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Abstract—In this paper we explore some dynamic characteristics of the envelope of a
bandpass Gaussian process, which are of interest in wireless fading channels. Specifically, we
show that unlike the first derivative, the second derivative of the envelope, which appearsin a
number of applications, does not exist in the traditional mean square sense. However, we prove
that the envelope is twice differentiable almost everywhere (with probability one), if the power
spectrum of the bandpass Gaussian process satisfies a certain condition. We also derive an
integral-form for the probability density function of the second derivative of the envelope,

assuming an arbitrary power spectrum.

Index Terms—Envelope, Envelope second derivative, Gaussian process, Rayleigh process, Mean
square differentiability, Almost everywhere differentiability, Differentiability
with probability one, Fading channels.

List of figure captions:

Fig. 1. Thejoint probability density function of R" and @' for two different power spectra:
Upper: Exponential non-symmetric spectrum w, (f) =exp(f - ), —-2<f-f_ <2,

Lower: Gaussian symmetric spectrum w, (f) =exp[—(f — f,)?], —-1<f-f <1.

Fig. 2. The probability density function of R" for two different power spectra:
Upper: Exponential non-symmetric spectrum w, (f) =exp(f - f.), —-2<f-f_ <2,

Lower: Gaussian symmetric spectrum w, (f) =exp[—(f — f,)?], —-1<f - f <1.

Fig. 3. The joint probability density function of R and R" for the Gaussian symmetric spectrum
w (f) =exp[~(f - f,)2], -1<f~f, <1.
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I. INTRODUCTION

The envelope of a bandpass Gaussian process is a slowly varying process that conveys useful
information about the Gaussian process. For an arbitrary power spectrum, the envelope has a Rayleigh
probability density function (PDF) [1], while it has been shown by several authors, independently, that
its first derivative has a Gaussian PDF [2] [3] [4] [5] [6]. However, only the conditional PDF of the
envelope second derivative has been studied so far, assuming an even-symmetric power spectrum [7].
On the other hand, in many real world cases such as wireless propagation channels where the
scattering of waves might be nonisotropic, experimental results have shown that the underlying
random process has a nonsymmetric power spectrum in general [8]. So, the assumption of having a
power spectrum which is not necessarily even-symmetric is far from being of just intellectual or
theoretical interest and we need to take into account this fact in deriving the PDF of the envelope
second derivative.

The first derivative of the envelope can be shown to exist in the mean square (MS) sense.
However, we prove that the second derivative does not exist in the MS sense. It seems that this fact has
been overlooked in those studies [1] [7] [9] [10] [11] [12] where the second derivative of the envelope
has been of concern. Obviously, until it can be demonstrated that the envelope is twice differentiablein
some sense, it is meaningless to talk about its PDF and the associated statistical properties. In this
paper we show that the second derivative of the envelope exists almost everywhere (AE). Using the
equivalent terminology, the envelope is twice differentiable with probability one. This allows usto talk
about the PDF of the envelope second derivative and its statistical characteristics.

The rest of the paper is organized as follows. In Section 1l we prove that the envelope is twice
differentiable in the AE sense and not the MS sense. In order to derive the PDF of the envelope second
derivative for the genera case, i.e.,, an arbitrary power spectrum, we derive the joint PDF of the
envelope and phase and their first two derivatives in Section I11. Then we show that the PDF of the
envelope second derivative can be expressed in terms of a single-fold integral, which cannot be solved
anaytically and needs to be computed numerically. The paper concludes with a summary given in

Section V.
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1. SECOND-ORDER DIFFERENTIABILITY OF THE ENVELOPE

According to the Rice' s representation [13] [14], a stationary, bandpass, and zero-mean Gaussian

process | (t) can be written as:

I (t) =1.(t)cos2rrf t— 1 (t)sin27f t, Q)
where f_ isarepresentative midband frequency, and 1(t) and | (t) aretwo joint stationary, lowpass,
and zero-mean Gaussian processes. Using the polar representation we obtain:

| (t) = R(t) cog[277f, t + O(t)], 2

inwhich R(t) and O(t) arethe envelope and phase of 1(t), respectively, defined by:

Rt =120 +12(t) ,  tanO(t) = 1,(t)/1.(1). 3)

In order to investigate the first- and the second-order MS differentiability of R(t), we need the
autocorrelation function of R(t), Ox(7) = E[R(t)R(t + )], givenin p. 170 of [15]:

DR(T)=%2F1(%1%1:JJPF(T)) 4

where b, isthe nth spectral moment of 1 (t):
b, = (27)" [T (f = f)"w, (f)df , (5)

and w (f), f =0, is the one-sided power spectrum of I(t), concentrated around f  and with a

bandwidth much smaller than f_. In Eq. (4), 2Fl(.,.;.;.) is the hypergeometric function [16],

o) (r)=w/gz(r)+h2(r)/b0, where g(7) = E[I (). (t+7)] =E[I (t)I,(t+7)] is the autocorrelation
function of both I (t) and 1.(t) in (1), whereas h(r) = E[I_(t)I (t +7)] =-E[I ()l . (t+7)] is the
crosscorrelation function between 1 (t) and I.(t). According to [1], g(7) and h(r) can be expressed

intermsof w, (f):

9(7) = | w (f)cosf2r(f - )] ff ,

h(r) =I: w, (f)sin[277(f - f,)7] df . (6)
We assume that both g(7) and h(r) are differentiable up to order four.

Based on the following relations, obtained according to (5) and (6):
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9(0)=h,, 9(0=0, §(O)=-b, G0)=0 g“(0)=b, @

h©0)=0, h(O)=h, h(©O)=0, h(©0)=-b, h*(0)=0,

it can be easily verified that:

£ (0) =1,

£,(0) =0,

. ooy = b+

(0) =——,

£ (0) b,

£,(0) =0,

|<4>(0):&—4%+6 bf_k;z_3 &i (8)
b b by by

where dot denotes differentiation with respect to 7. Now we list some properties of the

hypergeometric function [16], which we need in the sequel:

-1 -1 11 4
F _l_; 1 = F _1_1211 =_1
“(2 2]’j“(22 ]n

4

1 11
;l‘zzj=§ {ZE(EE;Z;ZZ} zzﬂ.

Let b, #0, whereas b, up to b, are finite real numbers. Since R(t) is a wide sense stationary

33
BEES

2’2" ®)

process, it is MS differentiable if and only if O,(7) is twice differentiable at 7 =0 [13] [14] [17].

Based on (4), (8), and (9) we obtain:

.. _ - 2
[1.(0) = -2 ! ,
=(0) |

(10)

which demonstrates the MS differentiability of R(t) as |,(0)|<c . Similarly, R(t) is twice MS

differentiable if and only if the fourth derivative of [;(7) existsat 7 =0. However, according to (4),

(8), and (9), we obtain the following relation:

. d? -1 -1
D&;“(O):%{s §O = ZF{??;szJ

z=1

d -1 -1
+ p?(0) pre 25(77?31’ 22] (1)

J
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which simplifies to 0 (0) = . Hence, R(t) is not MS differentiable, twice. Notice that the identity
O (0) =0&(0) [14] yields E[R"?] = . On the other hand, a simple expression is given in [7] for
E[R'?|R], assuming an even-symmetric power spectrum. By averaging this result with respect to R,
we obtain E[R"?] = for an even-symmetric power spectrum, in agreement with our finding for the
more general case of an arbitrary power spectrum.

So far, we have shown that the envelope is not twice MS differentiable. Nevertheless, in the

following theorem, we prove that the envelope istwice AE differentiable:

Theorem: For the stationary, bandpass, and zero-mean Gaussian process | (t) in (1), with the

one-sided power spectrum w, (f), let:
[ Tf =t P w (F)df <eo, (12)

for some real a >0. Then R(t), the envelope of I(t), is twice AE differentiable. In other words,
R'(t) exitsamost everywhere (with probability one).

Proof: Let us define the Ilowpass-equivaent complex envelope of () as
Z@)=1.()+jl,(t)=R@t)exp[jO(t)], where j2=-1. Clearly, Z(t) is a complex, stationary,
lowpass, and zero-mean Gaussian process with the two-sided power spectrum w.(f)=w (f +f_),
concentrated around f=0, and the autocorrelation function
O,(r)=3E[Z°({t)Z(t+71)] = g(r) + jh(r), where * denotes the complex conjugate’. Based on (6), it is
easy to verify that w, (f) isthe Fourier transform of 0, (7). Using the new notation, the condition in
(12) can be expressed in terms of w, (f) as [* | f [**“w, (f)df <c.Based on Theorem 5.2 in p. 46 of
[17], O,.(r) =0%(7) is a continuous function. Since w,.(f) = (277f)*w, (f) [14], (12) implies that
ol fPw.(f)df <eo. Now, based on the continuity of 0,(r) and the convergence of
Il fPw.(f)df for somerea a >0 by hypothesis, Theorem 6.5 in p. 54 of [17] tells us that the
sample functions of the complex, stationary, lowpass, and zero-mean Gaussian process Z'(t) are

continuous with probability one.2 In other words, Z (t) istwice AE differentiable. This smply means

1 In this paper, the autocorrelation function of a stationary real process Z(t) is defined as 0, (r) = E[Z(t)Z(t + )],
whereas for a stationary complex process Z(t) , the definitionis O, (7) =1 E[Z" (1) Z(t + 7)] .

2 Strictly spesking, there exists a process equivalent to Z"(t) which possesses continuous sample functions with
probability one [17].
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that its real and imaginary parts, I (t) and 1(t), are twice AE differentiable as well. Notice that based

on the following relation, derived from (3):

R() = OO+ 1,010 (13)
R(t)
R'(t) existswith probability one, as 1 _(t) and I (t) exist with probability one.
To complete the proof, we take the derivative of (13) which yields:
n n !2 !2 — 2
R = DO+ LOLO 12O 120 -R*© 14

R(t)
Since we have shown that all the derivativesin (14), i.e., 1.(t), 1i(t), 1.(t), 1:(t), and R(t) exist with
probability one, we conclude that R'(t) exists with probability one as well. In other words, R(t) is

twice AE differentiable. Q.E.D.

The instantaneous power, defined by P(t) = R?(t), is a process of interest in some applications
[18] and inherits several properties of R(t) .3 According to [18], p. 60, the autocorrelation function of
P(t), defined by U (1) = E[P(t)P(t + 7)] , can be written as
0,(7) = 462 +4[g(r) + P(7)].
Since we have already assumed that both g(7) and h(r) are differentiable up to order four, the fourth
derivative of [0, (7) existsat 7 =0, which impliesthat P(t) istwice MS differentiable. Therefore, in
those applications where P(t) can be used in place of R(t), one can still employ the notion of MS
differentiability.

We end this section with an interesting observation. The derivative of the phasein (3), ©'(t), is

another process of interest in fading channels, as it represents the random frequency modulation (FM)

of the fading signal in wireless channels [20]. Similar to R'(t), it is proved in Theorem 9.3 in p. 73 of

[17] that ©'(t) existsin the AE sense and not the MS sense. Other examples of such a process can be

found in p. 537 of [21] and p. 67 of [22].

3 For example, every maximum of R(t) isamaximum of P(t). Thisfact isused in [19] to calculate the expected number
of maxima of R(t) , aproblem which is easier to solvefor P(t) .
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1. pm(r") FOR AN ARBITRARY POWER SPECTRUM
In this section, we concentrate on the PDF of the envelope second derivative, a process that we
proved to exist in the AE sense, and not the traditional MS sense. For t,, an arbitrary instant of time,
the  six dimensiona random vector Vo =[. 12 10 1 10 15, with

=1c), 1e=1(t), 1E=1i(), 1.=1(t), Te=1c(t), 1=1{(t), and T as the transpose

operator, is a Gaussian vector with zero mean-vector and the following covariance matrix [1]:

S o O 0 O
bb b -bb 0 O O
|- b b 0 0 0
M=l o b b b | (15)
0O 0 O -b b b
L 0 0 0 -b b b,
The PDF of V,_, can bewritten as:
N e
pvrect (Vrect) - 8/7°B exp( 2 Viea M Vrectj’ (16)
where M istheinverse of M . The adjoint of M , denoted by adj(M), isgiven by [1]:
'B, B -B, 0 0 0|
B B, -B O 0 0
i (M) = -B, -B, B, O 0 0 17
M= " 0 o & -8 -B (17)
0 0 0 -B B, B
L O 0 0 -B B B4J
where:
B=hybb, + 2bbb, ~b’ ~bb” -y %, = /det(M),
B, = (bb, - bsz) B,
B, = -(bb, —b,b,)B,
B, = (b, - bzz) B,
B, = (b, - bzz) B,
B, = -(byb; —bb,)B,
B, = (b, BB, (18)
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and det(M) isthe determinant of M . Clearly, adj(M) =det(M) M. Since the elements of V, ., are
linearly independent, det(M) >0 [14]. Similarly, B>0 as B is the determinant of the covariance
matrix of three linearly independent random variables |, I, and | . Moreover, using the Schwarz
inequality [14], it can be easily verified that B,, B,,, and B, are aso positive.

According to (3), it can be easily shown that [1]:

| = Rcos0O,

c

I!=R'sn®+ RO cosO,

S

|"=R'cos®-2RO'sn®-RO'?2cos® - RO"sinB,

Cc

|, =RsinG,

S

I"=Rcos®-RO'sinB,

c

|”=R'Sn®+ 2RO cos® - RO"2sin® + RO" cosO, (19)

S

where we have the six dimensional random vector V,,, =[R R R © © @', with
R=R(t,), R=R(,), R'=R'(,), ©6=0(,), ©=01(,), and 0"=0"(t,). The PDF of

V_,.. can bedetermined from the PDF of V . in (16) as:

polar rect

_ pv,m (Vpolar)
(Vpolar) - ‘J(Vpdar)‘ ’ (20)

inwhich J(.) isthe Jacobian [14] of the transformation V., — V. in (19):

J (Vpolar) = det(|:dvpolar,k/dvrect,l‘k:l ..... GjD =
(=1,...,6 det({

Based on (19), it can be shown that J(v,,, ) = -1/r®. So, by replacing Py, () in (20) with (16), and

Py

polar

1

(21)

after some algebraic manipulations, we obtain:

3

polar (Vpolar) = 87r73B exp( 2_812 Q(Vpolar )j ’ (22)

Py

where:
Q(Vpolar) = Bor2 + ZBerHI - 282(”'" - r2<9'2) + Bzz(r'Z + r20'2)
_283(_2r1291 + rrng: _ r2913 _ r_r,e,,)
+B,(r"2 +4r'20'2 = 2rr"@2 + 120 + 4rr'69" +r26"2). (23)

Notice that Q(V ) isindependent of &. Moreover, rearranging the termsin Q(v,,,, ) as:

polar
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Q(Vpyar ) = Byr 2 +2Br26 — 2B, (rr" —r26'?) + B,,r°6'2
=2B,(rr"@' —r?03)+ B,(r"? —2rr"@'? + r2g'%)
+(B,, +4B.@ +4B,8)r'2 + 2rr'(B, + 2B,8)8" + B,r26", (24)

reveals that as well as @, integration of Py,,. (Vpua ) With respect to 8" can be done easily according

to the following result in p. 307 of [23]:

j exp(-uz?2-vz)dz= \/:exp[—j u>0. (25)
- H au

Note that in our case p=B,r2/(2B%), which is positive. Hence, integration of Py, (Voo ) With

respect to 8 and 8" givesthe following result:

[ 27
Prrree (1,1, 1",6) = j . L:O Pv,.. (Voo ) d6E"

2
= Z]TXE 2_7Texp 1 & + 4830' + 4840'2 r'2
r\B, |2B?|B,

Bor?+2Br?d —2B,(rr" —r?gd'?) + B,,r’4'
X ex =2B.(rr"@ —r2@3) + B,(r"? - 2rr"@? +r28'%) ; |. 26
5775 ©| 757 | 2BTE 1) By ) (26)
+(B,, + 4B + 4B

Simplification of the above result yields:

Prerro (1,1 1",8) = Prro (1,1",8) Pe (1), (27)
where:
2 -1 |Byr?+2Br2g - 2B,(rr" - r?4'?) + B,r?g?
pRR"G)'(r’r"’HI) = ' ex L ) "Bl' ' 2( " ) " 122 ’ (28)
2m,/b,B 2B? | -2B,(rr"@ —r2@3) + B,(r"* - 2rr"@'? + r26'%)
1 -r'2

(r') = ex : 29
Pe (') oo p[méj (29)
and:

2 _ 2
é’ —_ B B4 — bObZ bl — B4 (30)

BB, - 832 bo boB .
To check the validity of (27)-(30), we consider some known results. Integration of (28) with respect to
r" and @' yields pg(r) =rexp(-r?/2h,)/b, [1], while after integrating (28) with respect to r and r”
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we obtain py (6) = (b, —b%) (0,82 — 268 +b,)#2/(2,/,) [9]. It is easy to verify E[R?] =2h, using
the expression given for p(r), which is equal to 0,(0), calculated according to (4) and (9). Also
notice that the identity O (0) = -(1(0) [14], in conjunction with (10), resultsin o2 = (b, —b?)/h, ,
in complete agreement with (30).

As can be deduced from (27) and (29), R is a Gaussian random variable, independent of R and
R". The Gaussianity of R and aso its independence of R have been reported in [2] [4] [5] [6] for an
arbitrary w, (f), while for asymmetric w, (f) about f_, these properties are given in [7] and p. 75 of
[24]. It may be worth mentioning that although the random variable R isindependent of R and R, it
does not necessarily mean that the random process R(t) is independent of R(t)and R'(t). For
example, as suggested by one of the referees, it can be easily shown that R(t) and R(t) are dependent
random processes. In fact, the crosscorrelation function between R(t) and R/(t), defined by
Oee (7) = E[RMOR(t+7)], is given by O (7) =04(7) [14], with O,(r) given in (4). Clearly,
E[R(t)R'(t +7)] is not identically zero, whereas E[R'(t+7)] =0 for al t and 7, according to (29).
Therefore, E[R(t)R'(t +7)] # E[R(t)]E[R'(t +7)], which implies that R(t) and R'(t) are dependent
random processes. Another example of this sort can be found in p. 170 of [15].

To obtain p..(r"), first we need to derive a closed-form expression for either pge. (r,r") or

Pro (I",8) . The bivariate PDF pg. (r,r") can bewrittenin termsof pgeo (r,r",8) in (28) as:

2 2 _ /] " . _ 4
o (11" = r = exp( B,r2—2B,rr" + Br j.[g'— exp( 1 S 6”‘jd6?' , (31)
- i=1

2m/hB ~2B? 2B? £

where:

8, =2(Br - By,
0, =[(By, +2B,)r - 2thrn]r’

J, = 2B,r?,

9, = B,r2. (32)

Theintegral in (31) has not been addressed in [23] and seems that cannot be written in terms of known
mathematical functions. However, in Appendix A we derive a closed-from expression for pge.(r,r"),

assuming an even-symmetric power spectrum. On the other hand, the bivariate PDF pg.. (r",8") can

be expressed in terms of pgeo (r,r",6) in (28) as:
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1 B2 13,
o (r",8) = exp| 24— r2ex Ari|dr, 33
P (1",6) = — B p(_ZszLO p(zszg' j (33)

in which:

Al = _2(82 + 839' + 849!2)rn’
A, =B, +2B& + (2B, +B,,)8'? + 2B,#° + B,&"“. (34)

Since the covariance matrix M in (15) is positive definite, its adjoint, given in (17) is positive definite
as well. This implies that for any nonzero vector x, we have x" adj(M) x >0. The particular vector

x=[-1 -8 &2 0 0 Q] yidds x"adj(M) x=A, >0, which holds for any . On the other

hand, we have the following result given in p. 338 of [23]:

) — 2 2
J' zZZexp(-uz> - 2vz)dz= V2+ ESZV +’uexp(v—jerfc v , M>0, (35
0 w2 w4 U Ju

where:

efc(z) = 1—%j:exp(—sz)ds.

Notice that the convergence condition x>0 in (35) corresponds to A, >0 in (33). Therefore, based
on (35), the bivariate PDF pg. (r",8") can be obtained by simplifying (33) to:

—83/2/1 B rnz B5/2 /‘2 AZ /]I‘"Z
o (" 8) =— "L exp| —— |+ 1+ |efc| |[——1— |ex (36
Pro ( ) 477b(])/2/122 p( _ZBZJ gy na/zbé/z/]g/z [ 4B24, j L 8B%4, J p[ _282/12} (%9

where;

A=B,B,-B:+2(BB,-B,B,)d +(B,B, —B)&"?.

Note that the discriminant of the quadratic equation A(@)=0 can be shown to be
-4B,,/det(adj(M)) <0, which along with B,,B, - BZ=hB* >0, provesthat A >0 for any &. We
have aready shown the same property for A,. The two properties A >0 and A, >0 assure that the
second exponential function in (36) does not blow up as |r"| increases. In Fig. 1 we have plotted
Pro (r",8) for two different power spectras the exponentia non-symmetric  spectrum
w (f)=exp(f -f,), —-2<f-f <2, and the Gaussian symmetric spectrum

w, () =exp[—(f - f )%, —-1<f —-f_ <1. Apparently, it is not possible to derive a closed-form
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solution for p..(r") by integrating pg.o (r",8) in (36), assuming an arbitrary power spectrum. Hence

we leaveit as

Pe(") = [ Pro(r.6)dE. (37)
In Fig. 2 we have plotted p. (r") for the above exponential and Gaussian spectra

It may be argued that based on the following representations for R", a closed-form expression

may be obtained for p..(r"):

R(t, - h) - 2R+ R(t, + h)

R' = Ihlpg > (38)
R = limR LN -R (39)
h-0 h

The multivariate joint PDF of R(t) isgiven in [25] and [26], in two different complicated forms (see
also Theorem 6 in p. 37 of [27]). For the trivariate PDF, which we need in (38), the reader may refer to
p. 92 of [17], p. 67 of [28], or [29] (see aso [30]). However, deriving an expression for p..(r"), based
on the representation given in (38), seems to be very hard. On the other hand, a quick look at [31]

immediately reveals that even for a symmetric power spectrum, the bivariate PDF of R(t) is so

complicated that makes (39) useless for our purpose. So, neither (38) nor (39) help us in finding a

compact form for p..(r") interms of tabulated functions.

V. CONCLUSION

In this paper and for a bandpass Gaussian process with any power spectrum, we have shown that
the envelope second derivative does not exist in the mean square sense. However, we have proved that
the envelope is twice differentiable almost everywhere (with probability one), provided that the power
spectrum of the Gaussian process meets a certain condition. We have also derived an integral-form for
the probability density function of the envelope second derivative. One immediate application of the
results of this paper is the characterization of the dynamic behavior of multipath fading channels [32]
[33], where the derivatives of the envelope and the associated probability density functions are of

concern.
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APPENDIX A
Peee (F,1") FOR AN EVEN-SYMMETRIC POWER SPECTRUM [34]

When w, () has even symmetry about f_, weobtain b =b, =0 and then B, = B, =0. For this

particular case, the integral in (31) can be expressed in terms of the parabolic cylinder function,

available in standard mathematical softwares such as Mathematica®©.

For a symmetric w,(f) we have o, =9, =0 in (32). According to the following relation in p.

337 of [23]:
® k-1 — 2 _ — -k/2 T_z L
jo Zrexp(-pz2 -12)dz=(2p) /I'(/()exp(8ij_K(\/$], p>0,k>0, (A.1)

and after the simple change of variable z=¢? we obtain:

[ ¢ texp(-p¢t - 1¢7)¢ = %(2,0)-K/2r(x)exp[%] D., [Lj p>0,k>0, (A2)

2p

where I'(.) is the gamma function and D_, (.) is the parabolic cylinder function of order —« . For

k =1/2, the above integral reduces to Eq. (15) of [10], if we express D_,() interms of the modified

Bessdl functions of the first and the second kind. However, application of the parabolic cylinder

function results in a more compact expression. Using (A.2), integration with respect to €' in (31) can

0 (r ") = r2 eXp(Borz—ZBzrr"+B4r"2jexp 0, b o,
T 2dm o, B —2B? 16829, | ~*| 2B\5, )

After replacing B, B,, B,, B,, and B, with b,’saccording to (18) and also replacing o, and 9,

be easily carried out:

by their definitionsin (32), we finally obtain:

" — r3/2 __1 E "2 — " 2b0b4_b2b22 2
pRR”(rlr ) 277;/2b03/4b21/2cl/4 exp£20{ 2 r +b2(2 b)rr + 2b0 r

«D | PP [P
D_l(\/@r Cr], (A.3)

2

where;
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_1.,_bb
b—§(3 b ),

c=hb, -b’. (A4
Note that according to the Schwarz inequality b<1 and ¢ > 0. In Fig. 3 we have plotted pg. (r,r") for
the Gaussian symmetric spectrum w, (f) =exp[—-(f - f)?], -1<f - f_<1.
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Exponential non—symmetric spectrum
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Fig. 1.

The joint probability density function of R" and @' for two different power spectra
Upper: Exponential non-symmetric spectrum w, (f) =exp(f — f.), —-2<f-f <2,
Lower:

Gaussian symmetric spectrum w;, (f) =exp[—-(f — f)?], -1<f - f <1.
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Fig. 2. The probability density function of R" for two different power spectra:
Upper: Exponential non-symmetric spectrum w, (f) =exp(f - f), —-2<f-f_ <2,

Lower: Gaussian symmetric spectrum w, (f) =exp[—(f — f,)?], —-1<f - f <1.
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Gaussian symmetric spectrum
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