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Stochastic Fading Channel Models with
Multiple Dominant Specular Components

Juan M. Romero-Jerez, F. Javier Lopez-Martinez, Juan P. Peña-Martı́n and Ali Abdi

Abstract— We introduce a comprehensive statistical charac-
terization of the multipath wireless channel built as a superpo-
sition of scattered waves with random phases. We consider an
arbitrary number N of specular (dominant) components plus
an undetermined number of other weak diffusely propagating
waves. Our approach covers the cases in which the specular
components have constant amplitudes, as well as when these
components experience random fluctuations. We show that this
class of fading models can be expressed in terms of a continuous
mixture of an underlying Rician (or Rician shadowed) fading
model, averaged over the phase distributions of the specular
waves. The proposed model parameters can be adjusted to tailor
the statistical distribution of the received radio signal power to a
wide variety of wireless scenarios, some of which are not covered
by other state-of-the-art stochastic wireless channel models. In
this regard, we verify that the proposed models accurately
fit experimental measurements for which their multi-modality
cannot be properly captured by other current stochastic models.
It is shown that the fluctuations of the specular components
have a detrimental impact on performance, and it is formally
demonstrated that the lower error rate is obtained when the
signal power is concentrated on a single specular component,
regardless of whether it fluctuates or not.

Index Terms—Wireless channel modeling, statistical charac-
terization, multipath propagation, small-scale fading.

I. INTRODUCTION

With the advent of every new generation of mobile com-
munications, the need for providing high data rates with a
low latency and a high reliability pushes the very limits of
communication systems and techniques as we know them.
The huge variety of use cases considered for 5G [1], which
include device-to-device, machine-to machine and vehicular
communications, among many others, entails that such per-
formances are attained in rather dissimilar situations. Because
the nature of the wireless channel strongly depends on the
operation environment, an accurate characterization of these
new wireless propagation scenarios is required.
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A. Related work

There has been a great deal of effort in the development
of advanced channel models in the context of 5G, aiming
to incorporate the geometry of transmitter, receiver and the
environment into the channel model [2, 3]. This approach,
which combines geometric aspects together with stochastic
channel modeling, is useful to recreate realistic propagation
conditions in a synthetic form. However, due to the large
amount of parameters involved in their definition, their use
for predicting the behavior of wireless communication systems
operating in these environments is far from practical.

In the most general set-up, the received radio signal is
formed by the superposition of a set of individual waves,
each of which may have a different amplitude and phase
[4]. With this formulation, and based on the assumption of
a sufficiently large number of received waves, the central
limit theorem (CLT) applies and the classical Rician and
Rayleigh fading models emerge for the cases when, respec-
tively, there is or there is not a dominant wave. In case that
such condition does not hold, the distribution of the received
signal largely differs from a Gaussian-like distribution. The
statistical characterization of the wireless channel where the
CLT does not fully apply becomes relevant again today in
the context of 5G: for instance, in mmWave communications
the diffuse scattering is reduced and only a finite number of
multipath components arrives at the receiver [5]. Similarly,
the consideration of ray-based fading models has an important
impact in the tail behavior for ultra-reliable and low-latency
communications [6] or physical layer security [7]. Recently,
the use of intelligent reflecting surfaces to modify at will the
amplitudes and phases [8, 9] of the scattered waves to improve
the system performance also justifies the need for a deeper
knowledge of the statistics for the equivalent channel.

The statistical characterization of the distribution of the
received radio signal is related to one of the key problems
in communication theory: the distribution of the sum of
N random phase vectors, which is also equivalent to the
random walk problem in general statistics. While this problem
has been addressed [10–13] by some of the most reputed
communication theorists, its inherent complexity makes it very
challenging to characterize its chief statistics. In the context
of stochastic channel modeling, it is worth mentioning the
pioneering works in [14, 15], which set the foundations for
later advances in the field [16–18]. From a practical perspec-
tive, manageable (although in integral form) expressions for
the probability density function (PDF) and the cumulative
distribution function (CDF) are only available for N = 2,
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giving raise to the popular two wave with diffuse power
(TWDP) fading model [16]. However, as a larger number
of specular components is considered, i.e., N > 2, the
numerical evaluation of the PDF and CDF becomes rather hard
[11]. Expansions based on Laguerre polynomial series [19],
multivariate hypergeometric functions or using the Hankel
transform (which requires an improper integration of a highly
oscillatory function) are no exception [20].

B. Contributions

In this paper, we present a new approach to the characteriza-
tion of wireless channels built as a superposition of N specular
waves plus a diffuse component1. The key contributions of this
paper can be listed as follows:

• By conveniently expressing the received signal power
in terms of an underlying conditional Rician-like distri-
bution, its PDF, CDF and moment generating function
(MGF) are obtained for any arbitrary N . The resulting
expressions require for the evaluation of definite integrals
(between 0 and 2π) of a smooth integrand.

• Our approach has additional benefits from a performance
analysis viewpoint, and allows for easily incorporating
a random fluctuation on the amplitude of the specular
waves, thus generalizing the class of fading models
defined in [18] for arbitrary N .

• It is shown that dramatic modifications in the distribution
of the radio signal power can be obtained from the
proposed models when N = 3 with respect to that of
well known models for N = 1 and N = 2. This allows
the proposed models to be applied to a wider range of
wireless scenarios.

C. Organization of the paper

The remainder of this paper is structured as follows: the
physical underpinnings of a ray-based fading model with
constant-amplitude specular components is introduced in Sec-
tion II, and its statistical characterization is then carried
out in Section III in terms of its PDF, CDF and MGF.
Then, in Section IV, the proposed model is generalized to
consider random fluctuations of the specular components. A
formal proof that the lowest MGF is obtained when there
is a single specular component is presented in Section V,
which has important implications in the achievable error rates.
Performance of wireless communication systems operating
under these fading models and empirical verification with field
measurements are exemplified in Section VI. Finally, the key
conclusions are summarized in Section VII.

1We note that these channels differ from the multiple-order scattering
fading (MOSF) models proposed in [21, 22]. The MOSF models are built as
a combination of a single dominant specular component and a finite number
of increasing-order scattering terms associated to the diffuse component of
the fading model. This provides a wider flexibility in circumstances where the
central limit theorem does not apply for the diffuse component –e.g. in the
case of keyhole propagation – at the expense of a prohibitive mathematical
complexity. In this sense, the family of N -wave fading models here analyzed
and the family of MOSF models are different by construction, as they are
targeted to model different propagation conditions

II. SYSTEM MODEL

The signal in a wireless multipath fading channel can
be modeled as the superposition of a set of N dominant
waves, referred to as specular components, to which other
M diffusely propagating waves are added [16]. The received
signal can be expressed as

R exp(jφ) =

N∑
i=1

ai exp (jθi) +

M∑
i=1

Ai exp (jφi)︸ ︷︷ ︸
Ad=X+jY

, (1)

where ai exp (jθi) represents the i-th specular component,
which is assumed to have a constant amplitude ai and a uni-
formly distributed random phase θi, such that θi ∼ U [0, 2π),
where the random phase variables of each specular component
are assumed to be statistically independent. Under the assump-
tion that the diffuse received signal component is due to the
combined reception of numerous weak, independently-phased
scattered waves, then the CLT applies for this component
and hence we can approximate the last term in (1), i.e., Ad,
as a complex Gaussian random variable, such that X,Y ∼
N (0, σ2). Let Ω0 denote the average power of the diffuse
component. Thus, we can write E{|Ad|2} = Ω0 = 2σ2, where
E [·] denotes the expectation operator.

We note that the model described in (1) includes the
Rayleigh fading model as a special case for N = 0, i.e.,
no specular component is present. For N = 1, i.e., a single
dominant specular component, we have the Rician fading
model. The case in which there are two dominant specular
components (N = 2) is usually referred to as the TWDP
fading model, originally proposed by Durgin, Rappaport and
de Wolf [16]. Our aim will be pursuing the statistical charac-
terization of the model in (1) for arbitrary N . For consistence
with the usual nomenclature in the context of fading channel
modeling, this will be referred to as the N -Wave with Diffuse
Power (NWDP) fading model.

III. STATISTICAL CHARACTERIZATION OF NWDP FADING

A. Calculation of the PDF and CDF

Let us define the superposition of the specular components
as

BN exp(jΨN ) ,
N∑
i=1

ai exp(jθi), (2)

where BN and ΨN denote the resulting amplitude and phase,
respectively, of the additive combination of the dominant
specular components, so that (1) becomes

R exp(jφ) = BN exp(jΨN ) +Ad. (3)

Note that according to [23] the distribution of R is indepen-
dent of the distribution of ΨN , thanks to the circular symmetry
of Ad. Conditioned on BN , we have that R follows a Rician
distribution, and its PDF will be given by

fR|BN
(r|BN ) =

2r

Ω0
exp

(
−r

2 +B2
N

Ω0

)
I0

(
2BNr

Ω0

)
, (4)

where I0(·) is the zeroth-order modified Bessel function of
the first kind.
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Let us define

PN , B2
N =

(
N∑
i=1

ai cos(θi)

)2

+

(
N∑
i=1

ai sin(θi)

)2

, (5)

which can be rewritten, with the help of the multinomial
theorem, as

PN = ΩN + 2
∑
∆N

aiak cos(θi − θk) (6)

with ∆N = {(i, k) : i < k, i = 1...N − 1, k = 2...N}, and
where ΩN denotes the total average power of the specular
components, verifying

ΩN , E [PN ] =

N∑
i=1

a2
i . (7)

Let us define the power envelope of the received signal
U , R2. The PDF of U will be obtained by averaging over
PN as

fU (u) = EPN

[
1

Ω0
exp

(
−u+ PN

Ω0

)
I0

(
2

Ω0

√
PNu

)]
,

(8)
and the CDF will be given by

FU (u) = 1− EPN

[
Q

(√
2PN
Ω0

,

√
2u

Ω0

)]
, (9)

where Q(·, ·) is the first-order Marcum Q-function. Similarly,
and leveraging the asymptotic approximation for the Rician
CDF in [24], we can also obtain an asymptotic expression for
(9), as the total average power Ω = ΩN + Ω0 →∞

FU (u) ≈ u

Ω0
· EPN

[
exp

(
−PN

Ω0

)]
=u(KN+1)

Ω exp (−KN )Ef(θ)

[
exp

(
− f(θ)

Ω0

)]
, (10)

with f(θ) = 2
∑
∆N

aiak cos(θi − θk) as in (6), and where we

used KN = ΩN/Ω0 as a generalization of the Rician K factor.
From (10) we see that the diversity order (i.e. the exponent of
u/Ω) is one ∀N , and the power offset (i.e., the scale factor
of u/Ω) depends on the power of the dominant components
in a very simple form. These are new results in the literature
to the best of our knowledge.

Without any loss of generality, let us assume that θ1 = 0.
From (5) and (6), averaging over PN is equivalent to averaging
over θ2, ..., θN , i.e., N − 1 nested integrals in the interval
[0, 2π) need to be computed. This kind of computation is
rather common in communication theory [25] and actually
does not pose any numerical challenge to our results because
the integrand is a continuous bounded function and the inte-
gration interval is finite. In addition, the case N > 4 will rarely
need to be considered, as the proposed model will rapidly
converge to either Rayleigh or Rician fading (depending on
whether or not the underlying complex Gaussian random
variable has zero mean) by virtue of the central limit theorem
[16, 20].

The results in this section indicate that the distribution of
the NWDP fading model can be viewed as an underlying

Rician distribution with a continuously varying power of the
specular component, which is given by the random variable
PN . This indicates that any performance metric for the NWDP
fading model can be calculated from existing results for
Rician fading by averaging over PN (or, equivalently, over
θ2, ..., θN ). We will now see that the calculation of the MGF
becomes simpler than the PDF and CDF expressions, since
additional manipulations will allow to eliminate one nested
finite-integral. This implies, for instance, that the case with
N = 2 dominant specular components can be obtained in
closed-form, whereas N − 2 finite-range integrations need to
be performed for arbitrary N > 2, i.e. a finite-range single
integral will need to be computed for N = 3 and an easy-to-
compute double integral will be required for N = 4.

B. Calculation of the MGF

The MGF of the envelope power U , conditioned on the
instantaneous power of the specular components, PN , can be
calculated as

MN (s|PN ) =

1

Ω0

∫ ∞
0

exp

(
su− u+ PN

Ω0

)
I0

(
2

Ω0

√
PNu

)
du

=
1

1− Ω0s
exp

(
PNs

1− Ω0s

)
.

(11)

It has been shown in [26] that PN can be computed
recursively as

PN = PN−1 + a2
N + 2aN

√
PN−1 cos (θN −ΨN−1) , (12)

where P0 = 0. Therefore, we can express the MGF of U
conditioned on PN−1, θN and ΨN−1 as

MN (s|PN−1, θN ,ΨN−1) =
1

1− Ω0s

× exp

((
PN−1 + a2

N + 2aN
√
PN−1 cos (θN −ΨN−1)

)
s

1− Ω0s

)
.

(13)

Considering that I0 (x) = 1/(2π)
∫ 2π

0
exp (x cos (β − ξ))dξ,

the dependency on θN and ΨN−1 can be eliminated in (13)
by computing

MN (s|PN−1) =
1

2π

∫ 2π

0

MN (s|PN−1, θN ,ΨN−1)dθN ,

(14)
yielding

MN (s|PN−1) =
1

1− Ω0s
exp

((
PN−1 + a2

N

)
s

1− Ω0s

)

× I0
(

2aN
√
PN−1s

1− Ω0s

)
.

(15)

The unconditional MGF will thus be given by:

MN (s) =
1

1− Ω0s

× EPN−1

[
exp

((
PN−1 + a2

N

)
s

1− Ω0s

)
I0

(
2aN

√
PN−1s

1− Ω0s

)]
.

(16)
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The recursive expression of PN given in (12) was helpful
to obtain (16); however, the practical use of (12) in order to
perform the expectation operation in (16) can be cumbersome.
A more practical expression of PN for this purpose is given
in (6). We note that the MGF of the pure N -Ray model (i.e.
without diffuse component) is obtained as a by-product by
setting Ω0 = 0, i.e.:

MN (s)|Ω0=0 = ea
2
NsEPN−1

[
esPN−1I0

(
2aN

√
PN−1s

)]
,

(17)
which is another new result.

For N = 1 no averaging is needed and, as expected,
(16) collapses to the well known MGF of the squared Rician
distribution, i.e.

M1(s) =
1

1− Ω0s
exp

(
a2

1s

1− Ω0s

)
. (18)

When N = 2, since P1 = a2
1 is a constant, there is no need

to average, and (16) results in

M2(s) =
1

1− Ω0s
exp

((
a2

1 + a2
2

)
s

1− Ω0s

)
I0

(
2a1a2s

1− Ω0s

)
,

(19)

which is the MGF of a squared TWDP distribution, derived
in [17] for the first time. By comparing (16) and (19) it
can be concluded that the distribution of the NWDP fading
model can also be viewed as the distribution of the TWDP
fading model with continuous varying power of one of the
two specular components, which is given by the random
variable PN−1. Therefore, any performance metric for the
NWDP fading model can be calculated from existing results
for TWDP fading by averaging over PN−1 or, equivalently,
over θ2, ..., θN−1, thus involving N−2 integrations. Although
there are less closed-form known expressions of performance
metrics for the TWDP fading as compared to Rician fading,
some relevant closed-form results were presented in [27] for
the TWDP fading model.

When N = 3, the MGF can be efficiently calculated by
performing a finite-range integral in [0, 2π), as in this case,
from (16), we can write

M3(s) =
1

1− Ω0s

× Eθ2

[
exp

((
P2 + a2

3

)
s

1− Ω0s

)
I0

(
2a3

√
P2s

1− Ω0s

)]
,

(20)

where P2 = a2
1 + a2

2 + 2a1a2 cos θ2.
Similarly, for N = 4, the MGF can be computed by

performing a double finite-range integral in [0, 2π), as in this
case we have

M4(s) =
1

1− Ω0s

× Eθ2,θ3

[
exp

((
P3 + a2

4

)
s

1− Ω0s

)
I0

(
2a4

√
P3s

1− Ω0s

)]
,

(21)

where P3 = a2
1 + a2

2 + a2
3 + 2a1a2 cos θ2 + 2a1a3 cos θ3 +

2a2a3 cos(θ2 − θ3).

IV. A GENERALIZATION OF NWDP FADING

The specular components in the general model in (1) have
constant amplitudes. We note that in some instances, variations
in the amplitudes of the dominant specular components occur.
This phenomenon has been considered in some scenarios and
validated with field measurements: these are the cases of
the Rician shadowed fading model [28] or the Fluctuating
Two-Ray (FTR) fading model [18], where the amplitudes
of the specular components are assumed to be modulated
by a normalized gamma random variable2. Generalizing this
approach, we can write:

R exp(jφ) =

N∑
i=1

√
ζai exp (jθi) +X + jY, (22)

where ζ is a unit-mean Gamma distributed random variable
with PDF

fζ (u) =
mmum−1

Γ (m)
e−mu, (23)

where m is the shape parameter in charge of modelling the
severity of the fluctuation of ζ. For instance, low values of m
are associated with a more severe fluctuation, whereas large
values of m indicate a milder fluctuation. Note that we are
considering the same fluctuation for the specular components,
which is a natural situation in different wireless scenarios in
which the scatterers are in the vicinity of the transmitter and/or
the receiver, as discussed in [18].

The wireless channel model given in (22)-(23) for the
particular case when N = 1 corresponds to the Rician sha-
dowed fading model [28] and when N = 2 corresponds to
the FTR fading model [18]. For the sake of shorthand no-
tation, and in coherence with the standing nomenclature in
wireless channel modeling, this general ray-based model with
fluctuating dominant specular components will be referred
to as the Fluctuating N -Ray (FNR) fading model and, to
the authors’ knowledge, its statistical characterization has not
been presented for N > 2 in a tractable form [20].

A. Calculation of the PDF and CDF

Let us define PN as in (5) and (6). Conditioning on PN , and
following the same rationale as in the previous Section, the
FNR fading model reduces to a conditional Rician shadowed
fading model. Thus, using [28, eq. (6)] the distribution of the
received power envelope of the FNR model will be given by

fU (u) = EPN

[(
Ω0m

Ω0m+ PN

)m
1

Ω0
exp

(
− u

Ω0

)
× 1F1

(
m; 1;

PNu

Ω0 (Ω0m+ PN )

)]
,

(24)

2Note that this is equivalent to consider that the specular components
experience a Nakagami fading, which is a well established wireless fading
model validated by field measurements [25].
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where 1F1(·) is the confluent hypergeometric function of the
first kind. With the help of [29, eq. (8)], the CDF can be
written

FU (u) =
u

Ω0
EPN

[(
Ω0m

Ω0m+ PN

)m
× Φ2

(
1−m;m; 2;− u

Ω0
;− mu

Ω0m+ PN

)]
,

(25)

where Φ2 is the bivariate confluent hypergeometric function
defined in [30, p. 34, (8)]. Note that when the fading parameter
m is a positive integer, then the PDF and CDF of the Rician
shadowed model are given in terms of a finite sum of powers
and exponentials [29]. In this situation, the consideration
of a random fluctuation in the specular components brings
additional benefits from a practical perspective, as the numer-
ical integration of these functions is always simpler than its
deterministic counterpart.

An asymptotic expression for the CDF similar to that in
(10) can be obtained using [31] as

FU (u) ≈ u

Ω0
· EPN

[(
m

PN

Ω0
+m

)m]
. (26)

Again, the diversity order of the FNR fading model is one for
arbitrary N .

B. Calculation of the MGF

Conditioning on PN , the MGF can be written with the help
of [28, eq. (7)]3 as

MN (s|PN ) =
mm (1− Ω0s)

m−1

(m− (mΩ0 + PN ) s)
m . (27)

Let us define

β (PN−1) , mΩ0 + PN−1 + a2
N . (28)

Introducing (12) into (27), we can write

MN (s|PN−1, θN ,ΨN−1) =

mm (1− Ω0s)
m−1(

m−
(
β (PN−1) + 2aN

√
PN−1 cos (θN −ΨN−1)

)
s
)m .

(29)

Let us now assume that parameter m takes integer values for
the sake of simplicity. Averaging with respect to the random
variable θN and noticing that the function given in (29) is
periodic with period 2π with respect to this variable, with the
help of [32, eq. 3.661.4], we can obtain

MN (s) = EPN−1

 mm (1− Ω0s)
m−1(√

[m− β (PN−1) s]
2 − 4a2

NPN−1s2

)m
× Pm−1

 m− β (PN−1) s√
[m− β (PN−1) s]

2 − 4a2
NPN−1s2

 ,
(30)

3Which can be written in a more compact form with respect to the
expression given in the reference.

where Pn(·) is the Legendre polynomial of degree4 n, which
can be written as [33, p. 775 (22.3.8)]

Pn (z) =
1

2n

bn/2c∑
q=0

(−1)
q
Cnq z

n−2q, (31)

where b·c is the floor function and Cnq is a coefficient given
by

Cnq =

(
n
q

)(
2n− 2q

n

)
=

(2n− 2q)!

q! (n− q)! (n− 2q)!
. (32)

When N = 1, we can write

M1(s) =
mm (1− Ω0s)

m−1

(m− (mΩ0 + a2
1) s)

m , (33)

while for N = 2 we have

M2(s) =
mm (1− Ω0s)

m−1(√
[m− (mΩ0 + a2

1 + a2
2) s]

2 − 4a2
1a

2
2s

2

)m
× Pm−1

 m−
(
mΩ0 + a2

2 + a2
2

)
s√

[m− (mΩ0 + a2
1 + a2

2) s]
2 − 4a2

1a
2
2s

2

 ,

(34)

which, after some manipulation, can be shown to be equivalent
to the MGF of the FTR fading model given in [18, eq. (8)].

The obtained results indicate that the FNR fading model is
equivalent to the Rician shadowed fading model when, for any
realization of ζ, the power of the specular component is given
by the random variable PN . Alternatively, by comparing (30)
and (34), the FNR fading model can also be viewed as the as
the FTR fading model with continuous varying power of one
of the two specular components (again, for any realization of
ζ), which is given by the random variable PN−1. Therefore,
any performance metric for the FNR fading model can be
calculated from existing results for the Rician shadowed model
and averaging over PN (which involves N − 1 finite-range
integrations) or from results for the FTR fading by averaging
over PN−1 (involving N − 2 integrations in this case).

When N = 3, the MGF can be calculated by performing a
finite-range integral in [0, 2π), as in this case, from (30), we
have

M3(s) = Eθ2

 mm (1− Ω0s)
m−1(√

[m− β (P2) s]
2 − 4a2

3P2s2

)m
× Pm−1

 m− β (P2) s√
[m− β (P2) s]

2 − 4a2
3P2s2

 ,
(35)

where β (P2) = mΩ0 + P2 + a2
3, with P2 = a2

1 + a2
2 +

2a1a2 cos θ2.

4Relaxing the assumption of m ∈ Z+ implies that (30) is expressed in
terms of the Legendre function Pm−1(z) [18], which is related to the Gauss
Hypergeometric function as Pµ(z) = 2F1(−µ, µ+ 1; 1; 1−z

2
).
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For N = 4 a double integration in [0, 2π) is required, as in
this case we can write

M4(s) = Eθ2,θ3

 mm (1− Ω0s)
m−1(√

[m− β (P3) s]
2 − 4a2

4P3s2

)m
× Pm−1

 m− β (P3) s√
[m− β (P3) s]

2 − 4a2
4P3s2

 ,
(36)

where β (P3) = mΩ0 + P3 + a2
4, with P3 = a2

1 + a2
2 + a2

3 +
2a1a2 cos θ2 + 2a1a3 cos θ3 + 2a2a3 cos(θ2 − θ3).

V. LOWEST MGF

In this section we demonstrate that, for both the NWDP
and the FNR fading models, the MGF of the received signal
power with a single specular component is always equal or
lower than the MGF for arbitrary N > 1 for any given value of
the variable. As we will later see, this will have implications
on system performance analysis, as it entails that the error
probability under Rician (or Rician shadowed) fading, i.e.
when N = 1, is always lower than for any other N , for a
given average signal-to-noise ratio (SNR).

Lemma 1: Let us consider either a NWDP or a FNR fading
model and assume that the complex variable s in their MGF
expressions takes a real value. Then, for a fixed total power of
the specular as well as the diffuse components, the following
inequality holds:

MN (s) >M1(s). (37)

Proof: Let us first consider the NWDP fading model.
Jensen’s inequality states that given a random variable X , a
real-valued function g and a convex function h, we can write

EX [h (g(X))] > h (EX [g(X)]) . (38)

Let h(x) = exp(x) and g(PN ) = PNs/(1 − Ω0s). Thus, by
virtue of Jensen’s inequality, we can write

MN (s) = EPN

[
1

1− Ω0s
exp

(
PNs

1− Ω0s

)]
>

1

1− Ω0s
exp

(
EPN

[(
PNs

1− Ω0s

)])
=

1

1− Ω0s
exp

(
ΩNs

1− Ω0s

)
=

1

1− Ω0s
exp

(
Ω1s

1− Ω0s

)
= M1(s),

(39)

where ΩN was defined in (7) and represents the average power
of the set of the N specular components, which is assumed
to be the same for all N (i.e., Ω1 = Ω2 = . . . = ΩN ). Noting
that the last equality in (39) is actually the exact expression
of the MGF when N = 1 (Rician fading), denoted as M1(s),
(37) is obtained.

Let us now consider the FNR fading model. It is worth
noting that, conditioned on ζ, the FNR model defined in (22)
is actually the NWDP model in (1) when parameters ai in
the NWDP model are substituted by

√
ζai. As (37) holds in

this case for any particular realization of ζ, the inequality also

0 2 4 6 8 10 12
0

0.2

0.4

0.6

r

f R
(r
)

Rayleigh

N = 1

N = 2

N = 3

N = 4

a1 = 3a2 = 3a3

a1 = 2a2 = 4a3

a1 = 5a2 = 5a3

Fig. 1. Probability density function of the received signal amplitude under
NWDP fading for different numbers of dominant specular waves N and
different amplitude configurations. Parameter values are KdB = 16 dB and
Ω0 = 1. Solid lines correspond to the balanced amplitude cases. Markers
denote MC simulations.

holds after averaging over ζ, which yields the FNR MGF at
both sides of the inequality.

VI. NUMERICAL EVALUATION

In this section, we present some illustrative results that
exemplify the key characteristics of the NWDP and FNR
models. Evaluation of the PDF and performance analysis are
carried out, aiming to identify the impact of the different pa-
rameters of the models. We also include empirical verification
for different scenarios, showing the ability of ray-based fading
models to provide a better fit to channel measurements in
different scenarios. Monte Carlo (MC) simulations have been
included in the figures through markers in order to confirm
the validity of the derived expressions. As in (10), we define
a power ratio parameter similar to the conventional Rician K
parameter as KN , ΩN

Ω0
, which will be useful in the sequel.

A. Effect of fading parameters

In order to better understand the effect of considering
different numbers of specular components and their relative
amplitudes, we evaluate the PDF of the NWDP and FNR
models. Specifically, we represent the PDF of the received
signal envelope R in Figs. 1 and 2, which are directly obtained
from those of U using a simple transformation of random
variables, i.e. fR(r) = 2r · fU (r2).

Fig. 1 corresponds to the NWDP case, on which dif-
ferent parameter configurations have been chosen. We set
KdB = 10 log10(KN ) = 16 dB5 with Ω0 = 1, so that
E{|R|2} = KN + 1, and two different situations: balanced
amplitudes of the dominant waves (ai = aj ∀i, j = 1 . . . N ),
as well as the unbalanced amplitude situation. The balanced

5A reasonably large value of KdB is required in this setting since, as we
back-off from the CLT assumption, the consideration of a larger number of
individual waves implies a larger value of KN , i.e., as N grows the amount
of power associated to the diffuse components Ω0 is reduced in the same
amount as ΩN is increased.
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Fig. 2. Probability density function of the received signal amplitude under
FNR fading for different numbers of dominant specular waves N and different
amplitude configurations. Parameter values are KdB = 20 dB, Ω0 = 1 and
m = 8. Solid lines correspond to the balanced amplitude cases. Markers
denote MC simulations.

case is represented in the figure using solid lines, and the
unbalanced case (with N = 3) is represented using discon-
tinuous lines. The distribution density for Rayleigh fading is
also shown in the figure for the sake of comparison. Let us
first analyze the balanced scenario: we can see that the cases
N = 2 and N = 3 correspond to very different PDF shapes
compared to the Rician case (N = 1), and it leads to a non-
unimodal behavior. In particular, for N = 2 the distribution
becomes clearly bimodal and is concentrated mostly for high
values of the variable r. It is worth mentioning the significant
change of behavior for N = 3 and notably on the mode of
the distribution, as in this case the distribution concentrates
around lower values of r. For N = 4 we see that the shape of
the PDF is rather different from the Rician case, and actually it
starts to resemble that of a Rayleigh distribution. With regard
to the unbalanced case, we see that modifying the relative
amplitudes of the dominant waves has a direct impact on
the shape of the PDF. As the unbalance of the power among
specular components is more noticeable, the shape of the PDF
tends to a Rician distribution (with a larger variance), because
the power of the lower-amplitude components becomes similar
to the diffuse component.

Fig. 2 illustrates the PDF of the received signal envelope
under FNR fading using a similar set of parameters as those in
Fig. 1. We now set a slightly larger KdB = 20 dB and m = 8,
which corresponds to a moderate fluctuation of the dominant
components. We see that the effect of considering a random
fluctuation on the dominant components somehow averages
out the shape of the PDF compared to the deterministic case
(i.e. NWDP). Increasing the number of waves or modifying
their relative amplitudes has a similar effect as in the NWDP
case.

B. Empirical validation

We now illustrate how these families of ray-based fading
models are useful to recreate realistic fading conditions in

0 0.5 1 1.5 2 2.5
0

0.2

0.4

0.6

0.8

1

r

f R
(r
)

FLW-RH [34]

N = 1

N = 2

N = 3

N = 4

Fig. 3. Empirical PDF for the body-centric FLW-RH scenario presented
in [34] vs. PDF fit using the FNR fading model, considering an increasing
number of specular components. {N = 1, m = 0.85, a1 = 0.99, Ω0 =
0.014, rmse = 0.072}; {N = 2, m = 4.7, a1 = 0.70, a2 = 0.56, Ω0 =
0.054, rmse = 0.049}; {N = 3, m = 5.2 a1 = 0.71, a2 = 0.59, a3 =
0.21,Ω0 = 0.01, rmse = 0.042}; {N = 4, m = 5, a1 = a2 =
0.65, a3 = 0.19, a4 = 0.18, Ω0 = 0.01, rmse = 0.041}

different fading environments, which cannot be emulated by
state-of-the-art fading models. First, we consider a body-
centric scenario as in [34], on which a body sensor node
placed in several positions communicates with receive an-
tennas placed near the head, wrist and ankle. The carrier
frequency used in the experiment is f = 2.45 GHz, and
specific details for the measurement configuration are given in
[34]. The empirical PDF for the front-left-waist to right-head
measurements is represented in Fig. 3, together with the best
fit provided by the FNR model using an increasing number
of dominant specular waves. The Matlab curve fitting toolbox
was used for this purpose, with the goal of minimizing the
root mean square error (RMSE). We see that the FNR model
with an increasing number of specular components is able to
recreate the bimodal shape of the empirical PDF (measured in
an anechoic chamber) in [34, Fig. 6] with increased accuracy
when considering N > 2 dominant specular components. This
is coherent with the nature of the FNR model: few dominant
components (no major improvement is observed when moving
from N = 3 to N = 4) with a virtually negligible diffuse
component, and human-body shadowing captured through the
parameter m. For N = 4, the improvement in terms of root
mean square error (rmse) is insignificant compared to N = 3,
as confirmed by the RMSE values provided by the Matlab
curve fitting toolbox (see Fig. 3 caption for details).

The second set of empirical measurements used to validate
our models is borrowed from [35], on which an outdoor
mmWave link operating at 28 GHz was considered, and Rician
fading was used for fitting purposes. Later results in [18]
confirmed that the FTR fading model provided an improved
fit; our goal here is to show that considering a larger number of
dominant specular waves, i.e., a larger order FNR model, can
improve the accuracy of the fitting to field measurements. In
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Fig. 4. Empirical vs theoretical CDFs of the received signal amplitude for
LOS scenario [18, Fig. 8] and [35, Fig. 6, LOS]. Parameter values for Rician[
KdB

Rice = 6.06
]
, FTR

[
KdB

FTR = 19.03, a1 = 0.95, a2 = 0.31,m = 2
]
,

F3R
[
KdB

F3R = 20.35, a1 = 0.98, a2 = 0.147, a3 = 0.098,m = 1.75
]

and 3WDP
[
KdB

3WDP = 14.05, a1 = 0.864, a2 = 0.432, a3 = 0.173
]

are
used. Error values are εRice = 0.3302, εFTR = 0.225, εF3R = 0.207 and
ε3WDP = 0.236.

this case, similarly to [18], we aim to minimize an error factor
ε that quantifies the goodness of fit between the empirical and
theoretical CDFs of the received signal amplitude in log-scale,
defined as:

ε , max
x

∣∣∣log10 F̂r(x)− log10 Fr(x)
∣∣∣ (40)

In Fig. 4, we present the results of the optimized fitting that
minimizes ε for the cases of N = 2 . . . 4 and FNR fading, and
where the case of Rician fading given in [35] is also included
as a reference. We observe that when N = 3, labeled as
F3R for the sake of shorthand notation, the error parameter is
reduced compared to the already good fit of the FTR case. The
consideration of N = 3 for the NWDP case, labeled as 3WDP
for the sake of shorthand notation, also provides a good fit to
the measurement set, although slightly worse than with FTR.
We see that the ability to model random fluctuations in the
dominant specular components allows to model propagation
in this scenario more accurately.

C. Average error rate

The bit/symbol error rate (BER/SER) performances over a
large variety of modulations schemes can be computed using
the MGF approach proposed by Simon and Alouini [25].
Hence, the results in (16)-(21) and (30)-(34) can be leveraged
to analyze the error performances for different modulation
schemes. In order to exemplify the implications of the lowest
MGF results given in Section V, we will now focus on the
error rate expression given by

Pe = C1MN (−b1), (41)

which is valid for differentially coherent detection, binary
phase-shift-keying (DBPSK) or noncoherent detection of bi-
nary frequency-shift-keying (NCFSK), and where C1 and b1

are constants which depends on the modulation scheme, i.e.,
b1 = 1 for DBPSK and b1 = 0.5 for NCBFSK, with C1 = 0.5
in both cases. Note that similar results can be obtained for the
cases of coherent M -ary FSK or M -ary PSK [25], with

Pe = C2

∫ ξ2

ξ1

h(ξ)MN (−b2g(ξ))dξ, (42)

where C2 and b2 are constants and g and h some given
functions.

Inspection of (41) reveals that a direct application of the
lowest MGF condition in Lemma 1 implies that, either for
NWDP or FNR fading models, for any modulation scheme
for which the average SER can be computed using (41) or
(42), the minimum average error rate is obtained for N = 1
(i.e., Rician or Rician shadowed fading).

The average error rates assuming NCFSK modulation are
plotted in Figs. 5 and 6, as a function of the average SNR
γ = ΩN+Ω0

N0
, with N0 being the noise power. We consider

an increasing number of rays N = 1 . . . 4, as well as two
situations for the relative amplitudes of the dominant specular
waves: the balanced case with ai = a, ∀i = 1 . . . N , and
the unbalanced case with ai = a/i, ∀i = 1 . . . N ; these are
labeled as (b) and (u), respectively, in the figures. The case
of Rayleigh fading has been also included as a reference in
both figures.

Either under NWDP fading (Fig. 5) or FNR fading (Fig. 6),
the cases with N = 1 correspond to those with the lowest error
rates. We see that the effect of having a balanced/unbalanced
set of amplitudes for the dominant specular waves has an
important effect specially in the case of N = 2, i.e., whenever
the two dominant specular components are more likely to
cancel each other. We also see that fluctuations on the spec-
ular components have a detrimental impact on performance.
Notably, the case of Rayleigh fading is not always the worst
case in terms of error rate, as in some instances the error
performances under NWDP or FNR fading are associated to
a worse-than-Rayleigh performance. This confirms that ray-
based models are able to recreate hyper-Rayleigh conditions
not only for N = 2 [36].

D. Outage probability

As a final application, we now evaluate the outage proba-
bility (OP) performance, in order to verify the accuracy of the
asymptotic approximations for the CDFs derived throughout
Sections III and IV. The instantaneous channel capacity per
unit bandwidth is given by

C = log2(1 + γ), (43)

where γ = U/N0 is the instantaneous signal-to-noise ratio
(SNR) and N0 is the background noise. From this definition,
the OP can be defined as the probability that the instantaneous
channel capacity C falls below a predefined threshold RS
(given in terms of rate per unit bandwidth), i.e.,

Pout = P (C < RS) = P (log2(1 + γ) < RS) , (44)

or, equivalently,

Pout = P
(
γ < 2RS − 1

)
= Fγ

(
2RS − 1

)
. (45)
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Fig. 5. Average error probability vs. average SNR for NWDP fading.
Parameter values are KN = 10, and N = 1 . . . 4. Solid lines (b) correspond
to balanced amplitudes, whereas dashed lines (u) correspond to unbalanced
amplitudes. Rayleigh fading is included with dotted lines.
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Fig. 6. Average error probability vs. average SNR for FNR fading. Parameter
values are KN = 6, m = 4 and N = 1 . . . 4. Solid lines (b) correspond
to balanced amplitudes, whereas dashed lines (u) correspond to unbalanced
amplitudes. Rayleigh fading is included with dotted lines.

Thus, the OP can be directly calculated from (9) and (25) for
the NWDP and FNR fading models, respectively, specialized
for γ = 2RS − 1. As in Figs. 5 and 6, the average SNR is
given by γ = E{U}/N0.

The OP is evaluated in Fig. 7, aiming to understand the
impact of the number of dominant components in the system
performance, as well as the range of validity of the asymptotic
results. The balanced case is considered, and both the exact
and the asymptotic outage probabilities are represented in the
figure. A threshold rate RS = 1 bps/Hz is set, and the fading
parameter values are KdB = 14 dB, and m = 5 for FNR
fading. Similarly to the error rate performances, we see that
the best performance is always attained for N = 1 (i.e. the Ri-
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Fig. 7. Outage probability vs. average SNR, for different numbers of
dominant specular waves N . The Rayleigh case is included as a reference
(solid black line). Solid colored lines correspond to NWDP fading, and dashed
lines correspond to the FNR case. Dotted thin lines are used for the asymptotic
approximations using (9) and (26). Parameter values are KdB = 14 dB,
m = 5 and RS = 1 bps/Hz. Markers denote MC simulations

cian or Rician shadowed cases) for the operating range of OP
values. As indicated in [19], the worst performance is achieved
for the case N = 2; notably, the performance is even worse
than in the Rayleigh case. Increasing the number of waves
to N = 3 is beneficial for system performance compared to
N = 2, and for N = 4 we see a very similar (although slightly
worse) performance than in the Rayleigh case. In all instances,
the performance under FNR fading is always worse than its
NWDP counterpart. Finally, we note that the range of validity
for the asymptotic expressions in (10) and (26) depends on the
number of dominant specular components, and that a diversity
order equal to one is observed.

VII. CONCLUSIONS

We have presented a comprehensive statistical characteri-
zation of the multipath wireless channel when an arbitrary
number N of specular (dominant) waves (either with constant
or random amplitudes) are received together with a diffuse
component. The newly proposed class of fading models is able
to modeling propagation conditions which largely differ from
those captured by classical fading models like Rayleigh or
Rician, but that also include these classical models as special
cases.

The NWDP model is considered for the case when the
specular wave components have constant amplitudes. It was
shown that the statistical characterization and the performance
metrics of this model can be derived from the Rician fad-
ing model, and performing N − 1 easy-to-compute finite
range integrations over the phases of the received specular
components. Alternatively, the NWDP model can be also
derived from the TWDP model and performing only N − 2
integrations. On the other hand, the FNR model is proposed
for the case when the amplitudes of the specular component
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experience random fluctuations. In this case the model can
be derived from either the Rician shadowed or the FTR
fading models by performing, respectively, N − 1, or N − 2
integrations.

We have shown that the best performance results are
obtained when there is only one specular component. Mathe-
matically, increasing the number of specular components gives
additional degrees of freedom, and could allow to ideally
account for even arbitrarily small specular components. How-
ever, in practice the improvement obtained when considering a
larger number of specular components is limited by the actual
resolution of the channel sounding process, which provides
imperfect channel estimates. Hence, the additional benefits of
considering more that 4 specular components is often negli-
gible, therefore, in practice, only a single or double simple
finite-range integration is required for the relevant cases of,
respectively, N = 3 and N = 4 specular components.

The work presented here, rather than being a simple ex-
tension of the well known fading models for N = 1 and
N = 2, shows that dramatic changes can be expected in
the received power (or envelope) distribution when N = 3
with respect to the N = 2 case, notably on the mode of the
distribution density. Actually, a major benefit of the presented
models with respect to other state-of-the-art fading models
relays on the versatility and the very different shapes of the
distribution density that can be obtained by varying the models
parameters, permitting to concentrate the power distribution
values and its main mode at either low or high values of
the received power, which is unattainable for the models with
N ≤ 2. Thus, the presented models can be used to analyze
the performance of a wider range of wireless fading scenarios.
For instance, the impact of considering an increasing number
of specular components on the beamforming design can be
quantified [37]. Similarly, coordinated beamforming schemes
aimed at reducing interference [38] can also be considered. As
pointed out in [38], the zero-forcing solution becomes more
complicated as more specular components are considered, so
the development of low-cost zero-forcing solutions seems an
interesting line for future research activities.
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