Frequency-domain Analysis:
Energy Signals

(Chapter 2: 2.2)

 The Fourier transform represents an energy signal as the
Infinite sum of “oscillations” in a (continuous) spectrum of

frequencies.
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Frequency-domain Analysis:
Energy Signals

» Fourier series — periodic signals

® :lxn | ° Ararg(xy )
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Frequency-domain Analysis:
Energy Signals

e Fourier transform — energy signals

[ X(H)

\ arg(X(f))
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Frequency-domain Analysis:
Energy Signals

inverse Fourier

e Fourier transform / transform

+00

X (t) = j X(f) eI Ztdf = F-1 (X (F))

Fourier transform

and /

X(f) = Foox(t) e/ #Mtdt = F{x(0))
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Example a)

x(t) A 1
1 0<t<Ty
t) =
x(t) {O elsewhere > ¢
Tp
TP . .
X(f) = f e/ 2t dt = Tp sinc(f Tp)e ™/ ™TP
0
/ A 1X(D)
See textbook Tp
R oz 3/

N;E;ience&ﬂechnology University THE EDGE IN KNOWLEDGE



Example b)

x(t) = A sinc(At) (e
J—Am | \ Imﬂ ¢
3 2 1 1\/2 3
A A A A A A
A
< — X(f)
0 elsewhere
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Properties of the Fourier Transform

1) If x(t) is real
X(f) = X*(—=f) orequivalently:
Hermitian

{ I X(OI = 1X(=NI  symmetry
arg(X(f)) = —arg(X(—f)) -

EX.: Rectangular function, sinc
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Properties of the Fourier Transform

2) If x(t) is real and even (i.e., x(t) = x(—t))
—> X(f) Isreal and even (X(f) = X(—f))
EX.: sinc, rectangular function centered att = 0
3) If x(t) is real and odd (i.e., x(t) = —x(—t))

— X(f) is real and odd (i.e., X(f) = —X(—f)))
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Properties of the Fourier Transform

4) Rayleigh theorem
+00 +00
E, = f (D)2 dt = f X(P)I2 df

Remark: Energy can be calculated both in time and
frequency domains

F A
Ex.: x(t) = A sinc(At)«—s X(f) = { 1 F1=3
0 elsewhere
E, =
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Properties of the Fourier Transform

5) Delay

Flx(t =0} = X(f) e™1 27

Remark: A delay in time domain causes a linear phase shift
In the frequency domain
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Properties of the Fourier Transform

EX.: 4x(0

X(f) = Tpsinc(fTp)e ™/ ™Tp

F {x (t + %P)} = Tp sinc(fTp)
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Properties of the Fourier Transform

6) Freguency translation

Fla@e 2t} = X(f - fe)

Ex.. x(t) = sinc(t) x(t)el 2™t = x(t) cos(2nf.t)
1 x() +jx(t)sin(2mf,t)
1Hf ]‘wx(t) cos(2mf,t)

fH }H

j i
/—\ /\ \QHW@V@W%;{ R;‘f A/ /ﬂ\ﬁmﬂ\
—\/—Z\J—l 1\J2 \uéj t ; RU) \j
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Properties of the Fourier Transform

M

T f
2 2

A 1

X(f~£) =

} >
0 A f
Tl 2
fc_z fc+§

Remark: The operation of multiplying by e’ 2™/t is called
“upconversion” in communication systems.
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Properties of the Fourier Transform

e Additional facts to know about the Fourier transform

a) Pages 2.10-2.11: further properties

b) Pages 2.14-2.16: defining the bandwidth of a signal

THE EDGE IN KNOWLEDGE




Energy Spectrum and Correlation
Function

« Energy spectrum of a signal x(t)

G.(f) = |X(H|? energy spectral
density|J/Hz]

 Measures the energy of the signal at frequency f.
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Energy Spectrum and Correlation
Function

* Integrating across all frequencies, we obtain energy of the
signal:

+ 00

Fo=| G df

+ 0o

- f X(P)I2 df
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Energy Spectrum and Correlation
Function

Ex.: x(t) = Asinc(t)

Gx(f) —

THE EDGE IN KNOWLEDGE



Energy Spectrum and Correlation
Function

« Correlation function of a signal x(t)
+co
R, (1) = f x(t)x*(t —1)dt

 Measures the correlation between x(t) and x(t — 1) (i.e.,
x(t) delayed by 7)

o FiRy (D)} = Gx(f)
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Energy Spectrum and Correlation
Function

* Properties of the correlation function
+ 0
Re(0) = [ (P de =,

R,.(t) = Ry(—1) Hermitian symmetry

IR, ()] <R,(0) fort+#0

THE EDGE IN KNOWLEDGE



Energy Spectrum and Correlation

Function
_ (1 0<t<1 x(t) A
Ex.x(t) = { 0 elsewhere :
Calculating R, (7): 0 1 7t
.
x(t)\\) [x(t — T)
Area marked 5 &% 1 T ¢t
in yellow \
400
1—|7| for ] <1
R = t t —1)dt = {
x(7) f_oo x(0)x(t =) 0 otherwise
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Energy Spectrum and Correlation

Function
Ry (7)
T—E =1
-1 1 >T

« All properties above are satisfied (check!)
« Correlation decreases linearly as |t| increases
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Fourier Series as a Fourier
Transform

 The Fourier transform has been defined only for energy
signals and hence does not apply to periodic signals. Can
we extend this definition to include also the Fourier series
as a special case?
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Fourier Series as a Fourier
Transform

* |mpulse function: —

5(t—ty) =0 forall t + ¢t
A

6(t—ty) T too
I f f@®)o(t—to)dt=f(to)
> [ —
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Fourier Series as a Fourier
Transform

e Fourier series

+ 0o
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Fourier Series as a Fourier
Transform

e For a periodic signal x(t), define the Fourier transform as

+ 00

X(f) = Zooxna(f—g)

T’“H f 5]

THE EDGE IN KNOWLEDGE



Fourier Series as a Fourier
Transform

e With this definition, we get

x(6) = FH{X ()}

- X df

+oo I o
= | D ms(r-g)errar
o L

continued on next slide...
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Fourier Series as a Fourier
Transform

e With this definition, we get
+ 00

5[5l

n=—oo

+ 0o

v Q2 _
n which coincides with Fourier series

n=—oo
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Examples

a) x(t) = cos(2mft)

1 AX() 1
I_E I 2
>
—fc fe f
b) See Ex. 2.27 for train of rectangular pulses
Ax(t)
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