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Abstract

We present results of experiments and numerical simulations on the spreading of a constant volume (CV) of fluid flowing down
a vertical plate in the form of a micrometric thin film. In the experiments, the initial condition is generated from a horizontal
fluid filament (PDMS) of typical diameter 0.4 mm, and the flow is probed with two optical techniques: one based on an
anamorphic system, and the other on the schlieren method. The first one yields the thickness profile and the second one capture:
the bidimensional pattern of the transversal film instability. The numerical simulations are performed under the lubrication
approximation and using a precursor film to overcome the contact line divergence. The comparison between numerical and
experimental profiles shows a very good agreement, and therefore allows to estimate the thickness of the precursor film needed
to model the flow. We find that this thin precursor (of thickness 43 nm) is very demanding for the numerical description of the
instability, since it requires the use of a very fine grid. We show that the use of thicker precursor allows to obtain nhumerical
results which describe qualitatively well the experimental data. In order to study the early times of the instability, we develop
a linear model to account for the evolution of the modal amplitudes of the spatial Fourier spectrum of the contact line of the
advancing front (frontline). The model is in good agreement with both experiments and simulations for the appropriate precursor
film thickness in each case. We find that the precursor film thickness mainly influences the growth rates of the unstable modes,
but it does not modify the main features of instability development.
© 2005 Elsevier B.V. All rights reserved.
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figuration is present in a wide variety of technological simulations for both the stable and unstable stages of
problems, such as microchip production and microflu- the spreading. The use of a linear model to predict the
idic devices. This kind of flow develops as a balance time evolution of the normal modes of the instability
between viscous and surface tension forces plus possi-plays an important role in performing this comparison.
bly a body force. The latter is often the main driving This model (first developed ifi5] and revisited here)
force and, depending on the application, it may be rep- is based on an adiabatic approximation of the thickness
resented by gravity forgd—3], centrifugal forcg4,5] profile of the stable stage in the region around the
or thermocapillary forc§6—8]. capillary ridge. Since the model was previously

We study here the spreading of a constant volume validated by comparing its predictions to experiments,
(CV) of fluid on a vertical plane. Initially, the fluid has  we use it now as a benchmark for our simulations.
the shape of athin filament placed in horizontal position A quantitative description of the experimental
at the top of the substrate. Experiments with wetting results is particularly difficult because the (observable)
fluids show that after some time the initially straight macroscopic flow is strongly affected by microscopic
advancing frontline, where liquid, gas, and solid phase forces acting at the frontline. Thus, the flow descrip-
meet, becomes corrugated and then the flow evolves bytion within the continuum hypothesis requires some
forming well-defined rivulets (called fingers) separated assumptions in that region to avoid the inconsistency
by troughs. It is generally accepted that this instability of the equations. One of these assumptions is the
is generated by perturbations along the strip and is re- existence of an ultra thin precursor film at the moving
lated to the formation of a capillary ridge just behind contact line. This is the approach made in the simu-
the advancing the frontline. However, the analysis of lations, and consequently it needs to be supported by
the instability has only been done for the constant flux the experimental observation.
(CF) case, in which the fluid thickness far behind the The main purpose of this work is to show the capa-
frontline is kept constant (thus providing an unlimited bility of both linear models and numerical simulations
supply of fluid). to describe the frontline instability. To achieve this

In recent years many researchers have paid attentiongoal we use data from our own experimefitS] and
to this problem. On the experimental side, except by a simulation code developed within the lubrication
the work in[9,10], most of the authors have consid- approximation. A description of the set-up and the
ered the CV cas§l,11-14] This is understandable basics of the optical diagnosis used in the experiments
considering that the CF case involves a more complex are briefly described in Sectiéh The physical model
set-up. It must be noted that in the CV case, rather and the numerical method employed to solve the flow
than the fluid volume, the cross sectional area of the within the lubrication approximation are presented in
initial condition is the characteristic parameter of the Section3. Details of the numerical code as well as
flow. The transversal extension is irrelevant since it applications of this tool are reported in the literature
is usually much larger than the flow extension in the [16-18] Section 4 is devoted to the comparison
streamwise direction. In contrast to above mentioned of experiments and simulations in the stable stage.
experiments for CV case, here we use much smaller The nonlinear stage is discussed in Sectpmwhere
areas, and thus the fluid spreads as a micrometricwe compare experiments and 2D simulations by
film. As a consequence, the flow studied here is post-processing the numerical results to mimic the
more representative of the coating processes usedexperimental images. We also show that within the
in applications, and the corresponding experimental linear regime both the experimental and numerical
results are then also of particular interest to this results can be predicted by application of a linear
field. growth model to the spectrum at a very early stage.

A detailed experimental study of the CV flow has
been performed ifiL5]. Here, we extend that work by
introducing numerical results for the description of the 2. Problem description and experiment
completglinear and non-linear) evolution of the insta-
bility. For brevity, we consider a single experimental The initial fluid configuration is a vertical filament
case, and compare it with the results of numerical flowing out from a small nozzle at the bottom of a
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Fig. 1. Sketch of the mechanical system to place the fluid on the
substrate. (a) Initial set-up and capture of the filament by the sub-
strate. The circular arrows indicate the motions of the shaft (not
drawn and coincident witk-axis) to which the frame with the glass

is fixed. The shaft is hinged at the origin and the coordinate axes are
fixed in space. (b) Filament on the substrate and intermediate po-
sition (dashed arrows indicate previous rotation). (c) Final position
(the shaft coincides witg-axis). (d) Sketch of the constant volume
spreading down the vertical substrate.

vessel filled with silicon oil (sedig. 19. Both the
nozzle diameter and the fluid properties allow to con-
trol the value of the ared of the filament. We use
polydymethilsiloxane (PDMS) with kinematic viscos-
ity v = 20.¢, densityp = 0.96 g cnm 3 and surface ten-
sion y = 19.8dyn/cm, so that the capillary length is
a = /(y/pg) = 0.145cm.

The filament is captured on a glass (6 cm wide) by
performing suitable rotations of its frame before reach-
ing the final vertical position (sefeig. 1b and . All

these movements take about 1-2s, i.e. a time interval

whichis very short compared to the time scale of the ex-
periment (see below). The mechanism allows to obtain
a fluid strip with contact lines which are both horizon-

tal and straight, so that the initial configuration has a
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constant cross sectional area alongyturection (see
Fig. 10.

The flow evolution is probed by two optical tech-
niques: anamorphic lens and schlieren. The former is
aimed to measure the thickness profile of the spread-
ing, as well as the position of both contact lines. In this
method the liquid film is impinged by a vertical light
sheet and the optical system converts the in-plane de-
flections onto displacements on a perpendicular plane.
This system consists of both a standard converging lens
that forms a magnified image of the spreading region
and an anamporhic leifs9]. The latter is equivalent to
two crossed cylindrical lenses (one convergent and the
other divergent) with focal lengths of equal magnitude,
and with their axes at45° with respect to the-axis
(a cylindrical-spherical ophthalmic lens, conveniently
chosen and oriented, does this job). The deflections pro-
duced with this system are related to the slope of the
thickness profile of the probed fluid strip. During the
early stage, the resulting data allow an accurate deter-
mination of the fluid volume after considering symme-
try and integration of the profile. The constant value of
the volume is checked by considering several profiles
corresponding to different times. The other technique
uses a schlieren method and is intended to describe
the topography of the free surface and also the irregu-
lar shape of the frontline. Both techniques can be used
simultaneously in our experimental set-up. Further de-
tails are presented {i5].

3. Lubrication equations and numerical code

Usually, thin film flow is studied within the lubri-
cation approximation, i.e. small Reynolds number and
small free surface slope. These hypotheses are satisfied
in our experiments since PDMS oil is very viscous, and
the strip is of small aspect ratio (typically, height/width
<0.1). Thus, under the action of gravity and surface
tension, the governing equation for the fluid thickness
h(x, v, t) is (see e.g[20]):

3
3M% + ¥V - (h3V(V?h)) + pg% =0, 1)
ot d9x
whereu = vp is viscosity, andy is gravity. The three
terms in Eq.(1) stand for the viscous, capillary and
gravitational forces, respectively. Hereis the down-

hill coordinate.
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Eq. (1) includes the non-slip boundary condition 4. Stable stage: one dimensional flow
at the substrate surface. Due to the well known con-
tact line paradox (macroscopic divergence of the vis-  In the early stages of the spreading, the contact
cous dissipation rate), all theoretical and computational lines are straight and the flow ig-independent.
methods require some regularizing mechanism: either Thus, the experimental profiles obtained[ib] can
assuming the existence of a thin precursor film of thick- be compared with:(x, r) from 1D simulations. A
nesgi; in front of the apparent contact lifizl,2,22] or crucial element in reaching not only qualitative, but
relaxing the no-slip boundary condition at fluid—solid also quantitative agreement is to use an appropriate
interface by introducing a slipping lengt{20,23,24] value of the precursor film thicknes#s, in the
An extensive comparison of these regularizing mech- simulations. These calculations require fine grids,
anisms applied to the spreading drop problem can be because very thin precursor films demand very

found in[25]. In that paper it is shown that the precur-
sor film model leads to the results that are very similar
to the ones obtained using slip model fgr~ Is. Since

small step sizesAx, in order to achieve numerical
convergence.
We obtaink; by performing an iterative procedure.

the computational performance of the precursor model First, we choose two experimental thickness profiles,

is much better, we use this model as a regularizing
method in this work.

We have developed a numerical code to solve Eq.
(1) both in its 1D versiom(x, ¢) as well as in its 2D
version i(x, y, t). The method uses centered finite
difference for the spatial derivatives and the time
discretization is performed by using implicit Crank-
Nicholson schemg18]. The solution is obtained in
the domain O< x < L, (and 0< y < L, in 2D case).
The fluid volume under study is placed in the interval
xro < x < xj0, Wherexfg andx,g are the positions of
the front and rear contact lines & 0, respectively,
and the rest of the domain is filled with a thin (precur-
sor) film of thickness; . Thus, the boundary condition
atx=0,L, are h = hy and dh/dx = 3°h/0x3 = 0.

one close to the beginning of the spreadiny @nd the
other at a later tim@, (chosen small enough to ensure
thatthe frontis not yet corrugated). Then, we use the ex-
perimental profile at; as an initial condition in the nu-
merical simulation, and we integrate it forward in time
using appropriate initial guess fay. We then compare
the computed and the experimental profilg,aBased

on the difference between these two profiles, we choose
the next iterate foks and repeat this procedure until
convergence. The result of this iterative procedure is
the value ofis which produces very googuantitative
agreement between computed and observed profiles:
ht = 43nm (or ks = 3 x 10~%a). We have verified
that this value ofi; is independent of the aréawithin

the range 3« 10 % cn? < A < 15 x 10~4cn?. Such

These conditions are consistent with a continuous (and @ small value requires also very well resolved com-

very small) inflow atx = 0 and the same outflow at
x = Ly, and assure the mass conservation of the fluid
bulk. In the 2D case, we impose mirror boundary con-
ditions at the side walls, i.edh/dy = 33h /9y = 0.
Thus, the linesy=0,L, represent symmetry
planes.

Typically, the thickness of this film is one or two

orders of magnitude smaller than the average bulk

thickness. However, in order to produce results in
guantitative agreement with the experiments we
determine the appropriate value/gfthat reflects the
actual physics of the contact line. This is done in the
following Section by comparing numerical results for
different values ofi; with the experimental thickness
profiles. The comparison between 1D simulations and
experiments shows that the resultings independent

of A[15].

putations: We find that the results are fully converged
for Ax = 10~3a. We have also verified that this value
of h+ remains unchanged if we choose a differgnt
We note that thig; is in the range of the thicknesses
measured and reported in the literature for precursor
films (se€26,27).

The experimental results for = 6.75 x 10~% cn?
are shown irFig. 2 (black dots). The evolution of the
thickness profile starts with a shape resembling a cylin-
drical cap whose maximum is moving downwards (see
Fig. 29. During this stage, the frontline is practically
straight. Later on, we observe the appearance of two
regions (sedig. 2b and ¥ the rear region, which ac-
quires an almost parabolic shape, and the front region
which evolves by developing a large bunffig. 2c
shows a well developed profile when the frontline is
about to start corrugating.
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Fig. 2. (a)-(c) Thickness profiles at different times foe= 6.75 x 10~* cn?. Black dots correspond to experimental data. The solid and broken
grey lines are numerical simulations fby = 3 x 105z and ks = 10~%a, respectively. (d) Width of the film: experiments (black dots) and
numerical simulations fois = 3 x 1054 (grey solid line) andis = 10~ (grey broken line).

The grey lines irFig. 2 correspond to the numeri-  also present in this figure the numerical width obtained
cal simulations. We see that the results are in excellentwith 4; = 10~%a = 125nm (dashed grey line). Even
agreement with the experimental data. The simulations though this value is still within the range expected for
are performed starting from the initial condition (cylin- a precursor film, we see clearly that the predicted be-
drical cap), havior of w(z) significantly differs from experiments,

2
> 1 . @

while the results fork; = 43nm are in very good
wherewg = xj0 — xr0 IS the width of the strip in the

agreement.

streamwise direction at= 0, xmax = (xf0 + xr0)/2 iS

the central position of the maximum thickngggax.

Since both the values afp and the are@ are given In addition to the previous technique we also use
by the anamorphic technique, we calculdtgax = a schlieren method to probe the spreading. A sliding
3A/2wg. We have verified that this initial shape leads mirror allows to switch between one technique and
to results that are in full agreement with those obtained the other. The schlieren technique is used with a
by using an experimental profile for a gives- 0. diaphragm centered at the focus of lens which forms

In Fig. 2dwe compare the numerical (grey lines) the image of the spreading, which is illuminated by

and experimental (black dots) results for the width of an expanded probing laser bedf@b]. The images
the film, w(¢) = x;(¢) — x/(¢). We use the widthy, in- thus obtained show a pattern of dark and bright zones,
stead ofx; in order to consider a quantity indepen- which correspond to regions where the modulus of

X — Xmax
wo/2

(5, 0) = holx) = hmax [1— (
5. Unstable stage: two dimensional flow

5.1. Experimental results

dent of the reference frame (except for the very first
stagesy, does not vary appreciably during the spread-
ing). In order to show the sensitivity of the simula-

tions with respect to the precursor film thickness, we

the gradient of the thickness is greater or smaller than
a cut-off value, respectively. The cut-off varies with
the diameter/ of the diaphragm (all photos presented
here havel ~1 mm).
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Fig. 3. Evolution of the film using the schlieren technique atr (&)38.2, (b) 101.2, (c) 207.5 and (d) 343.7 min. The white segments show the

length scale (1 cm) at the substrate.

Fig. 3shows four typical images obtained by using
this technique (the images are inverted by the optical
system). We see clearly the formation of a pattern
of fingers and troughs. The analysis of the instability
pattern is performed by calculating the discrete Fourier
transform (DFT) of the frontline for different times.
In Section5.2 we will compare the power spectra
thus obtained with a linear model for the instability
developed assuming a decomposition in normal
modes.

In summary, the experimental results suggest the

existence of stages in the development of the instability.
These stages can be defined as follows:

e The first stage (& ¢ < 1) is characterized by a
transient behavior in which the flow evolves from
an initial condition (close to a cylindrical cap) to a

structure with a parabolic shape in the rear region
and a bump developed in the frontal region. Also, in
this stage the frontline is still straight and does not
show any appreciable corrugation. A more precise
definition ofzg will be given below.

Once the bump structure is clearly attained, the
small perturbations tend to grow (unstable profile).
In other words, the presence of the bump is a key fea-
ture for the development of the instability. For this
stage, > 13, we develop in next Section a model
for the growth of the amplitude of the perturbations
within the linear approximation.

When the amplitude of the perturbations exceeds a
certain limit, the nonlinear effects become signifi-
cant ¢ > ty). However, in our experiments, these
effects do not change the mean separation between
fingers.
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We emphasize that the instability devel@fterthe
formation of the bump (this was also verified for all
cross-sectional areas explored[i5]). In particular,
asAis increased, the instability develops faster, but the
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base flow. Thus, the asymptotic growth rates of the
CF case can be considered as the instantaneous growth
rates of the CV case. This assumption requires that the
amplitude of the perturbation be small enough, so not

formation of the bump proceeds on afaster time scale asto modify significantly the base flow (linear regime).

well. This observation constitutes an important differ-
ence with respect to other experiments performed with
millimetric (or even thicker) filmg1,14]. These films
often include a rolling motion (‘nose’) at the advancing
front, which stabilizes the flow and is responsible for
the initial stable stagf28]. As the fluid thins surface

Therefore, every component of the spatial Fourier spec-
trum of the perturbation evolves independently from
one another.

We attempt to approximate the bump region of the
CV flow by the corresponding profile in the CF case
with thicknessh , far from the front and the sanig.

tension effects become increasingly important, and the The idea underlined in this approximation is that the

‘nose’ changes its shape to a wedge-shape pi@filp
Later on, the front region grows a bump and the flow

instability basically depends on the thickness structure
of this region, while the flow far behind does not affect

becomes unstable. Instead, in our experiments, therethe behavior of the front.

is no rolling stage, and the bump of the front region

is present from the very early stages. However, the in-
stability is not observed immediately, but it becomes
apparent only after a certain time.

5.2. Linear model of the instability

In this Section we aim to develop a model for
predicting the spatial spectrum of the instability, the
growth rates of the perturbations and the value of
the dominant wavelength,,. At present, there is no
thorough analysis of the frontline instability for the
constant volume problem. Instead, a fair amount of
literature is devoted to the linear stability analysis of
the constant flux problem. Here, we apply the results of
the CF case to produce a predictive model for the CV
configuration.

A major hindrance to performing the linear stability
analysis of the unperturbed solutiéfx, ¢) for the CV

In the CF case, the translational invariance implies
that the solution of thg-independent problem is of the
traveling wave type. Thus, for a constant thicknéss,
in the far region behind the front (plateau), we have a
dimensionless solution of the form,

n=npr(e). &= ©
where
€= @hp)"3,  u=uo(l+b+b?), 4)

with uo = pgh3/3u andb = hi/ hp. In the linear sta-
bility analysis of this problem, it is assumed that there
is a transverse perturbation of the base solution charac-
terized by a wavelength. For a giverb, there are two
relevant wavenumbers: (&ax for which o (kmax) is

the maximumenmay, and (bk* = 2x/1*, which yields
o(k*) = 0 (marginal stability), such that the solution

is unstable fok < k* (A > A*), and stable otherwise.

case is the fact that the base solution is time dependent
as outlined above. We extend the linear stability anal-
ysis of the CF case by assuming that the base profile
evolves sufficiently slowly relative to the growth rate
of the perturbations (adiabatic approach).

Let us consider a profile(x, #) after the fluid starts
spreading, withg > ¢§. Since at = g the flow has al-
ready developed a bump-plateau structure, we perform
i:g :tri]:r:yzfatr);/ c[i::it; ég' T)g;]/tzi\;‘;c\)/vglzil];;igsgﬁrﬁﬁ_cor pis arational number. We find best agreement by using
t_ial amplitud_elo = I(to)_. A key _poi_nt in describing the F(q) = 9542(1 — g¥*7). (6)
linear evolution of the instability is to assume that the
unperturbed state changes so slowly during this stageThis fitting function is used here and it leadsitbo~
that the perturbation evolves on top of a quasi-steady 0.61\.nax The departures from this function increases

'When the growth rates(k) for several valued are
plotted in the normalized form,

— = F(g),

Omax

()

whereq = k/k* = 1A*/A, they nearly collapse onto a
single curvg15]. For the purpose of analyzing the CV
case, we use a general functional fayfil — ¢”) with
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for ¢ > 1, but the fitting in the unstable range is rea- Thus, Eq(7)allows us to calculate the instantaneous

sonably good, and it will be helpful in the model for growth rate of the perturbation as a function of the

CV case developed in the following Section. dimensionless thickneds(r), and Eq.(8) predicts its

As a consequence of the scaling given by @9.the amplitude.

characteristic time and length scale faso ~ hp > To proceed we must define an appropriate way of

andhé/e’, respectively (see e.f80]). Thus, thenstan- determlnlng the paramet%(t). For t_hls purpose, let

taneousgrowth rate in the CV case becoras]: us cons@er aCF flgw with a certain valig of the'
(asymptotic) flat region, such that it has a bump height

olg) = Gmaxhg/s F(q) @) hp coincident with the one of the CV case with the

samehs. The idea is to approximate the CV flow by
the solution of a CF case which fits the bump region
the best. Note that this model is intended to describe
only the instability of the frontline and not the complete
flow in the CV problem. The underlined concept is that

where g = A*hé/s(t)/x, and A* =~ 7.4 is the critical

wavelength for marginal stability of CF case. Here,
hp(r) andx are expressed in units of the capillary length

. 1
a andt, o are in units ofr = 3ua/y and ™, re- the instability basically depends &g and the slope at

spectively. In order to avoid cumbersome notation, We ihe frontline, and that other details of the flow are not
use the symbols of the previous Section to denote the o relevant.

present dimensionless variables. The values gy
andA* expressed in these units are reporteflBi.

The instantaneous growth rate satisfies=
1~1dI/dt, so we have:

5.3. Experiments versus linear model

The analysis of the instability pattern is performed

: by calculating the discrete Fourier transform of the
I(A, 1) = Io(X) exp </ a(q(t)) d;’) . (8) images of the frontline$15]. Fig. 4a—cshows both
10 the experimental power specttag(i)|, and the model

Ivs| (cm)

0 0.5 1 15 2

25
2
€ 15 T
s A 5
21 3
05
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0 szt

0 0.5 1 1.5 2
(c) A (cm) (d)

Fig. 4. Spectral evolution of the front line (seig. 3). (a) The lower and upper grey lines correspond to the experimental spegtra 8.2 min

and¢ = 82.8 min, respectively. The dashed line is the spectrum predicted by the madesstiming a linear evolution from the spectrum at
to. (b), (c) The same as (a) for final times= 1012 and 127.3, respectively. (d) Experimental (symbols) and model (lines) results for modal
amplitudes versus time famax = 0.55cm (squares, solid line),= 0.63 cm (pentagons, dotted line) ahd= 0.41 cm (crosses, dashed line).
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results at three times whose frontlines are presented These wavelengths may be affected by the boundaries,
in Fig. 3. The shape of the spectra is jagged due to the due to the finite extension (in thedirection) of the
discrete character of the spectral analysis (DFT) in a film. Nevertheless, these effects do not influence the

finite spatial domain. behavior of the dominant wavelength, sint@ax is
The model predictions are based on the linear evolu- much smaller than the lateral width of the experimental

tion of the experimental spectrufg(r) from the earli- domain.

est timerg = 38.2 min (lower grey line). These figures Fig. 4d presents another test of the model. This

also present the spectra (dotted lines) obtained assum{igure compares the model predictions for the time
ing constant initial amplituddp. This constantis cho-  evolution of modal amplitudes extracted from the
sen as the experimental maximunrg@tand therefore experimental spectra shownhig. 3. We have chosen
the dotted lines provide an envelope for the model re- the amplitudes of the dominant wavelengthax, and
sults that use the details of experimental configuration of two otheri’s (a shorter one and a longer one). For

at timerg. early times, the agreement between the model and the
Fig. 4a and bthat concentrate on early times, show experiment is very good. For late times, which start
that close to the dominant wavelength= Amax ~ close tor = 120 min, there is an increasing departure

0.55cm, there is a very good agreement between the from the linear model predictions.
model and the experimeriiig. 4cshows the results for
later times. Since in DFT the difference between two 5.4. Numerical simulations versus linear model
consecutive wavenumbers is constant, the relative error
of a givenx is inversely proportional to the correspond- In this section we present results of the numerical
ing wavenumber. Fokmax the error is approximately  solution of the 2D version E@1). In particular, we sim-
12%. Although we observe an increasing departure of ulate the evolution of the instability of the experiment
the growth rates from the linear model (dashed lines), reported in Sectiob.1 In order to mitigate effects due
the dominant wavelength given by the model is still to the finite width of the domain, we sét, = 25,
close to the experimental one (solid line). One can ex- so that the mirror boundary conditions at= 0 and
pect that nonlinear effects account for this difference, L, do not play an essential role in the flow evolution.
since the shape of the frontline corresponding to these For the maximum extension alomegdirection we take
later times (sed-ig. 3c and Jl has the characteristic L, = 8a.
features of the nonlinear stage of the instability (e.g., In order to choose the size of the grid steps;
the length of fingers is much larger than their sepa- and Ay, one must verify that the numerical calcula-
ration). Another signature of nonlinear effects can be tion has converged for the given value of the precursor
traced to the increased amplitudes of short wavelengthsthicknesshs. In Sectiord we find thati; = 3 x 10 °a
for late times. To see this, note that the experimen- leads to a good agreement between experiments and
tal spectra show that the amplitudes fox A* are simulations for the 1D stable stage. This valuéoffe-
not as small as one would expect based on the lin- quiresAx = 10~34 to achieve convergence in the cal-
ear stability analysis. Our interpretation is that part of culations. For the unstable stage, which requires the use
the energy of the linear modes is transferred by non- of 2D simulations, this value of the grid step would give
linear processes to shorter wavelengths (energy cas-a mesh of 2x 108 cells. Since this number exceeds our
cade). Essentially, what occurs here is that the fingers’ computational facilities, we must perform calculations
shape change for later times, becoming more point- with a coarser mesh, and consequently, we are forced
ing with parallel sides. Description of these features touse alagefk;. The results obtained withx = 0.02a
then requires shorter wavelengths. This mechanism and Ay = 0.05« are reasonably close to convergence
subtracts energy from the dominant wavelengths and it for 4y = 10~%a, and thus we have a mesh with210*
may then be another source of the difference betweencells (for a detailed study of the numerical method see
the experimental results and the linear model for late [18]).
times. We perform calculations for the unstable stage of the
For very long wavelengthsi(> 1.5cm), the ex- reported experimentA = 6.75 x 10~4cn?) by per-
perimental spectra have relatively high amplitudes. turbing the flow in two different ways at= 0:
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yla

Fig. 5. Frontline evolution obtained numerically pgrturbing the
vertexof the initial cylindrical cap (see aldeig. 3). The lines corre-
spond to timest/7c = 0,12, ..., 17 x 10°.

(1) The initial condition of the simulation is obtained

by perturbing the thickness of the profilg(x)
given by Eq.(2). Along y-direction we use a col-
lection of modesx; =2L,/i (i=1,2,...,N)
with random amplitudeg; in the range 5, 5] x

10~“a. The maximum of the perturbation is at the

vertex of the parabolag(x) and we set a Gaus-

sian decay towards the front and rear contact lines.

Thus, we write

2
h(x, 0) = ho(x) — &(y) exp [— (x—Xmax> ] 7

owo

9)

where

N 2
5(0) =) _ A cos( ,\ > , (10)

i=1 .

1

XmaxiS the position of the maximum ab(x) (ver-

coordinates and time are in units efand ¢, =
3ua/y = 7.04 x 10-3 min, respectively. We ob-
serve that, in agreement with experiments, the
early (linear) evolution of the perturbation deter-
mines the position of fingers and troughs.

Since the model developed in Sectibr2 has
proved successful to describe the linear instabil-
ity of the experiments (see al§b5]), we use it
here as a benchmark for our numerical simula-
tions. Note that we resort to this approach due
to the above mentioned difficulties in performing
calculations with the (small) value of the precur-
sor film required for a quantitative description of
the experimental results. In order to perform this
check of consistency, we apply the model start-
ing from an early numerical power spectrum and
obtain the evolved spectrum at a later time. Then,
we compare it with the corresponding numerical
spectrum. This comparison is shownHig. 6for
hs = 10~%ain both the model and the simulations.
The solid lines are the results of the numerical
code: the lower ones correspond to an early time
(t/tc = 2000) and the upper ones to a later time.
The dashed lines are the predictions of the model.
We see that even though there are two peaks for
t/tc = 4000 and 6000, the one with smaller wave-
length g.max = 0.598 cm) finally prevails (the rel-
ative error ofAnay is similar to the experimental
one). There is a very good agreement between the
simulations and the model not only in the value of
Amax but also in the growth rates of the dominant
mode. The agreement is better for wavelengths

tex) ando controls the rate of spatial decay of the
perturbation (here we uge= 0.1 andN = 50). close toimax than for longer onefl5].

Fig. 5shows the time evolution of the frontline  (2) The second initial condition is also based(ir)
obtained from the simulations. Here, the space but instead of perturbing the thickness of the
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Fig. 6. Comparison between Fourier spectra of the frontlines obtained in numerical simulations perfopagdrtmng the verterf the initial
cylindrical cap (grey lines) and those predicted by the model (dashed lines). The lower grey line correspea@®@d:.. Both upper grey
and dashed lines are at: ¢ag= 4000z and (b)r = 6000z.
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Fig. 7. Comparison between Fourier spectra of the frontlines obtained in numerical simulations perfopaedimyng the contact linesf the
initial cylindrical cap (grey lines) and those predicted by the model (dashed lines). The lower grey line correspen@9@:.. Both upper

grey and dashed lines are for: ¢ax 4000z and (b)r = 6000z.

cylindrical cap, we perturb both contact lines
along y-direction by smalix-displacements(y)
(see Eq(10)). Thus, the initial position of the front
is given byx ¢(y) = x o — 8(y), wherex yq is the
front position ofag(x).

coincides with that of the domain in the 2D simulations.
In order to make a comparison with the experiment,
we perform oni(x, y, ) the same procedure that the
schlieren technigue produces on the light rays deviated
by the liquid free surface (the slop@&/ox andoh/dy

The comparison between the power spectra are related to the deviation angle by Snell’s lafip.

given by the simulation and the model is shown
in Fig. 7 at t/tc = 4000 and 6000. In this case,

the agreement is also satisfactory and the domi-

nant wavelength ismax = 0.587 cm. Note that in
spite of using the same random amplitud@g in
both numerical cases, the resulting spedtigs.

6 and 7 differ in detail, but they share the same
dominant wavelength.

In summary, for two different ways of triggering

8b and show the computational results for the contour
plots of|[ Vi | at the same time as the experiment, where
the zones with|Vh| less than a certain cut-off are
shown in black. The cut-off value is obtained by using
the values of the focal lenses and the diameter of the
pinhole used in the experimerftig. 8b corresponds

to the simulation obtained by perturbing the vertex of
the cylindrical cap at = 0, while Fig. 8cis for the
perturbation at the frontline. Clearly, the zones of large

the instability we observe the same basic features |V#i| (near the tips and at the rims of the troughs) are

in the power spectra: the initial development of
two peaks and the final predominance of the one
with the shorter wavelength,max ~0.59 cm. In-
dependently of how the instability is triggered,
the evolution of the modal amplitudes are very
well described by the model during the linear
stage.

5.5. Experiments versus 2D numerical simulations

In spite of the impossibility of performing 2D nu-
merical simulations for the value 6f estimated in the
1D stable stagehf = 3 x 10°a), we compare here
the experimental results with those of the 2D simula-
tions with 2y = 10-%a. We explore which features of
the experiment can still be reproduced by the simula-
tions, despite differeni;.

Fig. 8ashows a region of the schlieren picture at
t = 1012 min (see als&ig. 3b). The size of this region

in agreement with the experiment. Due to the larger
value of s used in the simulations, the development
of the instability is slowed down with respect to the
experiment, and consequently, the ondulated frontlines
shown inFig. 8b and dhave not yet developed longer
fingers. However, both figures show the same features
as the experiment, such as the position of main fingers
and the average distance between them. Note also
that the perturbations used in the simulations are
arbitrary and are not related to the unknown (uncon-
trollable) perturbations that trigger the instability in the
experiment.

In Fig. 9we compare the numerical and experimen-
tal Fourier spectra at= 83 min. As expected, due to
the thicker precursor used in the calculations, the nu-
merical modal amplitudes are smaller than the experi-
mental ones. However, the dominant wavelength given
by the simulationsimax = 0.59cm, is very close to
the experimental valugmax = 0.55 cm. Therefore, we
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(b)

Fig. 8. (a) Experimental schlieren picture for 1012 min. (b)—(c)

Computational results where an analogous procedure (i.e., zones of

|Vh| less than a cut-off are shown in black) at the same time as in
experiment, obtained by perturbing the vertex (b), and the contact
lines (c) of the cylindrical cap at= 0.

conclude that the simulations reproduce very well the

J. Diez et al. / Physica D 209 (2005) 49-61

6. Summary and conclusions

In this work we present a detailed comparison of
experimental results and simulations of the spreading
of a constant volume of fluid down a vertical glass sub-
strate. For the sake of brevity, we restrict the discussion
to a single experimental case and compare the exper-
imental data with both the results of 2D simulations
and the predictions of a linear model of the instability
development.

We show results of an experimental spreading of a
constantvolume of PDMS oil down a vertical glass sub-
strate. An anamorphic lens technique yields the thick-
ness profile and the width of the film in the stable stage
of the experiment. We use the results to precisely deter-
mine the thickness of the precursor film by comparing
the evolution of the experimental profiles with 1D nu-
merical simulations. The obtained thickness is 43 nm,
consistentwith the results reported in the literature. The
schlieren technique is used to study the shape of the
frontline after the onset of the instability by perform-
ing a discrete Fourier transform of the fluid frontlines.
The resulting spatial spectra show a dominant wave-
length which is determined in the linear stage of the
instability development, and is maintained during the
non-linear stage.

A semi-analytical model, previously developed in

average distance between the patterns, which is one[15], is revisited for completeness. It successfully gives

of the main characteristics of instability development.
It should be noted that the amplitude of the perturba-

the amplitude evolution of the normal modes of the in-
stability. Although its validity is restricted to the linear

tions imposed at the vertex (case (a)) are much smallerstage, its predictions are relevant since at this stage the
than those imposed at the contact lines (case (b)). Sincefate of each mode is determined. In addition, this model

both cases lead to very similar amplitudes at a given
time, this suggests that the vertex of the initial condi-

tion is more sensitive to perturbations than the contact
lines.

1.5 2
A (cm)

Fig. 9. Comparison between Fourier spectra of the frontlines obtained in numerical simulations (dashed lines) and the experimental one (solid

is very useful to bridge experiments and simulations.
An issue is that a direct comparison between exper-
iments and simulations is difficult, since this would

require very demanding computations. In fact, the use

1.5 2

lines) atr = 83 min. We perturb (a) theertexof the initial cylindrical cap, and; (b) theontact lineof the initial cylindrical cap.
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of the value ofi; that was found to precisely model the

experiment in the stable stage, would demand a very

fine grid (of the order of 2 108 cells). Thus, instead

oftrying to relate directly experiments and simulations,
we verify the consistency of the numerical results by
comparing with the model that uses a thicker precur-

sor. These simulations also show that the main features
of the emerging spectrum are independent of the de-

tails of the imposed perturbations. The results confirm

that, except for some decrease of the growth rates, the
numerical approach that uses a thicker precursor accu-

rately describes the frontline instability.
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