SAW amplitude). This may be attributed to the fact that a shorter attenuation length
means that more of the energy from the propagating SAW is being absorbed by the
mixture, leading to quicker phase separation (a SAW that attenuates only slowly loses
very little energy to the mixture).

These space–time plots also allow us to better understand the early and intermediate
dynamics of the 1D solutions, specifically how the coarsening of like domains occurs.
The period of initial phase separation into a number of small single-phase domains
happens very quickly. The subsequent coarsening, by which like domains coalesce to
form larger single-phase domains, then takes place over a much longer period. One
such coarsening event can be seen in pane (a) around time t ≈ 2.5 at x ≈ 15. Note
how the oil domains (red) are pushed along the direction of propagation for the wave
until they coalesce into a single domain for all parameter values shown.

3.2 Results on a 2D spatial domain

We next present some 2D solutions to the problem for flow driven by acoustic forcing,
from a SAW propagating along z = 0 in the positive x-direction. Similar to the 1D
solutions, we start from a perturbed initial, constant concentration, on a square domain
of size 20 × 20 in the (x, z)-plane (corresponding to a 2cm × 2cm2), given by the
initial condition

φ(�x, 0) = φ0 +
N∑
j=1

(
A j cos

(
2π j

W
x

)
cos

(
2π j

W
z

)
+ B j sin

(
2π j

W
x

)
sin

(
2π j

W
z

))
,

p(�x, 0) = p0 +
N∑
j=1

(
A j cos

(
2π j

W
x

)
cos

(
2π j

W
z

)
+ B j sin

(
2π j

W
x

)
sin

(
2π j

W
z

))
.

The parameters in the initial condition are as defined in the 1D case. Simulations were
run for SAW amplitudes in the range A = 0.2−1.2 nm. The results shared similar
qualitative features, with the main differences being the time to reach a steady state
and the shape of the interface between the two phases at the steady state. Figure6
shows the steady state solutions for cases of small and large SAW amplitude. As we
see in Fig. 6a, for the smallest SAW amplitude investigated, the water phase (blue) is
strongly confined to the bottom-left corner of the computational domain, in contrast
to the simulation for the largest SAW amplitude, where the water phase extends as a
“tongue” toward the top right corner. Further, it takes the system twenty times as long
to reach its steady state for the smaller amplitude SAW, A = 0.2 nm, as compared
with the larger amplitude, A = 1.2 nm. Simulations for intermediate values of A
confirm these trends, leading us to conclude that increasing SAW amplitude causes
the system to reach equilibrium faster (quicker phase separation; see also Sect. 3.4)
and the interface at equilibrium to be more distorted.
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Fig. 6 The final concentration profiles, φ(x, z, t), at steady state, for the 2D problem driven by SAWs of
amplitudes a A = 0.2 nm and b A = 1.2 nm, respectively, propagating along the positive x-axis. In a,
equilibrium is reached at t = 200; in b at t = 10. Here, red indicates pure oil, while blue indicates pure
water. The black arrow denotes the direction of propagation of the SAW along z = 0. (Color figure online)

Similar to the 1D results, we hypothesize that the resulting steady state solution is
a result of the force being strongest in the bottom-left corner and directed at an angle
to that corner, attenuating in both spatial directions from there. The water being the
more mobile phase, it is pushed into this bottom-left corner, displacing the oil phase
to other regions.

3.3 Results on a 3D spatial domain

We now discuss the most general case of simulations on a 3D dimensionless spatial
domain occupying (x, y, z) ∈ [0, 20]3 (corresponding to a cube of side length 2cm),
for either of the considered conservative volume forces acting on the mixture. In both
simulations, the initial condition is a simple extension of our 1D and 2D cases:

φ(�x, 0) = φ0 +
N∑
j=1

(
A j cos

(
2π j

W
x

)
cos

(
2π j

W
y

)
cos

(
2π j

W
z

)

+ Bj sin

(
2π j

W
x

)
sin

(
2π j

W
y

)
sin

(
2π j

W
z

))
,

p(�x, 0) = p0 +
N∑
j=1

(
A j cos

(
2π j

W
x

)
cos

(
2π j

W
y

)
cos

(
2π j

W
z

)

+ Bj sin

(
2π j

W
x

)
sin

(
2π j

W
y

)
sin

(
2π j

W
z

))
.

We show just two representative simulations. Regarding the effects of gravity, Fig. 7
shows, as expected, that at short times the dynamics is dominated by the effects of
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Fig. 7 Snapshots of the concentration profile, φ, with gravity acting on the system (represented by the
potential ψg = −�gz), shown at t = 2, 90, 150 (steady state). The computational domain is a cube of
length 20. In the colorbar, red represents pure oil and blue pure water. (Color figure online)

Fig. 8 Snapshots of the concentration profile, φ, with the potential from a SAW acting on the system, are
shown at t = 2 in the first row and at t = 12 (steady state) in the second row. The first column shows the
volume plots, while the subsequent columns show slices of this in the yz, xz, and xy planes, respectively.
The computational domain is a cube of length 20

the Flory–Huggins logarithmic potential; this forces the initially well-mixed fluid
to rapidly phase-separate into its constituent components. The small single-phase
domains then coarsen until a single diffuse interface separates the two pure domains.
Gravity (acting in the (−z)-direction) ensures that the less dense fluid (oil) rises atop
the denser fluid (water) as was observed in the 1D simulation shown in Fig. 4.

Figure 8 shows the solution with the potential from a SAW acting on the system
(same initial condition). The steady state solution is reached much more quickly for
this case compared to the case of gravity. The dynamics still exhibit the same two
qualitative regimes: initial rapid separation into small, pure component domains,which
then coarsen over a longer time scale. In contrast to the gravity-driven case, we see
here that the shape of the interface separating the two phases depends on all spatial
coordinates and remains curved even at steady state, as was observed in our solutions
to the 2D problem.
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Fig. 9 The time to complete phase separation is plotted as a function of the nondimensional parameter �s
for three values of the dimensionless inverse attenuation length γ . The blue curve corresponds to the default
value used in other simulations

In both cases, it was confirmed that we have a decreasing free energy functional
and a conserved total fraction of oil in the mixture, in agreement with our analytic
results.

3.4 Effect of SAW amplitude on time to phase separation

A possible application of SAW forcing on mixtures is to speed up phase separation
of oil–water emulsions, thus it is important to quantify the extent to which this is
possible. To attempt this, we carried out a number of 1D simulations at different SAW
forcing strengths and measured the time to total phase separation (starting from the
well-mixed initial state given by Eqs. (48), (49)). The results of this study are shown
in Fig. 9, where we plot separation time versus the dimensionless parameter �s that
characterizes the strength of the SAW forcing (see Eqs. (20), (21) and Table 2).

Here, we calculate the total time to separation as the smallest time t such that the
set I = {x : φ(x, t) = 0.5} is a singleton, representing the time until only one inter-
face exists. Experimental work done in our collaborator’s lab utilizes systems where
the maximum vertical displacements of the SAW, A, are in the range [0.2, 1.2] nm,
motivating the range of �s values plotted in Fig. 9. We plot results for three values
of the nondimensional parameter γ , which is the ratio between the attenuation length
of the SAW in its direction of propagation (the x-direction) and the interfacial length
scale. Assuming the interfacial length scale to be fixed, changes in γ then correspond
to changes in the attenuation length (decreasing γ results in an increased attenuation
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length; see Eq. (14)). Thus, as we would expect, decreasing γ results in less acoustic
energy lost to the mixture, and thus a longer time to full phase separation, as Fig. 9
confirms. Further, as we have previously seen in Fig. 5, increasing the strength of the
SAW, and hence increasing�s, leads to a decrease in the time to phase separation. This
is in qualitative agreement with the findings of Li et al. [16] that motivated our work;
see their Fig. 5, which indicates an approximately exponential decay in the time to
onset of phase separation with increasing SAW amplitude. However, such a compari-
son should be treated with caution; those authors study the more complicated problem
of an emulsion drop on top of a substrate along which a SAW propagates. This setup
is considerably more complicated than the one considered here, the presence of the
free surface giving rise to additional effects such as surface tension, dynamic changes
in the flow domain shape, and acoustic radiation pressure effects at the free surface,
none of which are accounted for in our model.

On the other hand, our simulations can provide new insight into the relationship
between attenuation length and time to phase separation,which ismuchmore challeng-
ing to verify experimentally. We believe our findings are promising as, combined with
the experimental evidence [16], they provide a sound theoretical proof-of-principle
for using SAWs to enhance phase separation. We hope that our simplified modeling
framework described by Eqs. (23)–(29) could provide a good starting-point for more
detailed investigations to guide and optimize the experimental protocol.

4 Conclusions

In this work, we model and simulate the theoretical problem of a binary fluid mixture,
trapped in a closed cell, excited by a conservative volume force. Our particular focus is
on the application to a silicone oil–water mixture experiencing acoustic forcing from
a SAW propagating through the underlying substrate. The mixture volume is assumed
large enough that the main physical mechanism by which the SAW acts on the fluid
is Eckart streaming [29–31].

The mathematical model is derived following an approach adapted from tumor
modeling [4] using basic conservation and thermodynamic principles, leading ulti-
mately to two coupled partial differential equations for the concentration of one phase
(oil) and the fluid pressure, which we solve numerically. The free energy functional
for the system is prescribed in accordance with the Cahn–Hilliard theory. This system,
which utilizes a Darcy-type model for the velocities of each phase, offers a marked
simplification over coupling the concentration equations for each phase to the full
Navier-Stokes equations, yet, as our numerical results indicate, the model retains the
necessary ingredients to model the desired physical effects, at least qualitatively.

While we consider that our model retains the most important physical effects, we
note the following limitations: (i) all lengths are scaled with respect to the typical
interfacial thickness, which is artificially increased so that simulations on the cm scale
can be computed within a reasonable computing time; (ii) the model, as currently
formulated, can only handle conservative external forces.With regard tomodeling, the
specific case of acoustic forcing considered herewe also note that, due to the simplified
geometry assumed, any effects associated with the presence of a free surface (such
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as surface tension, dynamic shape change, acoustic radiation pressure) are neglected,
limiting the applicability of our model.

We provide numerical solutions for the case of two different conservative volume
forces acting on themixture: gravity and acoustic forcing due to a SAW, each described
by a potential function. The model predicts full phase separation in both cases, with
the latter greatly decreasing the time necessary to achieve this in the experimentally
relevant forcing regime. In all cases investigated, we can confirm that the total con-
centrations of both phases present are conserved, and that the underlying free energy
of the system is nonincreasing, in agreement with analytical predictions. Although the
acoustic forcing acts on both phases of the mixture, we speculate that the key to the
enhanced phase separation lies in the very different mobilities of the two phases (the
viscosity ratio of the considered fluids is 50:1), making the less viscous phase much
easier tomove.Unsurprisingly then, ourmodel also predicts a decrease in time to phase
separation as the SAW intensity (as characterized by the dimensionless parameter �s)
increases, and as the SAW attenuation length (characterized by γ −1) decreases. Our
future work, in collaboration with experimentalists, will be focused on improving the
model to better represent the experimental setup, with a goal of making quantitative
predictions.

Appendix A : Derivation of component velocity and flux equations

In this section, we propose equations for the fluxes �Ji and the velocities �ui of each
mixture component, following the approach adopted by Wise et al. [4], who develop
a thermodynamically consistent diffuse-interface continuum model for a multiphase
mixture representing a tumor growing in healthy tissue. To ensure consistency with the
second law of thermodynamics, in the isothermal setting assumed here, it is necessary
to obtain a nonincreasing free energy functional since this is equivalent to a nonde-
creasing entropy. For a binary mixture consisting of phases A, B at concentrations
φA, φB , we assume a free energy E = E[φA, φB]. In the following, we assume the
component densities ρA, ρB to be constant, allowing us to rewrite Eq. (6) as

∂φi

∂t
+ ∇ · (φi �ui ) + 1

ρi
∇ · �Ji = 0, i = A, B. (A.1)

Then, the rate of change of the free energy in time may be calculated as

dE

dt
=

B∑
j=A

∫
�

δE

δφ j

∂φ j

∂t
d�x (A.2)

=
B∑

j=A

∫
�

(
φ j∇

(
δE

δφ j
+ p̃ j

)
· �u j + ∇

(
1

ρ j

δE

δφ j
+ 1

ρ j
p̃ j

)
· �J j

)
d�x

−
B∑

j=A

∫
∂�

δE

δφ j

[
1

ρ j

�J j + �u jφ j

]
· n̂ d�x . (A.3)
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Here, Eq. (A.1) was used with i = A, B to substitute for the time derivatives and then
integration by parts was carried out, introducing the Lagrange multiplier p̃ j to enforce
the no-voids constraint of Eq. (7). The boundary terms arise from the integration
by parts and are assumed to vanish; these serve as the boundary conditions for the
numerical system solved in Sect. 3. From here, we choose to split the component
velocities into two parts: a mass-averaged velocity, �u, and a diffusion velocity, �v j , for
j = A, B. We also introduce the pressure, p, and the potential (ψ) of a conservative
volume force that is assumed to act, through the Lagrange multiplier as shown below,

p = p̃ j +
B∑

j=A

φ j
δE

δφ j
− ρ jψ and �u j = �u + �v j . (A.4)

Making these substitutions and performing some algebraic manipulations then yields

dE

dt
=

B∑
j=A

{∫
φ j∇

(
δE

δφ j
+ p −

2∑
i=1

φi
δE

δφi
+ ρ jψ

)
· �u d�x

+
∫

φ j∇
(

δE

δφ j
+ p −

B∑
i=A

φi
δE

δφi
+ ρ jψ

)
· �v j d�x

+
∫

∇
(

1

ρ j

δE

δφ j
+ 1

ρ j

(
p −

B∑
i=A

φi
δE

δφi
+ ρ jψ

))
· �J j d�x

}
(A.5)

=
∫ B∑

j=A

{
φ j

(
∇ δE

δφ j
+ ∇ p −

B∑
i=A

φi∇ δE

δφi
−

B∑
i=A

δE

δφi
∇φi + ρ j∇ψ

)
· �u d�x

}

+
B∑

j=A

{∫
φ j∇

(
δE

δφ j
+ p −

B∑
i=A

φi
δE

δφi
+ ρ jψ

)
· �v j d�x

+
∫

∇
(

1

ρ j

δE

δφ j
+ 1

ρ j

(
p −

B∑
i=A

φi
δE

δφi
+ ρ jψ

))
· �J j d�x

}
. (A.6)

Next, the no-voids constraint allows us to recast the system in terms of a single concen-
tration variable φ = φA, 1 − φ = φB ; in addition, it must be true that the component
fluxes are equal and opposite, − �JA = �JB , in order to satisfy mass conservation of the
mixture. Utilizing these facts, Eq. (A.6) is simplified to

dE

dt
=

∫ (
∇ p − 2

δE

δφ
∇φ + ρm∇ψ

)
· �u d�x

+
B∑

j=A

{ ∫
φ j

(
∇ δE

δφ j
+ ∇ p + (1 − 2φ)∇ δE

δφ
− 2

δE

δφ
∇φ + ρ j∇ψ

)
· �v j d�x

}

+
∫ ((

1

ρA
+ 1

ρB

)
∇ δE

δφ
+

(
1

ρA
− 1

ρB

)(
∇ p + (1 − 2φ)∇ δE

δφ
− 2

δE

δφ
∇φ

))
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· �JA d�x . (A.7)

Thus, if we let

�u = −q

(
∇ p − 2

δE

δφ
∇φ + ρm∇ψ

)
, (A.8)

�v j = −q j

(
∇ δE

δφ j
+ ∇ p + (1 − 2φ)∇ δE

δφ
− 2

δE

δφ
∇φ + ρ j∇ψ

)
, (A.9)

�JA = −MB

((
1

ρA
+ 1

ρB

)
∇ δE

δφ
+

(
1

ρA
− 1

ρB

)(
∇ p + (1 − 2φ)∇ δE

δφ
− 2

δE

δφ
∇φ

))
,

(A.10)

where q, q j , MB ≥ 0 are positive mobility coefficients, then we obtain

dE

dt
= −

∫
1

q
|�u|2 +

B∑
j=A

φ j

q j
|�v j |2 + 1

MB
| �JA|2 d�x < 0. (A.11)

Hence, with these assumptions, the component velocities are given by

�uA = −(q + qA)

[
∇ p − 2

δE

δφ
∇φ

]
− qρm∇ψ − qA

[
2(1 − φ)∇ δE

δφ
+ ρ1∇ψ

]
,

(A.12)

�uB = −(q + qB)

[
∇ p − 2

δE

δφ
∇φ

]
− qρm∇ψ − qB

[
ρ2∇ψ − 2φ∇ δE

δφ

]
. (A.13)

Appendix B : Computational implementation

Equations (23)–(29) are written in a form convenient for the use of COMSOL™Mul-
tiphysics PDE Coefficients Form. This package solves, by finite elements, a vectorial
equation for the unknown vector �v = (v1, v2, . . . , vN )�. The equation is of the form

e
∂2�v
∂t2

+ d
∂ �v
∂t

+ ∇ · (−c∇�v − α �v + γ ) + β ∇�v + a �v = �f , (B.1)

where the coefficients of the N scalar equations are in the matrices e, d, γ , a (of
dimensions N×N ), α, β (of dimensions N ×N ×n), c (of dimensions N ×N ×n×n)
and the vector �f (of dimension N ), where n is the spatial dimension of the problem
(n = 1, 2, 3). In index notation, this equation reads as

ei j
∂2v j

∂ t̃2
+ di j

∂v j

∂ t̃
+ ∂

∂ x̃l

(
−ci jkl

∂v j

∂ x̃k
− αi jlv j + γil

)
+ βi jl

∂v j

∂ x̃l
+ ai jv j = fi ,

(B.2)
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where i, j = 1. . . . , N and k, l = 1, . . . , n.
Here, we briefly describe the scheme to solve the 1D problem. The consid-

ered system given by Eqs. (23)–(29) is rewritten in terms of the quantities �v =
(φ, p, μ, uA, uB, JA, P)T . Thus, we use seven equations (for n = 1), correspond-
ing to the solution depending on a single spatial variable x . In the following, we list
the non-vanishing coefficients (we omit the indexes k and l for brevity and consider
x1 = x since k = l = 1):

• Row 1 (i = 1) for Eq. (23)

d11 = 1, α14 = −φ, α16 = − 1

Rρ

. (B.3)

• Row 2 (i = 2) for Eq. (24)

α24 = −φ, α25 = φ − 1, α26 = Rρ − 1

Rρ

. (B.4)

• Row 3 (i = 3) for Eq. (25)

c31 = −1, a33 = 1, f3 = f ′(φ) + (Rρ − 1)�ψ. (B.5)

• Row 4 (i = 4) for Eq. (26)

a41 = κ�(Rρ − 1)
∂ψ

∂x
, a44 = 1, a47 = (κ1 + κ),

β43 = 2κ1(1 − φ), f4 = −�(κ + κ1Rρ)
∂ψ

∂x
. (B.6)

• Row 5 (i = 5) for Eq. (27)

a51 = κ�(Rρ − 1)
∂ψ

∂x
, a55 = 1, a57 = (1 + κ1),

β53 = −2φ, f5 = −�(κ + 1)
∂ψ

∂x
. (B.7)

• Row 6 (i = 6) for Eq. (28)

a66 = 1, a67 = M
(
1 − Rρ

Rρ

)
, β63 = 2M

Rρ

(1 − φ + Rρφ). (B.8)

• Row 7 (i = 7) for Eq. (29)

a71 = 1, β71 = 2μ, β72 = −1. (B.9)

At the domain ends, we apply Dirichlet boundary conditions p = 0 in conjunction
with the Flux/Source boundary condition that exactly matches Eqs. (31)–(32) with
this definition of �v.
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