Math 240 – Spring 2005

Homework #12
Due date: April 29
All work must be shown in order to receive full credit
1. Since random numbers produced by a computer cannot be truly random, they are usually called pseudorandom. One of the simplest methods of generating a pseudorandom sequence is called a congruential generator. It uses a recursion relationship
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where a and M are integers, and the function “x mod y” is defined as the remainder after division of x by y (e.g. 5 mod 2 = 1). Matlab implements mod using function mod(x, y) (e.g. mod(5, 2) returns “1”). 
The recursion formula given above produces a sequence of pseudorandom numbers {xk} which vary from 0 to M-1, but you can use it to create a sequence of numbers distributed between 0 to 1, by dividing each xk value by M: rk = xk / M.
a. Using a=69069, M=232, and x0=a, generate N=10000 pseudo-random numbers {rk}. Demonstrate that they are uniformly distributed on the interval from 0 to 1, by “binning” the rk values into a histogram with 20 bins. You can use the built-in Matlab function “hist” to make the histogram (look up “help hist” for details).
b. Show that successive rk values are statistically independent (uncorrelated), by plotting rk+1 vs. rk.

2. Use Matlab’s pseudo-random number generator “rand” to calculate the volume of a sphere with a radius of 1, centered at the origin. First, generate random coordinate triplets (x, y, z) satisfying -1≤x≤1, -1≤y≤1, -1≤y≤1 (obviously, the corresponding points will lie inside a cube with a side length of 2). Then, calculate the fraction of the points lying inside the sphere, relative to the total number of points. For large number of random points, this fraction should clearly approach the volume ratio Vsphere / Vcube. Since we know the volume of the cube, Vcube, we can use this result to calculate the volume of the sphere, Vsphere. Use this method to calculate Vsphere with N=1000, 5000, 10000 and 50000 points. Compare your findings with the exact result.
3. In this exercise you will use random numbers to calculate the area of an ellipse:
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Assume that a=2 and b=1 (these quantities are called the ellipse’s semi-axes).
Generate a sequence of N random coordinate pairs (x, y) that fall inside the rectangle in the diagram ([-a, a]×[-b, b]). Determine whether each point lies inside or outside of the ellipse (by computing x2/a2 + y2/b2). In the limit of infinitely large N, the following relationship holds:
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where Srectgle is the rectangle area. Use this formula to find Sellipse, for values of N increasing like N=4m, with m=1:9. Plot Sellipse as a function of m. Make a conjecture about the exact value of Sellipse.
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