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Abstract

Capitalyzing on the Moschopoulos single gamma series representation of the probability density func-
tion (PDF) of the sum of gamma variates, we provide a PDF-based approach for the performance anal-
ysis of maximal-ratio combining and postdetection equal-gain combining diversity techniques as well as
co-channel interference of cellular mobile radio systems over Nakagami fading channels with arbitrary pa-
rameters. Aside from putting under the same umbrella many of the past results obtained via characteritic
function (CF) or moment generating function (MGF)-based approaches, the proposed approach also al-
lows the derivation of additional performance measures which are harder to analyze via CF or MGF-based

approaches.

Keywords

(1) Nakagami Fading Channels, (2) Correlated Fading, (3) Diversity Systems, (4) Cellular Mobile
Radio Systems, (5) Co-Channel Interference, (6) Outage Probability, (7) BER Performance, and (8)

Shannon Capacity over Fading Channels.

I. INTRODUCTION

The wide versatility, experimental validity, and analytical tractability of the Nakagami dis-
tribution [1] has made it a very popular fading model for performance analysis investigations
in two important topics of wireless communications, namely, (i) diversity schemes (e.g., [2, 3,
4,5,6,7,8,9,10, 11, 12, 13, 14, 15]) and (ii) co-channel interference (CCI) in cellular mobile
radio systems (e.g. [16, 17, 18, 19, 20, 21, 22, 23, 24, 25]). While initial investigations have dealt
mainly with independent identically distributed (i.i.d) diversity paths or cochannel interferers,
more recent work has focused on the performance analysis for the non-i.i.d. (arbitrary channel
parameters and arbitray correlation) case.

Many of these performance analysis problems require determination of the statistics of the
sum (over the L diversity paths or the Ny cochannel interferers) of the squared envelopes of
Nakagami faded signals, or equivalently the sum of gamma variates since the square of a Nakagami
variate follows a gamma distribution [1]. Expressions have been derived for the probability
density function (PDF) of the sum of gamma variates by Mathai [26], Moschopoulos [27], and
Sim [28, Appendix] for queuing type of problems. These findings have been reported in the
statistics literature but, apparently, have not attracted the attention of researchers working
on wireless communication theory. Accordingly, the reported results on communication over

Nakagami fading channels that were mentioned earlier, have depended on the use of variants of
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the characteristic function (CF) or the moment generating function (MGF) of the sum of gamma
variates. In this paper, we show that by starting with the Moschopoulos result [27] on the sum
of independent gamma variates (which is easily extendable to the sum of correlated gamma
variates, as we show later), we are able to provide a PDF-based approach for the performance
analysis of (i) maximal-ratio combining (MRC) [29, Sect. 5.5.3] and postdetection equal-gain
combining (EGC) [29, Sect. 5.5.6] with noncoherent detection over non-identically distributed
and arbitrarily correlated Nakagami diversity paths, and (ii) CCI in cellular mobile radio systems
with non-identically distributed and arbitrarily correlated Nakagami interferers. The resulting
easy-to-evaluate expressions give (i) alternative formulas for previously known/published results
obtained via CF or MGF-based approaches and (ii) new formulas for additional performance
measures. These measures, which are harder to analyze via CF or MGF-based approaches,
include the Shannon capacity of diversity systems over non-i.i.d. Nakagami diversity paths, the
PDF and moments of the carrier-to-interference ratio (CIR) and the average bit-error-rate (BER)
in presence of non-identically distributed and arbitrarily correlated Nakagami interferers. Due to
space limitations, the derivations of these expressions (which can be obtained with a good table
of integrals such as [30]) are omitted here, but all these results have been checked and validated
by numerical integration and/or Monte-Carlo simulations.

The remainder of this paper is organized as follows. The next section presents the Moschopou-
los result on the sum of independent gamma variates as well as its extension to the sum of
correlated gamma variates. Section IIT applies these results to derive formulas for the outage
probability, average BER, and Shannon capacity of MRC and postdetection EGC over non-i.i.d.
Nakagami diversity paths. Section IV uses these results to study the PDF and moments of the
CIR, outage probability, and average BER of cellular mobile radio systems subject to arbitrary

correlated, not necessarily identically distributed Nakagami faded cochannel interferers.

II. SuM OF GAMMA VARIATES

In this section, we first recall the definition of a gamma variate and then present two key

results on the sums of independent and correlated gamma variates.

Definition 1. X follows a gamma distribution with parameters a > 0 and 8 > 0 if the PDF of
X is given by

B -1 e—w/ﬂ v )
px(z) = W (z), (1)
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where T'(+) is the gamma function [30] and U(-) is the unit step function. In what follows, we will
use the shorthand notation X ~ G(a, B) to denote that X is gamma distributed with parameters

a and .

A. Sum of Independent Gamma Variates

Theorem 1 (Moschopoulos, 1985 [27]). Let {X,}Y , be a set of N independent not nec-
essarily identically distributed gamma variates with parameters oy and By, respectively, (i.e.,

X, ~ G(an,Bn)), then the PDF of Y = 25:1 X, can be expressed as

py(y) = ﬁ (%)an i

N
nel P ﬂlzn:1 an+k P(Zfzvz1 an + k)

6](: yzln\]:l an+k—1 e_y/ﬂl

U(y), (2)

where 1 = min,{f,} and the coefficients oy can be obtained recursively by the formula

o =1
1 k+l [N 81\ (3)
5k—|—1 = E+1 Zizl Ejzl 87 (1 - E) 5k+17ia k=0,1,2,---.
Proof: See [27]. O

A MATHEMATICA program that implements the Moschopoulos representation for the PDF of
the sum of gamma variates is given in Appendix A. Contrary to partial fraction-based techniques
(e.g. [26]) that typically restrict the {a;,}Y_; to be integers and necessarily all distinct, the
Moschopoulos representation applies to arbitrary {an},]yzl with the possibility of having some of
the {a, })_; equal and others distinct. This representation for the PDF of the sum of gamma
variates has also the nice feature of being in the from of a single gamma series', which implies
that, after switching the order of summation and integration, all the manipulations that can be

performed for the i.i.d. case can also be done for the non-i.i.d case.

B. Sum of Correlated Gamma Variates

We now extend the Moschopoulos result and obtain an exact single gamma-series representa-

tion of the sum of arbitrarily correlated gamma variates.

Corollary 1. Let {X”}fy:l be a set of N correlated not necessarily identically distributed gamma

variates with parameters o and By, respectively, (i.e., X, ~ G(a,Bn)) and let p;; denote the
!Note that the Sim [28, Appendix] representation of the sum of independent gamma variates possesses this nice
feature and could have also been used as a starting point for the unification of the performance analysis of wireless

communication systems over Nakagami fading channels.
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correlation coefficient between X; and Xj, i.e.,
o COV(XZ', Xj)
V/Var(X;) Var(X;)’

then the PDF of Y = 2111\[:1 X, can be expressed as

N a Natk—1 ,—y/M
) = I1 (1) 3 S e U0, (5)

22\ AV D(Na + k)

pij = pji 0 <pij <1, ,j=12-,N, (4

where A1 = min, {\,}, {\}2_; are the eigenvalues of the matriz A = D C, where D is the
N x N diagonal matriz with the entries {Bn})_, and C is the N x N positive definite matriz
defined by

1 VP12t \/PIN
VP21 r .- P2N
C= : (6)
ONT e e 1

- = NXN

and the coefficients 6y can be obtained recursively by the formula
do =1

i (7)
614:—1—1 = kL—l—l Zfill [Z‘;V—l (1 - /)\\_]1) :| 6k+1—ia k= 0’ ]-a 2’ T

Proof: When the gamma variates {X,,})_; have the same parameter o then based on [31,
Eq. (2.1)] (or equivalently [10, Eq. (34)]) the MGF of Y, My (s) = Ey [e**'] can be expressed

as
My (s) = [I - sDC|™%, (8)

where | - | denotes the determinant operator, I is the N x N identity matrix, and the matrices
D and C are defined in Corollary 1. Note that, as used in [31, Eq. (2.3)], [9, Eq. (15)], and [6,

Eq. (33)], (8) can be re-written in terms of the eigenvalues {\,}Y_, of A = DC as
N

My(s) =[] = shn)®, (9)

n=1

which is in a similar form as the MGF of the sum of independent gamma variates as given in [27,
Eq. (2.1)]. Hence the Moschopoulos technique of inverting the MGF of Y (see [27, Eqgs. (2.3)-
(2.8)]) can be used to invert (9) and to obtain the desired single gamma-series representation (5)

for the PDF of the sum of arbitrarily correlated gamma variates. O
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ITII. APPLICATIONS TO THE PERFORMANCE OF DIVERSITY SYSTEMS
A. System and Channel Models

Consider an MRC or postdetection EGC diversity receiver in which the L diversity paths go
through Nakagami fading channels. The instantaneous signal-to-noise (SNR) of the /th path is
Y ~ G(my,7,;/my), where 7, is the average SNR of the /th path and m; is the Nakagami severity
of fading parameter of the /th path. For MRC and postdetection EGC diversity receivers the
total SNR at the combiner output v; = E{;l v;- Hence, to obtain the PDF of v; when the
diversity paths are uncorrelated, we can use Theorem 1 with the substitutions in (2) and (3)
of N by L, y by %, oy by my, and 1 by 7;/m1 = min; (8, :=7;/my). This result gives an
alternative gamma-series representation to the exact integral representation presented in [5, Eq.
(29)]. When the diversity paths are correlated so that the correlation coefficient between ; and
v; is pij = pji (i,j = 1,--- L), then the PDF of v, can be obtained from Corollary 1 by the
substitutions in (5) and (7) of y by v, a by m, and §; by 7;/m. This result gives an exact
gamma-series representation to the approximate gamma solution presented in [12]. Note that in
what follows p;; denotes the power correlation coefficient between the fading powers in paths ¢
and 7 and not between the envelope correlation coefficient between the fading envelopes in paths
i and j but these two correlation coefficient are related as shown in [1, Eq. (139)].

Example 1 - Constant Correlation: Consider the constant correlation model proposed
by Aalo [7, Section II-A] for L identically distributed Nakagami-m channels (i. e., all channels
are assumed to have the same average SNR 7 and the same fading parameter m) with constant
correlation across all channels. Since this model assumes that the power correlation coefficient p

is the same between all the channel pairs (I,I' =1,2,--- , L), i.e.,

Cov (7la 71/)

pP=pu = )
\/ Var(y,) Var(y,)

In the context of antenna diversity the spatial correlation is function of the distance between

1£10, 0<p<1. (10)

antennas and this model will then apply to equidistant antennas. This corresponds to size-limited
scenarios with diversity reception from an array of 3 antennas placed on an equilateral triangle
or from closely placed antennas on other than linear arrays.

Based on the work of Gurland [32], Aalo showed that the PDF of -y, is given in this case by [7,
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Eq. (18)]?

(%)Lm_l xp (_%) 1 (m’Lm; <1—\/17>L<T—\/\/?1L\/m) .

(%) (1 —/p)™L=1) (1 = /p+ L/p)™ T(Lm)

Py (1) = v >0, (11)

where 1 F (-, -;-) is the confluent hypergeometric function [33, Chapter 13, p. 503].
For constant correlation, it can be shown that the eigenvalues of the matrix A defined in

Corollary 1 are given by [34, Eq. (2.8.3), p. 29]

M= == 2 (- )

: (12)
A= 2(1+p(L-1).

Substituting these eigenvalues in (5) we obtain the distribution of the output combined SNR with
the the substitutions in (5) and (7) of N by L, y by ¢, @ by m, and §; by 7,/m. As an example,
Fig 1 shows a comparison of the PDF of the output SNR obtained from the exact expression
(11), the exact expression (5) with (12), and the gamma approximate expression offered in [12]
for a constant correlation model with L = 5, m = 2.5, ¥ = 1, and p = 0.64. On one hand the
two exact expressions (Eqs. (11) and (5)) match perfectly, as expected. On the other hand,
although the approximate solution matches quite well with the exact solutions in the high SNR
region, it tends to deviate in the lower tail of the PDF. Hence the approximate solution has to
be used with caution as far as outage probability and average probability of errors calculations
are concerned since the lower tail of the PDF is very critical for these calculations.

Example 2 - Circular Correlation: Consider a circular correlation model for which the
correlation matrix C defined in (6) is not only symmetric (as it is the case for any correlation

matrix) but has also Lth order circular symmetry, i. e.,

N VoL ]
VPL 1 VP2 . . VPL-1
C=| =1 VoL 1 p2 VPL—2

NI S/ U B

21t should be noted at this point that in [7, Eq. (18)] the symbol p is used to denote the correlation coefficient
of the underlying Gaussian processes that produce the fading on the channels. This correlation coefficient is equal

to the square root of the power correlation coefficient.
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which implies that po = pr, p3 = pr—1, - - - . This model may apply to antennas lying on a circle
or 4 antennas placed on a square. For L identically distributed Nakagami-m channels, it can be
shown that the eigenvalues of the matrix A defined in Corollary 1 are given by [34, Eq. (2.8.4),
p. 29]

=15 va e (2000 ). (1)
k=1

where j2 = —1 and p; = 1. Substituting these eigenvalues in (5) we obtain the distribution of the
output combined SNR with the substitutions in (5) and (7) of y by 7, a by m, and g; by 7;/m.
As an example, Fig. 2 shows a good match between the PDF obtained analytically (based on
(5)) and the one obtained via Monte-Carlo simulations (based on the procedure devised in [35,
Appendix|) for the circular correlation case with L = 5, ¥ = 1, m = 2, and power correlation
coefficients ps = p1o = p15 = 0.8 and p3 = p13 = p1s = 0.6. Fig. 3 compares the exact
analytical result (5) with the approximation proposed in [12] for the circular correlation case
with L = 5, 7 = 1, m = 2.7, and power correlation coefficients po = p12 = p15 = 0.64 and
p3 = p13 = p14 = 0.36. Again note the overall good match in particular for high SNR but the
relatively important deviation between the exact and the approximate result in the sensitive low
SNR region.

Based on Theorem 1 and Corollary 1, the performance of MRC and postdetection EGC can
now be obtained in the form of rapidly convergent series. Moschopoulos [27] provides a rigorous
proof for the uniform convergence of (2) and a bound on the truncation error. Since uniform
convergence is sufficient for interchanging the order of summation and integration [36] all the
subsequent manipulation in the series which we obtain below are justified. In addition our
numerical experiments show that this series along with these other subsequent series are indeed
numerically stable and rapidly converging for various scenarios of practical interest. Furthermore,

these numerical experiments confirm Moschopoulos bound on the truncation error and show that

the convergence rate depends on the maximum of (1 — %lzi), 1 =1,2,---, L for uncorrelated
diversity paths and on the maximum of ( — i‘\—;), 1=1,2,---, L for correlated diversity paths.
Therefore, these infinite series can be used in practice by truncating them to a certain order say
K, (i.e., K first terms in the infinite series (2) and (5)) in order to meet a specified accuracy.
Although the results that are presented below are given for the case of uncorrelated diversity

paths, they also apply equally well to the correlated case with the substitutions of m; by m and
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Wl/ml by A, 1=1,2,--- | L.

B. OQutage Probability

The probability that ; falls below a predetermined threshold -, can be shown with the help
of [30, Eq. (8.356.3)] to be given by

T (S0, my+ b, ™20 )
r (Zlel my + k)

Pout =f[(mﬁl)mlffak 1 (15)
=1 N5

where T'(+,-) is the incomplete gamma function [30]. For the correlated case, (15) provides an

extension to the formulas given in [7, Eq. (45)] valid for the equal correlation model, in [7,

Eq. (49)] valid (approximately) for the exponential correlation model, and in [10, Eq. (31)]

for arbitrary correlation when m is restricted to integer values. Equation (15) can also serve as

an alternative formula to the MGF-based numerical technique presented in [37] (which requires

the selection of three additional numerical parameters to control the accuracy). If Elel my is

restricted to integer values, then (15) reduces to

b \™ & M 1Yth Xim k=t 1 (miym
Py = — 1 o [1— — L — (=R 16
o E (mﬁz> kZ:O ¢ exp( T ) z_% i ( T (16)

C. Average Bit Error Rate

We limit ourselves to binary modulation but similar results can also be obtained for M-ary
modulations with the help of [38, Appendix 5A]. For MRC with coherent detection, the average
BER is obtained with the help of [2, Appendix] as

Pb(E):%

9N 5 71
L 1
my m=0 L (Zle my+k+ 1) (1 i @)Zl:l my+k+3
m1

bl

L 1 L . 1
)ml] = > F(Elelml-i-k‘F%) 2};’1[1’z:l:1ml—i_k—i_E’X:Iﬂml—'_k—{_l’1+—5W1

ﬁ(mﬁ1

g
=i\

(17)

where g is a modulation dependent parameter (e.g., ¢ = 1 for binary phase shift keying (BPSK)).
For the independent diversity paths case, (17) is equivalent to [5, Eq. (33)] (involves a single
infinite-range integral) whereas for the correlated case it is equivalent to [14, Eq. (32)] (involves
a single finite-range integral), [10, Eq. (22)] (involves a single infinite-range integral), and [9, Eq.

(34)] (involves a single infinite-range integral). If ElL:1 my is restricted to integer values, then
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(17) reduces to

& mi \ ™| & g7 i k=1 1 (2 my :
Py(E) = = —_1> O |1— 4/ —2 22— _<><7_> , (18
WE) 2[E<m171 ] kz:% g m1+ 971 ZZ_; 40\ 4 mi1 + g7, (18)

which is equivalent to [9, Eq. (23)] (which is in the form of finite sums with multiple derivatives)
for the correlated case.

For postdetection EGC with noncoherent detection, the average BER is given by

feyls e ez

D

Py(E) = ZQL% [

— T a T )
_T\mig — L =\ 2i=1 Mtk — Y7 my+k
=1 k=0 971 1=0 my
T (Sime+k) (52) (1+ )
(19)
where ¢; = %E]L:_Ol_l (2Lj71) and ¢ is a modulation dependent parameter (e.g., g = 1/2 for

noncoherent binary frequency shift keying (BFSK)). Eq. (19) is equivalent to [4, Eq. (33)]
(involves a single infinite-range integral) for the independent diversity paths case and to [14,
Eq. (39)] (involves a single finite-range integral), [8, Egs. (25) and (48)] (involves multiple
derivatives), and [11, Eq. (18)] (in the form of a finite sum and multiple derivatives) for the

arbitrarily correlated case.

D. Shannon Capacity

For fading channels, the Shannon capacity characterizes the long-term achievable rate averaged
over the fading distribution and depends on the amount of available channel state information
(CSI) at the receiver and transmitter [39, 40, 41]. With MRC and optimal power and rate
adaptation (OPRA) that requires both transmitter and receiver CSI, it can be shown that the

capacity Copra is given by

c L m 7 m 00 ZlL=1 m;+k—1 F(n, m%’m)
G o [TI(22)"| S0y S &0
— ' ?
w =1\ k=0 n=0 n
where W is the channel bandwidth and g is the cut-off SNR below which transmission is sus-

pended [39]. With MRC and optimal rate adaptation (ORA) that requires only receiver CSI, it

can be shown that the capacity Cor, is given by

m oo Mimimitkp(_ > L omy—k+n ™
Cora L (ml> ! (ml) ! ( 1=1 MU n, 71)
—— = log,(e ” p— CXp | — E‘S E, : 21

_ k—n
=1 n=1 (L)
mi
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With MRC and total channel inversion and fixed rate (TIFR) the zero-outage capacity Ciif can
be shown to be given by

i 1
Ctlfr _ 10g2 1+

w L (m\™] (m Sty o0 O
e (3)™] () WS v

For the independent diversity paths case, (20), (21), and (22) provide extension to the corre-

(22)

sponding formulas in [13], which are limited to i.i.d. Nakagami diversity paths and [42] which
are restricted to unbalanced (necessarily distinct) independent Rayleigh diversity paths. For the
correlated case, (20), (21), and (22) generalize the corresponding formulas in [42], which are
limited to identically distributed correlated Rayleigh diversity paths with distinct eigenvalues
and [43] which is valid for identically distributed Rayleigh diversity paths with equal correlation.

IV. APPLICATION TO THE PERFORMANCE OF CELLULAR MOBILE RADIO SYSTEMS
A. System and Channel Model

Consider a cellular mobile radio system in which the desired and the Nj interfering signals
may have different fading statistics. The desired signal sg is assumed to be independent from the
Ny interfering signals {sn}fl\ll and to be subject to Nakagami fading with average fading power
S0 and fading parameter mg or Rician fading with average fading power 5y and Rician factor Kj.
The Ny active interferers are assumed to be subject to Nakagami fading with their instantaneous
signal power s, ~ G(my,sy,/my), n = 1,--- ,N;. We can then apply Theorem 1 to find the
PDF of the total interference power s; = Zivil $p with the substitutions in (2) and (3) of N
by L, y by sr, og by my, and 81 by $1/m1 = min; (8; :=5;/m;) for the independent interferers
case. This result gives an alternative gamma-series representation to approximate single gamma
solution given in [44, Appendix A]. For the correlated interferers case, such that the correlation
coefficient between s; and s; is p;; = pji (4,7 = 1,--- Ny) then, the PDF of s; can be obtained
from Corollary 1 by the substitutions in (5) and (7) of N by L, y by sy, a by m, and f3; by 7;/m.

Again based on Theorem 1 and Corollary 1, performance results for cellular mobile radio sys-
tems operating over Nakagami fading channels can be obtained in the form of rapidly convergent
series as we present next. Although the results presented below are given for the uncorrelated
interferers case they also apply equally well to the correlated case with the substitutions of m;

by m and §;/m; by A\, =1,2,--- , L.
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B. Distribution and Moments of CIR

If the desired user is subject to Nakagami fading, the PDF of the CIR A = sy/s can be found
to be given by

W =TI (2m=)" 3 s v, (29
PV A5 X CNLymath)
n=0 k:OB< Enllm”+k> (1+>\Z(1) ml)

where B(-,-) is the beta function [30]. In addition, it can be shown with the help of [30, Eq.
(3.194.3)] that the moments of the CIR are given by

N
7] Al 51.mn ™" (30 M P& B(p+m0’2";1m"+k_p> _
E)‘[/\ H S Zék N ) p_152’
n=1 Sn 1 51 Mo k=0 B<m07 Znél My + k)
(24)
In particular, the average CIR is obtained from (24) with p = 1 yielding
N
— _NI 51 ma \™" (30 M1 B(1+m0’2";lmn+k_1)
=B =] el DL ~ . (25)
n=1 \°n "1 L0/ o B (mo, Enil Mp + k)

C. Outage Probability

When the desired user is subject to Nakagami fading, the probability that the CIR falls below

a predetermined protection ratio Ay, can be shown with the help of [30, Eq. (3.194.1)] to be

given by
N §1 My Mo 2 /\?}110 Jk Nr 81 mo
P =[] (=2 > ~ 2FL| D mn + K, mo; 1+ mo; —Am=
n—o \Fn M k=0 Mo B (mOa D onei M + k) n—0 S0 M1
(26)

which is equivalent to [18, Eq. (21)] (which involves a single multiple derivative but is restricted
to integer values for the desired user my), [19, Eq. (21)] (which involves a single infinite-range
integral), [20, Eq. (14)] (which involves multiple series), [21, Eq. (4)] (which involves a single
series and the selection of an additional numerical parameter h to control the accuracy), and [24,

Eq. (2)] (which involves multiple series). When mg and Z I, my are both restricted to integer
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values, (26) reduces to

Ny 31 m mn OO Ny
Py = “ ) E—1]!
w = T GR) " S ()

n=1

E:L My +k—1 (/\ 1Mo

E Som1

X .
=0 N, 3 Eﬁio mp+k—1
" (Zi:llm”k—l—n)! (mo +n)! (1+/\thflm°)

)n—|—m0

(27)

s0Mm1

When the desired user is subject to Rician fading and Efl\zl ™My, is restricted to integer values,

this outage probability can be found after tedious manipulations and with the help of [30, Eq.
(9-220.2)] to be given by

Py = ﬁ 51 7 mnia s N Ko
out B — gn ml k Athgl(l ‘I" KO) p 1 + )‘thgl(l‘f'KO)

Somi

Ny - . 3 ]
= )\th§1(1+K0)>Z ’ (z) 1 K,
1+ ——= N5 — 1, 28
Z < Somy E j ]! 1+)\th Som1 ] ( )

j:O 31(1—|—K0

which is equivalent to [22, Eq. (15)] (which involves multiple derivatives and is in the form of
finite sums but requires necessarily distinct {m,5,}.2, and integer values for {m,} Z,) and [23,

Eqg. (16)] (which involves multiple series).

D. Awverage Bit Error Rate

The average BER for several modulation schemes can be obtained from the MGF of the CIR
which can be found with the help of [30, Eq. (3.383.5)] to be given by

Nt W D(SN 4+ k N -
Mi(s) = ﬁ <w>m Zék (Zn_omn ) v (mo,l — Zl:mn + k;— Som s) ,
k=0

_ - :
UG O (5 F) 2R g

(29)
where U(-,-;-) is the degenerate hypergeometric function [30]. Eq. (29) generalizes [25, Eq. (17)]
to non-i.i.d. Nakagami interferers.
V. CONCLUSION

In this paper, we relied on the Moschopoulos representation for the PDF of the sum of inde-
pendent gamma variates and its extension to the PDF of the sum of correlated gamma variates
to provide an ezxact PDF-based approach for the performance analysis of many wireless commu-

nication systems over not necessarily independent nor identically distributed Nakagami fading
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channels. The key feature of this representation is that it is in the from of a single gamma series
which implies that all the manipulations that can be performed for the i.i.d. case can now also
be done for the non-i.i.d case. The coverage is broad in that various performance measures of
MRC and postdetection EGC are treated as well as the performance of cellular mobile radio
systems with co-channel interference. Aside from putting under the same umbrella many of the
past results obtained via CF or MGF-based approaches, the proposed PDF-based approach also
allows the derivation of additional performance measures which are harder to analyze via CF or

MGF-based approaches.
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APPENDIX A

A MATHEMATICA PROGRAM FOR THE PDF OF THE SUM OF GAMMA VARIATES

The following MATHEMATICA program was developed to find the PDF of the sum of gamma
variates as per [27].

Sum0f GammaPDF [ParametersMatrix-, UpperLimitOfSummation-, y-] := Module[ {N, a,
b, C, gamma, delta, rho} ,
(* ‘‘ParametersMatrix’’ contains the parameters of the gamma variates. For example,
if we have three gamma variates with parameters (al, bl), (a2, b2), and (a3, b3),
then: ParametersMatrix = { {al, b1}, {a2, b2}, , b3} }. Note that bl has to be the
smallest among b’s, otherwise the program yields an error and further computations
will be aborted.
¢ ‘UpperLimitOfSummation’’ is a finite number that we choose to truncate the infinite
series to meet an acceptable precision.
“‘y’? is the variable which represents the sum of gamma variates. *)
Print [MatrixForm[ParametersMatrix]];

N

Dimensions[ParametersMatrix] [[1]];

a = Table[0, {N}I;

Do[al[[i]] = ParametersMatrix[[i, 111, {i, 1, N} 1;
b = Table[0, {N}1;

Do[b[[i]] = ParametersMatrix[[i, 211, {i, 1, N} 1;
If[b[[1]1] !'= Min[b],

Print["Error! bl has to be the smallest among b’s"]; Abort[]];

C = Product[ (b[[1]1]1/b[[il1)~allil]l, {i, 1, N}1;
gamma [k-] := Sum[(1/k)al[i]1(1 - (b[[111/b[[i11))"k, {i, 1, N}1;

(* This recursion calculates the sequence of delta’s *)
delta = Table[0, {k, 1, UpperLimitOfSummation}];
deltal[1]] = gamma[1];
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Do[deltal[[k]] = Sum[i gamma[i] deltallk - i]1/k, {i, 1, k - 1}]
+ gamma[k], {k, 2, UpperLimitOfSummation}];
I'hO = Smn[a[[l]]: {1: 1, n}];

(* Note that the zeroth term in the summation is computed separately *)

N[C(y~(rho - 1) Exp[-y/b[[1]1]1]/(Gamma[rho] b[[1]]"rho) +
Sum[deltal[[k]] y~(rho + k - 1) Exp[-y/b[[1]1]1]1/(Gamma[rho + k]
b[[1]1]1" (rho +k)), {k, 1, UpperLimitOfSummation} 1) ] 1]

Similar programs have been used to find the PDF of the sum of correlated gamma, variates as
well as the various other series for the performance measures (outage probability, average BER,

and capacity) presented in this paper.
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FIGURES CAPTIONS

1. Fig. 1: Comparison between exact and approximate PDFs for constant correlation with L = 5,
¥ =1, m = 2.5, and constant power correlation p = 0.64.

2. Fig. 2: Comparison between PDF's obtained analytically and by Monte-Carlo simulations for
circular correlation with L = 5, ¥ = 1, m = 2, and power correlation coefficients po = p1o =
p15 = 0.8 and p3 = p13 = p14 = 0.6.

3. Fig. 3: Comparison between exact and approximate PDFs for circular correlation with L = 5,
¥ =1, m = 2.7, and power correlation coefficients ps = p12 = p15 = 0.64 and p3 = p13 = p14 =

0.36.
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Comparison Between the Exact and Approximate Results (Intraclass Correlation)
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Comparison Between Analytical and Simulation Results (Circular Correlation)
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Comparison Between Exact and Approximate Results (Circular Correlation)
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