Math 213H Homework 23 December 11, 2011

Problem #18(c)

Verify that Ve (F xF,)=F,«VxF -F +VxF,

First, find cross product:
Fl =<M11N1'P1> }

Fl X Fz :<N1P2 - N2P1’ szl - M1P2’ MlNZ - M2N1>
Fz :<M21N2’P2>

Now, use definition of divergence:

V-F=V-<M,N,P>=%M+Z—N+Z—P
X oy oz

Apply this to the cross product expression given above
Ve (F xF,)=V+(N,P,-N,P, M,R-M,P,, M;N, -M,N,)
:a(NlPZ—N2I31)+8(M2F>1—M1P2)+8(M1N2—MZNl)

oX oy 0z
Now use the product term for each of the six terms, which gives us the following twelve terms:

oP, oP, 0P oM oP,

oN N M N M
_p MNP p Ny Ry R g My g B o MLy ey My

ox  oxtoox OX oy oy Loy oy oz oz oz ooz

Since we have to show that this equals F, «V x F, —F, «V x F,, collect terms that multiply M ,,N,,and P, :

A
(RN (M RN (ONy aMy) (0P ONp | (OM, R (N, oM,
oy oz oz OX OX oy oy 0z 0z OX OX oy

i j k
Now, recall that VxF =| 0, 0, :<@_ﬂ ﬂ_@ ﬂ_aM>
P

0 -
y ) 1
M N oy o0z o0r oOx ox oy

This makes it clear that the expression we found above can be written as:
=<M2, N2,P2>-(V><F1)—<Ml, Nl,P1>-(V><F2)= F,eVxF —F «VxF,

This completes the derivation
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Problem #19(b)

Verify that Vx(gF)=gVxF+VgxF

First, expand the left-hand side

j k
F=(M.N.P) }Vx(gF): N =<a(gP)_a(gN) o(gM) _ 2(gP) a(gN)_a(gM)>

gF = (gM,gN,gP) g,\jl grﬁ g; oy oz ' oz ox | ox oy

Now use the product term for each of the six terms, which gives us the following twelve terms:

g—+P

(gP i pH_ N _ B M OGP (N N My
oy oy 0z 0z 0z oz OX OX OX OX oy oy

Now let's collect all terms proportional to g, and break this vector apart as a sum of the following two vectors:

g _gON M 0P oN_ oM\ /09 (09 29 09 29 09
oy 0z 0z OX OX oy oy 0z 0z OX OX oy

Let's factor out g in the first vector field:

_g[P_oN M P N oM\ [ o9 a9\ 09 09 g 09
oy oy 0z oz OX OX oy

Now we only have to show that the second vector field equals Vg x F :

i Kk
vgxF=|%9 99 % =<P89—N69 Mm% _pd Nag—Mog>

ox oy oz
M N P

oy oz oz ox’ X oy

Thus, our calculation above equals gVxF+VgxF o
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Problem #27

Consider a harmonic function f : V?f = VeVf =0

(a) Show that <j:_f>Vf ndo=0
S

Since this is a flux of the vector field F = Vf across a closed surface, we can apply the divergence theorem:

Fendo=||| VeF dV = ||| V?’fdV =0
S=8Dﬁ " ’ Iif ﬁ I£I 2,0_"

(b) Now show that §p f Vfen do = [[[ |vf[ dv
S D

Once again, the left-hand side is a flux across a closed surface, so we can apply the divergece theorem:

f g0 v g

dv = [[[ ve(f v)dv
s=op f Vf D

f

Now use the product rule (which is very easy to prove): V-( f F) =f VeF+FeVf
Applying this to F = Vf, we obtain Ve(f Vf )= f VeV + Vf«Vf = f V2 f +|Vf |2

In our case V*f = 0, which gives us the final result we need:

<£j'>fo-n ok;:jﬂ fgdv +j£j |Vf|2dV=j£j VE[ dv
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Problem #28

We are asked to calculate ﬂ Vfen do,
S

where S is part of the surface of the sphere of radius a in the first octant, and f (r) =In|r|=Inr

First, calculate the gradient of f (r) :

of 0 10 X X
—=—Inr==—\x*+y* + 7 ==
OX 0OX r ox %f—/ r [X2+y2+22 r
X, Y,
MOt X>+y*+12° = y :l2 = Vf:< { >=L2
o oy roy ryxt+y?+z22 T r r
ﬂ=ilnr=—i X>+y>+17° = Z =i2
0z 0z r oz r X2+y2+22 r
On the surface of the sphere,n:ﬁzi
rir

Thus we have ”Vf ‘Nndo = ”(
S S

o= lfioo= e

Now, since r = a = const on the surface of the sphere, we obtain (recall that S=1/8 of the sphere which is in 1st octant)
J[¥ion do - ”d e il

8a 2




Math 213H Homework 23 December 11, 2011

Problem #30

As shown in class, application of divergence theorem to vector field F=f Vg yields the Green's first identity:

gfg% f Vgen da:_m(fvzg+Vf-Vg)dV
S=0D v-(fvg)

Interchanging the scalar fields f and g yields an equivalent expression

gfg% gVfen da:_m(gvzf +Vg-Vf)dv
D

S=0D

Now let's subtract the two formulas above:

qu fvgendo— gﬁ}% gVfen da=m(fvzg+Vf.Vg)dv—ﬂj(gvzf +VgeVi)dv
D D

§$=0D S=0D

All operations above are linear (integration, differentiation, vector and scalar products), so we can combine the integrals:

gﬁﬁ(ng—gi)-n da:”j(fvzg+w/—gvzf—W)dV:”j(fvzg—gvzf)dv

S=0D

We obtained an equality known as the second Green's identity



