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pectral analysis and signal de- 
composition continue to find 
wide use in a multitude of engi- 
neering disciplines. The basic 

idea in signal decomposition is to separate 
the spectrum into its constituent subspectral 
components and then process them individ- 
ually, based on the application at hand. An 
analysidsynthesis system performs the in- 
verse function, composing the original spec- 
trum back by using i ts  subspectral 
components. If the reconstructed spectrum 
perfectly matches the original one, the 
analysidsynthesis structure is called perfect 
reconstruction (PR). When the analysis and 
synthesis function sets are the same, the 
transform is called orthonormal, in contrast 
to the bi-orthogonal transform, which has 
different analysis and synthesis bases. Both 
of these transforms satisfy perfect recon- 
struction, although they may have different 
properties. 

Wavelets are a relative newcomer to sig- 
nal decomposition, and offer a flexible ana- 
log transform to provide multiresolution 
signal decomposition [l-21. Their advan- 
tages over Fourier and short-time Fourier 
transforms (STlTs) are significant, and the 
linkages and practical commonalities of 
these two transform techniques have gener- 
ated interdisciplinary research activities 
among mathematicians, physicists and elec- 
trical engineers [3-71. This article presents 
the fundamentals of wavelet transform the- 
ory. In this context, the subject's mathemati- 
cal rigor is avoided. We discuss the 

differences between the conventional STlT 
and wavelet transforms from a time-fre- 
quency "tiling" point of view. Then, we 
highlight the significant role of discrete- 
time filter banks in wavelet theory, and as- 
sess the practicality of wavelets in signal 
processing applications. 

Fourier and Short-Time 
Fourier Transforms 
Fourier analysis decomposes a signal into its 
frequency components and determines their 
relative strengths. We define the Fourier 
Transform as: 

m ,  

F(R) = kt)e-jNdt -At) - 
m 

-m 

(1) 
Equation 1 indicates that this transform 

is not able to represent any time-local prop- 
erties of the signal, At). It washes out any 
time-local vatiations of the signal. 

The short-time Fourier transform 
(STFT) positions a window function g(t) at 
z on the time axis, and calculates the Fourier 
transform of the windowed signal as 

F(R,z) = k t )  g*(t - 2)  e-j"dt 

m 

- 
(2) 

When the window g(t) is a Gaussian 
function, the STFT is called a Gabor trans- 
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form. The basis functions of this transform 
are generated by modulation and translation 
of the window function g(t), where R and z 
are modulation and translation parameters, 
respectively. The fmed time window g(t) is 
the limitation of STFT since it causes a fixed 
time-frequency resolution. This is explained 
by the uncertainty principle for the trans- 
form pair g(t) tj G(R) [8]: 

2 
OT On>- 1 (3) 

where OT and OR are the root mean square 
(RMS) spread of g(t), and G(R): 

jt?g( t) I2dt 
O b  

JW)l dt 

JR21G(R)12dn 

d= jlG(&2)12dR 

(4) 
When z increases, the window function 

translates in time. On the other hand, the 
increase in R causes a translation in frequen- 
cy with a constant bandwidth. Therefore, the 
resolution cell o~on in the time-frequency 
plane is constant for any frequency R and 
time shift Z, as shown by the "tiles" of fixed 
area and shape in Fig. 1. 

Wavelet Transform 
The scaling property of a Fourier transform 
for the time-frequency function pair ~ ( t )  w 
Y(R) is expressed as 
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(5) 
where a > 0 is a continuous scale or resolu- 
tion parameter. Equation 5 shows that a con- 
traction in one domain causes a dilation in 
the other. This provides the foundation for a 
nonuniform “tiling” of the time-frequency 
plane utilized in wavelet transform theory. 

The wavelet family is defined by scale 
and shift parameters a, b as in [ 11: 

(6) 
where the transform kernel ~ ( t )  is a zero- 
mean band-pass function. The wavelet tran- 
sform of a given functionflt) is defined as 

m 

W(a,b) = lvabct, f ( f ) d t  = <Wab.f > - 
(7) 

where a E R’, b E R are the scale and shift 
parameters, respectively. The notation * de- 
notes the complex conjugate. 

For large values of a, the basis function 
becomes a dilated version of the prototype 
wavelet, while for small a this function is a 
contracted version of the wavelet function; 
respectively, they cause lower and higher 
frequency bands in the frequency domain. 
Hence, the scaling parameter a provides the 
mathematical means for a flexible “tiling” of 
the time-frequency plane by the wavelet 
transform. This is a consequence of the scal- 
ing property of the Fourier transform, as 
given in Eq. 5. Figure 2 displays the time- 
frequency plane showing resolution cells for 
the wavelet transform. The fundamental dif- 
ferences between the STFT and the wavelet 
transform are visualized in Figs. 1 and 2. The 
wavelet transform provides a set of differ- 
ently shaped time-frequency tiles, while the 
shapes of the STFT tiles are fixed. For de- 
composition, this is a desired feature-a 
more efficient representation of signals. 

The wavelet transform is called continu- 
ous if the scaling and translation parameters, 
a and b, respectively, are continuous [l]. 
The continuous wavelet transform has two 
drawbacks: redundancy and impracticality. 
These problems are solved by discretizing 
the transform parameters (a,b). Let the pa- 
rameter sampling lattice be: 

a=& b=nboaF 
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so that 

Wmn(t) = - nbo) 
(8) (9) 

where m, n E Z. If this set is complete in 
L2(R) for some choice of w(t), a, b, then 
the basis functions (wm) are called afJine 

where the wavelet coefficient dm,,, is the 
inner product 

dm,n = <At), Vmn(t )>  

wavelets. Hence, we can express any f(t) 
E L2 (R) as the superposition 
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2. Time-Frequency plane showing resolution cells for wavelet transform. 
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The wavelets are band-pass functions 
with zero DC-components and generated 
from the transform kernel or mother wavelet 
[ ~ ( t ) ) .  As seen from Eq. 9, the pure wavelet 
expansion requires an infinite number of 
resolutions for the complete representation 
of the signal. On the other hand,f(t) can be 
represented as a low-pass approximation at 
scale L plus the sum of L detail (wavelet) 
components at different resolutions. The lat- 
ter form is a more practical representation 
and points out the complementary role of the 
scaling basis in such representations. This 
finite resolution wavelet representation is 
expressed as 

L -  

(1 1) 
where the scaling coefficient is the inner 
product 

(12) 
Figure 3 displays the Daubechies (6-tap) 

wavelet and scaling functions in time and 
frequency domains. The band-pass charac- 
teristics of the wavelet function along with 
the low-pass nature of the scaling function 
are observed in Fig. 3. 

The complementary scaling basis ($(t)} 
in multiresolution wavelet analysis has the 
containment property within the two adja- 
cent resolutions as: 

n 

(13) 
The sequence (h,(n)] in this equation 

consists of so-called interscale basis coeffi- 
cients. It is interesting that (ho(n)) is identi- 
cal to the unit sample response of a low-pass 
filter in a two-band paraunitary filter bank 
for the case of orthonormal wavelet bases. 
The linkage of discrete-time filter banks and 
wavelet transforms will be emphasized in 
the next section. 

Similarly, the band-pass wavelet func- 
tion can be expressed as a linear combina- 

16 

tion of translates of the scaling function of 
the adjacent resolution, $(2t): 

w(t) = 2Chdn) $(2t-n) 
n 

(14) 
This is the fundamental wavelet equa- 

tion. The expansion coefficients hl(n)] in 
this equation will be similarly identified 
with the high-pass filter of the two-band 
filter bank structure given in Fig. 4a. 

Discrete Wavelet Bases 
and Filter Banks 
The discrete-time filter banks have been 
well studied and widely used in the signal 
processing field [4][7][9]. This signal analy- 
sidsynthesis tool has found most of its ap- 
plications in speech processing and coding, 
image-video processing and coding, and 
machine vision. The two-band orthonormal 
(paraunitary) filter bank and orthonormal 
wavelet theory have strong links. More spe- 
cifically, the dyadic subband tree structure 
serves as the fast wavelet transform algo- 
rithm if the proper initialization at the top 
resolution level is performed. 

Otherwise, some error in the wavelet 
representation is evident [4]. The elegance 
of the orthonormal wavelet theory devel- 

oped by Daubechies is in its illustration of 
the linkages of the discrete-time subband 
filter banks and continuous time wavelet 
bases. This linkage allows the design of 
continuous-time wavelet bases via the de- 
sign of their discrete-time counterparts; 
namely, the equal bandwidth, two-channel, 
perfect reconstruction quadrature mirror fil- 
ter (PR-QMF) banks. The continuous and 
discrete-time variables meet in the limit. 
This linkage adds significant flexibility to 
the design of wavelet transform bases. A 
generic two-band PR-QMF bank structure is 
given in Fig. 4a. The detailed treatment of 
filter banks and their interrelations with 
wavelet transforms can be found in [4]. 

The orthonormality conditions of wav- 
elet and scaling bases along with their rela- 
tions to the discrete-time filter banks will be 
summarized next without derivations. 

(1) The wavelets are orthonormal in in- 

as: 
tra- and inter-scales, 

j ~ r n n ( t ) ~ m ~ , n ~ ( ~ ) d t  = Grn-rnh-n' 

(15) 
(2) The complementary scaling function 

of wavelet theory has only intra-scale or- 
thonormality, as 
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3. (a) Daubechies (6-tap) wavelet function and its dilations in time and frequency domains; (b) 
complementing scaling function and its dilations in time and frequency. 
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4. (a) Two-band filter bank structure; (b) a two-level dyadic (octave-band) subband tree 
structure used for a fast wavelet transform with ao = 2, bo = 1. 

(3) The complementary property of the 
wavelet and scaling bases is given as 

jvrnntr)$rn~n~(t)dt = o 
(17) 

for all m, n, m’, and n’. 
(4) Let ho(n), hl(n) constitute a two-band 

discrete-time PR-QMF bank with the added 
property of H,(eh) = 0 at o = x. Then, it can 
be shown that the scaling function Q(t) and 
its complementary wavelet kernel v(r) are 
constructed from the discrete-time filters or 
the inter-scale coefficients, via the funda- 
mental wavelet equations of the contain- 
ment property, as in [ 11: 

v(t) = Ch1(n)0(2t-n)- wv 
n 

m 

=Hi(&&) ll Ho(Jak)  
k=2 

(18) 
It turns out that the orthonormality and 

finite support of the scaling and wavelet 
functions are satisfied by the orthonormality 
and finite duration properties of filters h ( n )  
and hl(n). Equation 18 provides the rules for 
the construction of wavelet and scaling 
bases. The wavelet basis design, which is 
analog, starts with the design of a two-band 
discrete-time paraunitary filter bank. The 
Fourier transforms of the wavelet and scal- 

nite products of filter functions. 
The role of filter sequences ( h ( n ) )  and 

(h l (n)}  in two-band PR-QMF banks and 
fast wavelet transform algorithms are seen 
in Figure 4. Those two operations will be 
identical if and only if cqn = x(n), where coin 
are the scaling coefficients of full resolution 
and are defined as 

This is valid only for the ideal Sinc func- 
tion, which has an infinite duration in time. 
In practice, CO,” is not equal to x(n). There- 
fore, a wavelet transform in discrete-time 
implies a degree of imperfectness. In con- 
trast, the subband filter bank in Fig. 4a is the 
right choice since the signal or function to 
be transformed is already sampled, hence 
discrete- time. 

Advantages and Observations 
In general, the wavelet transform provides a 
mathematical tool for flexible “tiling” of the 
time-frequency plane. It is a multiresolution 
transform of continuous variable. Both the 
continuous and discrete wavelet transforms 
are continuous variable transforms. The 
term “discrete” comes from the discretiza- 
tion of scaling and translation parameters of 
the wavelet transform [l]. In addition, the 
wavelet and scaling bases of different reso- 
lutions may be considered analog filter 
banks similar to discrete-time filter banks 

Recent wavelet research has provided 
very little novelty, if any, for discrete-time 
signal processing applications. It is natural 
to employ the block and subband transforms 
in discrete-time signal processing. These 
techniques have been extensively studied in 
the literature for the last two decades. Their 
theories are well established and applica- 
tions are being developed. The block trans- 
forms, particularly discrete Fourier 
transform (DFT) and discrete cosine trans- 
form (DCT), have been successfully utilized 
in many signal processing applications. The 
latter is the decomposition technique of the 
current international standard image and 
video compression algorithms, e.g., PEG,  
H.261, MPEG. Lately, the subband trans- 
forms have been used in diverse areas such 
as digital audio broadcasting, video and im- 
age coding, speech coding, spread spectrum 
communications, and others. 

[41. 
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The theory of wavelet transforms is very 
elegant. Unfortunately, however, most of its 
signal processing applications reported in 
the literature have been ill-fitted to the task. 
Future studies in the signal processing appli- 
cations of wavelet transforms should em- 
phasize the continuous variable or analog 
nature of these transforms. This is the most 
meaningful path, which checks the very 
foundations of wavelet theory. We expect 
that in the future, the wavelet transform will 
find its merit in analog filter banks and sig- 
nal processing. 

Conclusion 
The wavelet transform has strong links with 
discrete-time filter banks, which have been 
well applied on sampled data. Most of the 
applications in the wavelet literature are 
based on sampled data, and are mistakingly 
attributed to wavelet theory; however, these 
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Interface 
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for loading new circuits through the PC 
printer port, and an additional interface for 
connecting multiple nfXboards to create 
multiple-FPGA systems. The nfXboard is 
compatible with all the experiments shown 
in the FPGA Workout. 

For more information or to request an 
order form, call 800-549-XESS or send e- 
mail to devb@vnet.net. 

Physical Design 
of CMOS ICs 
(Contributed by Nathan Wilbur of PWS 
Publishing) 

The Physical Design of CMOS Inte- 
grated Circuits Using L-EDIT (John Uye- 
mura; ISBN: 0-534-94326-8) is the first 
booWsoftware package that enables engi- 
neering students and professionals to per- 
form full IC layout on an inexpensive 
personal computer. The Student Version of 
L-Edit, included with the book on a 3.5-inch 

operations are actually dyadic subband de- 
composition operations. Thus far, there have 
been only a few applications to analog sig- 
nals that fit properly with the fundamentals 
of wavelet theory. The practical merits of the 
elegant wavelet transform in signal process- 
ing are still to be explored for analog appli- 
cations. 

A. N. Akansu is with New Jersey Institute 
of Technology, Department of Electrical 
and Computer Engineering, Center for 
Communications and Signal Processing Re- 
search, University Heights, Newark, NJ. 
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