12

!This article was prepared while the author was on sabbatical leave at the Indian
Statistical Institute

*Invited paper: appeared in the monograph Handbook of Beta Distributions and Its
Applications, pp. 457-484 (2004).



Adaptive Economic Choices under Recurrent
Disasters : A Bayesian perspective

M.C. BHATTACHARJEE
Center for Applied Mathematics € Statistics
Department of Mathematical Sciences
New Jersey Institute of Technology, USA

Abstract

We consider an economic choice problem in a stochastic regime of
repeated natural disasters. In a Bayesian formulation of the problem,
the role of inverted beta distributions, which appear as distributions of
disaster times under a suitable family of conjugate priors, is illustrated.
Return of the optimal Bayesian policy and its asymptotic behaviour is
explored.

Keywords: Bayesian models, Beta distributions, economic activi-
ties, dynamic programming.

1 Introduction

Consider a geographical region susceptible to some natural disaster that oc-
curs randomly over time. Assume that the economic impact of such diasters
is limited to the destruction of capital and corresponding investments in
place, which consequently interrupts the stream of economic returns, and
that after a disaster, there is no delay to reinvest in a feasible economic
activity from a set of available alternatives.

Given the profiles of economic activities one may choose from and a
parametrically specified model for the stochastic occurrences of the natural
disaster over time, the basic problem of choosing an economic strategy which
maximizes the expected total discounted stream of returns is conceptually
simple enough. If the length of time between consecutive disasters depends
neither on the economic activities undertaken, nor on the past history of
such disasters; it is not hard to show that an activity which maximizes
the expected return between consecutive disasters is optimal for the infinite
horizon.



The situation is not so simple however, if the parameters governing the
process of disasters are unknown. In such a case, it is natural to assume
a prior on the parameter space and then proceed to determine the best
economic choices which are typically adaptive to our evolving beliefs about
the parameters through successive posterior distributions. The Bayesian
paradigm thus provides a natural framework for the evaluation of our eco-
nomic options, whether one is a Bayesian by choice or, forced to be one, to
model our relative ignorance about the parameters.

With the advent of Markov Chain Monte Carlo (MCMC) methods and
algorithms, a computationally intensive approach to our problem is feasible.
Complementary to such methods are Bayesian models that are analytically
tractable, and when appropriate as a model for the natural disaster, provides
a deeper insight into the dynamic nature of sequential investment choices
to be made and their asymptotics. It should be remarked here that the
specific physical character of the natural disaster is, in a broad sense, not
fundamental to our analysis, so long as the distributional assumptions about
the disaster event (e.g., floods, earthquakes) are appropriate. The work
summarized here, based on an unpublished technical report [2], focuses on
such a Bayesian model and its analysis, in which the family of inverted Beta
distributions play an important role.

2 The model

2.1 Economic activities.

An economic activity is an ordered triple (a, b(-), m) such that a > 0,0 < b(-)
on [0,00) and 0 < m < oo. Here a > 0 is the set up cost representing
the capital needed to build the corresponding physical infrastructure and
technology. The function b(¢) describes the net rate of benefits at time ¢
accruing from the operating activity, conditional on no disaster since its
inception. The parameter m denotes the (possibly infinite) value of the
activity’s operating time, if reached without interruption by an intervening
disaster, when a planned replacement by rebuilding the same activity is
scheduled.

The case m = oo corresponds to these economic activities which have
no scheduled replacement, and will be referred to as activities of “type-
I”. Such activities continue to operate until destroyed by a disaster. On
the other hand, an economic activity is of “type-II” if the benefit rate b(t)
is such that it is either necessary, or considered desirable to rebuild the
corresponding technology after it has continuously operated for a finite time



m > 0. A “one-hass shay” benefit function b(t) = bly;<,,} where b > 0
and m > 0 are given constants, and 14 denotes the indicator function of a
set A is an example of the former; while the exponentially decaying benefit
b(t) = be~®, b > 0,c > 0 is an example of the latter. For an economic
activity of type-II, there is typically a positive probability of any number of
planned replacements betweeen two consecutive disasters.

At time ¢t > 0, the present value of a continuously operating activity,
with set up cost ¢ > 0 and benefit rate b(-), is

t
W(t) = —a + /0 b(z)e Pdz, >0 (2.1)

where p > 0 is the discount rate. To guarantee finitenes of W (t) for all
t > 0, assuming sup;q b(t) < co will suffice. Assuming b(0+) < oo (a finite
benefit rate at inception of the activity) will often be sufficient in practice;
since in many situations, the benefit rate is typically nonincreasing (b(¢) |.).
Further, since there is no point in engaging in an economic activity from the
investor’s point of view unless W (t) > 0 for same ¢ onward; we additionally
assume without loss of generality that all activites are ‘productive’ in the
sense that the corresponding present value function W (¢) = 0 has a finite
solution ¢ € (0, 00); equivalently if W (oo) := limy_,o, W(t) > 0, since W ()
is monotone 1 on (0,00) with

—a=W(0+) < W)+ W(o0) < —a+p 'supb(t) < oo, astt oo.
t>0

Consider an activity of type-II with a replacement time m. The net
present value (NPV) W*(t) of income from such an activity continuously
operating in (0,1) is

W(t), if0<t<m
wrt)={ (= :
N Z e kM ) W(m) + e IPW (t — jm), ifjm <t< (j+1)m
k=0
where 7 = 1,2,.... Hence, for a cycle of random length T" between two

consecutive disasters, this income is

W*(T) = i 13 [(%) W (m) + e P™W (T — jm) (2.2)
=0

where 1p; are indicators of the disjoint events

Bj={im<T < (j+1)m}.
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Note that if m = oo, the above reduces to W*(T') = W(T) so that (2.2)
subsumes activities of type-I.

The financial impact of an activity (a,b(-), m) described by its contri-
bution to the income stream, subject to renewals between disasters is fully
captured by EW*(T), where T denotes a typical inter-occurrence time of
disasters. Thus, the physical basis of an economic activity as parametrized
via (a,b(-),m) is, in a mathematical sense, essentially redundant for com-
puting the expected value of an income stream so long as we can specify
EW*(T). Note EW*(T) is a function of the underlying parameters (hyper-
parameters, in the Bayesian case) governing the law of the disaster process.

Assume that there are N productive economic activities, one must choose
from to invest in after each disaster. The i-th activity

(ai, bi(+),m;), mj <oo i=1,2,...,N

is simply denoted by i, for brevity. The set of available choices is A =
{1,2,..., N} where each activity 7 € A is either of type-I or, type-II. To avoid
trivialities, we may assume that all available activities in A are essential and
relevant, properties which we now define.

Call two activities 4,7’ to be equivalent if EW;*(T) = EW;(T). Clearly,
there is no reason to prefer an activity ¢ € A over others, if any, in A which
are equivalent. An activity ¢ € A is essential if there is no other activity
7' € A such that ¢ and 4’ are equivalent.

An activity ¢ € A is relevant if there does not exist an activity 7/ € A
which dominates ¢ in the sense EW(T) > EW;(T) with strict inequality
for some value of the underlying parameter(s) of the disaster process.

A given activity (a, b(-), m) can have many additive decompoisitions (),

(G,, b()’ m) = (a'la bl(')’ m) @ (a”a b”(')’ m)

where a = a'+d", b(-) = b'(-)+b"(-) and m < co. Note that the decomposed
constituents on the right hand side may be virtual activities in that they may
not be physically available choices. An example of such a decomposition,
which we will find useful in our analysis (Section III) is,

(a'a b()a m) = (a'a 0, m) ©® (0, b()a m)

Finally, note that while we assume that a disaster destroys an ongoing
economic activity; our framework nevertheless can allow for restrating the
same after repairs subsequent to a disaster. If the impact of a disaster on an
activity (a,b(-),m) € A is limited to partial destruction; it may be possible



to salvage and restart the same physical activity, usually with a benefit rate
b'(t) typically smaller than the old b(¢), but also usually with a smaller
setup cost @’ < a. If b(t) is |, then a typical example of such a relatively
diminished return function after repair is b'(t) = b(t +1),¢ > 0, where [ > 0
is a parameter that reflects how effective the repaired technology is. Such a
salvaged activity may be included among the available choices in A, so long
as it is still productive, essential and relevant.

2.2 The disaster process, states and transitions.

Let T1,T5,... be the inter-occurrence times between disasters. Assume
{T,,n > 1} to be conditionally i.i.d. exponential with a rate A > 0, given A.
In other words, we assume that there is an environmental variable A which
describes the proneness of disasters such that {Tj,,n > 1} are conditionally
i.i.d exponential with rate A, given A = A. Since the realized value of A is
unkown, we adopt a Bayesian posture based on past disasters to assign a
suitable prior distribution to A which is then revised by successive posterior
distributions, as we learn more and more about A with subsequent disasters
as they are observed.

To do this, we track the number (r) of disasters to date and the calen-
der time (t) when disasters strike. The ordered pair (r,¢) summarizes our
experience of disasters and describes the set of possible states, which are

S={(rt):t>0; r=0,1,2,...}.

If {T,,n > 1} is a sequence of inter-disaster times begining at the state
(r,t), then T} is the time spent in the j-th cycle between the (r + j — 1)-
st and (r + j)-th disasters. The corresponding state transition is from the
state (r +j — 1,t + S;_1) to (r + j,t +5;), where S; = >4 _ Ty, j > 1,
So = 0. To describe the probability law of the sequence of inter-disaster
times, beginning at (r,t), which are conditionally i.i.d. exponential given A;
we assign to A a gamma-prior G(-|rg+r,t9+1) € G for some 9 = 0,1,2,...,
and %y > 0, where

G={G:G=G(|r,t); r>0; t >0}

is the family of gamma distributions

T

I (r)

A
G(AJr,t) = / e %21z, A > 0. (2.3)
0

Let,
F={F:F=F(|p,qb); p>0, ¢>0, b>0}



be the family of inverted Beta distributions,

C(p+q)b? (v P!
F@@ﬂﬁﬁ=éaﬁz)A w+xww“’ y >0 (2.4)

which correspond to the familiar Beta distributions [5] on the unit interval
in the following way. If X is a r.v. with a standard beta density

Const. P71 (1 —2)T1 0<z <1, p>0, ¢>0

then the r.v. ¥ = bX/(1 — X),b > 0 has the inverted Beta distribution
F(-|p,q,b) in (2.4). The following facts about the probability law (L) of the
sequence {Ty,,n > 1} are now standard.

Lemma 1 For the inter-occurrence times {T1,Ts, ...} between disasters be-
ginning at the state (r,t), as specified above,

(i) L(Th) =F(-|1,70 + 1, to + 1)
‘C(TTL-l-l‘Tla"'aTTL) = F('|1,’I‘0 +r+mn, t0+t+Sn)’ n>1

from which all finite dimensional distributions can be computed.
(ii) The posterior of A at the state (r +mn,t+ Sy) is

LA|T,...,Tn) =G(|lro+7r+mn, to+t+8,), n>1

(iii) The unconditional distribution of the total time up to n disasters,
is L(Sp) = F(:|n,ro +r,t0 +1) n > 1.

Our activities and corresponding incomes evolve as follows. A typical
transition is (r,t) — (r + 1,¢ + T') where T is the cycle time to the next
disaster. At a state (r,t), we can choose any economic activity ¢ € A, the set
of available choices, which then operates until the next disaster at (r+1,t+
T) when we collect an economic return that has a present value e ?*W}(T).
The transition probability ¢(-|r, t) which specifies the distribution of the next
state (r + 1,¢ + T') is a probability measure on the states S such that for
every bounded measurable h : § — (—o0, ),

9]
[ a7 G+ L TIAF QLT + 1t + 1)
0

©  h(r+1,t+y)
= to + )0t / -
(TO + T)( 0o+ ) 0 (tO +t+ y)ro+r+1




An (adaptive) investment program = is a policy in the sense of Blackwell
[3], [4] that chooses economic activities in A, or more generally a family of
conditional distributions (defining a randomized choice mechanism) on the
set A of available activities, possibly depending on our past experience of
the system’s history.

A (non-randomized) stationary investment program is specified by a
function J : § — A such at any state (r,t) € S, we choose the economic
activity J(r,t) € A. Such stationary policies are conceptually the simplest
and intuitively appealing, as they require only a memory of the current state
to choose an economic activity to invest in. Since A = {1,2,..., N} is finite,
a stationary investment program is equivalent to specifying a disjoint parti-
tion {A1,..., An} of S such that for states in A;, we invest in the economic
activity 7 € A until the next disaster.

3 Optimal Bayesian policies

In a series of papers, Blackwell [3], [4] and Strauch [7] articulated a rigor-
ous theoretical framework to accomodate and extend Richard Bellman’s [1]
ideas and methods for dynamic programming, in three broad categories :
the positive, negative and discounted cases. These respectively correspond
to the stepwise income at each transition being either positive (profit maxi-
mization problems) or, negative (cost minimization problems) or, discounted
by a deterministic factor v at the n-th transition, 0 < v < 1. Since the
income W*(T') between disasters can be negative or positive and the disount
factors exp(—pS,) are stochastic, the model formulated in section 2 is thus
a non-standard dynamic programming problem. To put our approach to the
solution of the economic choice problem on a rigorous footing, there is thus
a need to show that expected incomes of all policies in our setup is finite
and then find appropriate technical means to identify an optimal investment
policy.

3.1 Income of adaptive programs.

The NPV of the income i(h) associated with any history h = ((r,t),41, (r +
1,t+ S1),42, (r + 2, + S2),...) of the system, is
o
i(h) =Y e PUFSIWE (T 1) := e i (h)
n=0
where i*(h) is the spot-value of the income stream at the initial state (r, ).
A policy 7 in the sense defined in section 2 - specifying the activity choices,



induces a probability on the set of histories. The expected income of a policy
m starting at (r,t) is clearly of the form

Ur(r,t) = e_”tU;(r, t) (3.1)
where,
UX(r,t) = Epi*(h) = By {Ze PSRE ( n+1)} (3.2)
n=0

is the spot-value of 7 at (r,¢). The optimal return function is

Ul(r,t) :=sup Ur(r,t) = e PU*(r, 1),

using (3.1), where U*(r,t) := sup, U}(r,t) is the spot-value of the optimal
return. To show |U}(r,t)| < oo for all 7 and all (r,t) € S; set

mo = minm; < 00,

1€EA
wy = I?EaAX i;l%) |[Wi(t)| < oo, (3.3)
w* = {1 + (1 _ e*Pmo)fl} wp < 00.

my is thus the smallest replacement time among the available activities, with
mo = oo iff all activities in A are type-I. In virtue of (2.2); for any activity
1 € A, we have

|VI/Z (T)| S Z].B] W‘i‘e g wo

(71 p——r + 1) wo S w*

VAN

Accordingly, from (3.2),

Ux(r,t)] < Ex Ze P W (Tyt)|
(3.4)
< w* ZE e pS“

provided the sum converges to a finite value for all (r,t) € S. Note, the
expected values in the last step no longer depend on 7. The terms
Yn(p;r,t) := E(e P5") = E, {E(efp(T1+"'+T")|A)}, n>1
= Ex{E"e M)},
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since T1,T5, ... are conditionally i.i.d., given A. The random variable

A

amy:E@ﬂﬂmy:K:;

€ (0,1), (3.5)

since 77 |A has distribution G(-|1,A), i.e., exponential with rate A. Hence,

Y Ele ) =1+ dulpsrt) = > Ex{a(A)}"
n=0 n=1 n=0
= Eg1+p4A)
= /0 (1+p I NAF(\|1,70 +t,t0 + 1)
_ (ro+1)
B U R

(3.6)

3.2 Rebuilding costs and static policies

In our quest for an optimal policy, it will be useful for technical reasons, to
first consider the rebuilding cost associated with a static policy that always
chooses a fixed activity (a,b(-),m) € A, irrespective of our current state
and the corresponding posterior distribution of the environmental variable
A. Conceptually we may think of such an activity decomposed as the “sum”
of two imaginary activities

(CI,, b()’ m) = (G,, 0, m) ® (O’ b()a m)

so that the spot-value of a static rebuilding policy always using the fixed
activity at left is the sum of the corresponding spot values of the two hy-
pothetical static policies defined by (a,0,m) and (0,b(-),m). The latter
gives the expected spot value of the stream of benefits, while the negative
of the spot value of the former represents the expected rebuilding costs. Let
K(r,t;a,m) denote the spot value of total expected rebuilding costs of the
static policy using (a, b(-), m), begining at (r,t), i.e. the spot value of the to-
tal expected costs associated with (a,0,m). By (3.4), 0 < K(r,t;a,m) < 0.

To describe K (r,t;a, m), first note that the spot value c(r,t; a, m) of the
expected rebuilding costs in a typical cycle (r,t) to (r + 1,¢ + T') between
two disasters, is

c(ryt;a,m) = a/ (1- e_’\m)_ldG(MTo +r,to + 1), (3.7
0

10



since, if N(T') is the number of planned replacements in [¢,¢ + T'); then,

E(N(T)[A) = 3 jP(jm <T < (j+1)m|A)
]e:—(}\m(l _ e—Am)—l

bl

so that,

c(r,tya,m) = Efa{l+ N(T)}]
= a[l+Ex{E(N(T)[A)}]

—)\m
_ a[1+/ — (/\|r0+rto+t)]

— e

which leads to (3.7). Writing N'(-) = 1+ N(-) for brevity; the spot value of
the total stream of random rebuilding costs is

“Ze PS5 N'(Tp41) = aN'(T1) + e 1 {“Ze Pt Tn) NY(T, +1)}

n=2

The second term within the braces is simply the actual rebuilding costs
starting at (r + 1,¢ + T1) for the same static policy. Thus averaging both
sides,

K(r,t;a,m) = c(r,t;a,m)+ Ee PTK(r+1,t+ T;a,m)
= c¢(r,t;a,m)+
o
e YK(r+1,t+y;a,m)dF(y|1,m9 + r,to + 1).
0
(3.8)
For a type-I activity, m = oo and ¢(r,t;a,00) = a, as is also clear by

letting m — oo in (3.7). The corresponding total expected rebuilding costs
K(r,t,a) := limy, o K(7,t;a,m) satisfy the simpler equation

K(r,t;a) =a+ Ee "TK(r+1,t+ T;a) (3.9)

3.3 Finding an optimal policy

Upper bounds for the spot value. The spot value of the expected rebuild-
ing costs associated with any policy 7 is bounded above by

K(r,t;a*,mq), ifmy < oo

K (rt) = K(r,t;a"), if my = oo

(3.10)
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where mp = minje 4 m; < oo is defined in (3.3) and ¢* = max;c4 a;. Hence,
the spot value of total expected income satisfies U} > —k* pointwise, for all
7. Accordingly,

U*(r,t) :==sup Uy (r,t) > —k*(r,t), all (r,t). (3.11)

To search for reasonable upper bounds for U*, we may therefore restrict
outselves to

Q={QlQ:8 = (-00,0), Q@ > —k" on S}.

Consider the linear operator L carrying measurable functions on Q into
itself, such that

(o.°]
LQ(r,t) = mea}/ {(Wily) +e ™Qr+1,t+y)}dF(y|1,70 + 1,80 +1)
? 0

= * —pT
= I?E%E{m (T) + e "TQ(r + 1,t+T)}

To check that @ € Q implies LQ € Q, we argue as follows. Corresponding
to the activity ¢ € A defined by (a;, b;i(:),m;), let (a;,0,m;) define a virtual
activity i’ (which need not be in A). Then,

EW(T) > EW;i(T) = —c(r, t;a;,m;) > —c(r, t;a*,mp)

where, the function c is defined in (3.7). Together with @Q > —k* pointwise,
since () € Q; the above implies

E{W}(T)+ e Q(r+1,t+T)}
> — {c(r,t; a*,mo) + Ee PTk*(r +1,t + T)} = —k*(r,t)
for all 7 € A, the last being true in view of (3.8)-(3.10). Hence LQ > —k*.
Lemma 2 Q € Q, LQ < Q = U* < @ pointwise.
Proof. Consider a hypothetical problem with the same states and transition
probabilities except that each economic activity i € A = {1,2,...,N} is
replaced by an hypothetical action i* such that choosing i* at (r,t) yields an

income with present value e=?!W;- (T) realized at the next state (r+1,t+T),

where .
Wi (T) = W (T) + a* {1+ N(T,mo)}, (3.12)
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where N(t,mg) is the number of planned replacements between disasters,
of an activity with scheduled replacedment time my; i.e., N(T,mg) = n on
{nmo <T < (n+1)mp}, n=0,1,2,... if mg < oo, and N(T,mg) =0 w.p.
1 if my = oo (all activities are type - I). In any case, my < m; < oo and
a; < a* < 00, implies

Wi (T) > Wi (T) + ai{1 + N(T,m;)} > 0,

since the second term, being the actual rebuilding costs of ¢ € A in the time
interval [t,t 4+ T'), represents the negative part of W;*(T'). The hypothetical
problem so defined, with A replaced by the set of virtual activities A* =
{1*,2%,...,N*}, is a positive dynamic programming problem in the sense of
Blackwell [4]. Clearly, the optimal income’s spot value for the “positive”
problem has the form

Ulr,t) = U*(r,t) + k*(r, 1)

where U™ is the optimal spot value function of our original problem and the
second term k* represents the expected contribution of the stream of second
terms in (3.12) over entire histories. If L is the operator

~

Lh(r,t) := max E {WZ* (T) + e PTh(r +1,t + T)}
*EA*

carrying non-negative functions h on the (r,t)-plane into itself; then Black-

well’s [4] results imply that any function A > 0 that satisfies Lh < h must

itself be an upper bound on U. If @ satisfies the hypothesis in the statement

of Lemma 2, then, Q = @ + k > 0 is such a function; viz.

LQ(r,t) = max E [I//[\/,* (T)+ e PTQ(r + 1,1 + T)]
max B [W7(T) + a” {1 + N(T,mo)}
+e T {Qr + 1,6 +T) + k' (r + 1, + T)}]

= LQ(rt)+ B [a" {1+ N(T,mo)} + e "'k (r + 1, + T)| .

In view of (3.8) - (3.10), the second term equals k*(r,t). Hence,

~

LQ(r,t) = LQ(r,t) + k*(r,t) < Q(r,t) + k*(r,t) = Q(r, 1).

This in term implies U* + k* = U< @ =@+ k", or U* < Q pointwise.
Set,
A ={(r,t): BW;(T) = LO(r, )}, j € A (3.13)

13



where
o
LO(r,t) = max EW(T) = max/ Wi (y)dF (y|1,ro + 7, to+t)
1€EA 1€EA .
= max [ BOW;(T)NAG(Nro + 7t +1),
1€ 0

is the spot value of the maximal one-cycle income. Without loss of generality,
{A1,...,An} may be taken as a disjoint partition of S. Let g : § — A =
{1,2,..., N} such that

g(r,t) =g, if (r,t) € A; (3.14)

Theorem 1 The stationary adaptive investment policy defined by g is op-
timal.

Proof. The spot value function U, of the stationary policy defined by g in
(3.14), obviously satisfies

Up(r,t) = E{Wy, (D) + e Uy(r+1,t +T)}
= LO(r,t) + Ee "TU,(r + 1,t + T)
= LUy(r,1).

Further, U, > —k* as argued in the remark following (3.10). Hence the

optimal spot value U* < Uy by lemma 2; while U, < U™ necessarily. Thus

Uy(r,t) = U*(r,t) which proves the optimality of g. 0
The optimal Bayesian spot value is

U(rt) = Uy(r,t) = > E{e " Wi iniis(Tnin) )

n=0
[e's) N
= Y ESe Y Wi(Tuy)la;(r+n,t+5,)
oo N 00 PO
= 2> / / La, (r +n,t + 2)e "W} (y)dHy (y|z)dHy(2)
n=0;=170 70
(3.15)
where the integrating measures are the inverted beta distributions
Hi(ylz) = F(y[l,ro+r+n,to+1t+x),
Hy(z) = F(zn,ro+r,t0+1)

defined in (2.4). Clearly (3.15) shows that U* cannot in general be evaluated
in a closed form. For a given set of economic activities with specified set
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up costs and benefit rates, first the optimal partition {4;:j=1,2,...,N}
and then U* can be numerically evaluated using (3.13) - (3.15).

Static rebuilding programs. These correspond to stationary policies that
repeatedly choose a fixed activity in a A, and are typically not optimal,
although they are conceptually appealing and among the simplest. Another
reason they are useful is that such policies play an important role in the
asymptotic behaviour of the optimal return U*(r,t), defined in (3.11), under
fairly reasonable conditions on the benefit rates, as we show in section IV.

The Bayesian spot value Uy(r,t) of a static policy has a simple represen-
tation

Up(r,t) = /0 T VNG ro + 7 to + 1) (3.16)

where V() is the corresponding spot value in the non-Bayesian case, i.e.,
when the environmental variable A is fixed at a value A > 0. To justify
(3.16), supppose the fixed economic activity defining the static policy has a
planned replacement time m < oo. Since given A = A, the time T between
disasters is expoential; the memoryless property of exponential distributions
imply that the fixed activity defining the stationary policy is renewed after
operating for time min(7',m), so that V satisfies the renewal type equation

V = E, {W(min(T, m)) + efpmin(T’m)V} , (3.17)

which gives
E\W (min(T, m))

V(A = . A>0. 3.18
N = Bi = sy A (3.18)
For a type-I activity, this takes a simpler form
A
V() = (1 + ;> B\W(T), A>0. (3.19)

While (3.18) is the preferred way to compute V for a type -II activity, it can
also be expressed in a form analogues to (3.19), resulting from the equation

V=E{WHT) +eV]

instead of (3.17), where W*(T') given in (2.2) is the income between con-
secutive disasters, allowing for possibly multiple planned replacements in
between. Thus implies

_ E\wH(T)

Ve = TR - (1 + %) ByWH(T) (3.20)
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where,
a(X) = Exe™ = X/(A +p) € (0,1).

(3.19) of course corresponds to (3.20), when m = oo. The claim (3.16) is
now immediate. By (3.2), a static policy’s spot value function is

o
Ug(r,t) = EY e " "W*(Thp)
oon:O
- Y E [E {e*pSnW*(TnH)\Tl, e T, A}]
n=0
(e ¢]
= S E[B(e A E{W (Tus1)|Th, -, T, A}
n=0
Since T), are conditionally i.i.d. given A; the n-th term above, conditional
on A=), is
EYe "VE\W*(T) = «"(NEA\W*(T), n>0

which implies

Uo(r,t) = ) Ela"(A)EW"(T)[A)]

=0 * 00 *
[ [

Together with (3.20), this proves (3.16).

As remarked in section I, in the non-Bayesian case, an optimal policy
is always static. McGuire, Brown and Contini [6] consider some illustrative
examples of benefit rates and the spot values V() for the corresponding
static policies when the disasters are assumed to be a Poisson process with
a known rate A. The following is a summary of their results, which we then
use to evaluate the respective Bayesian spot value functions, by exploiting
the representation (3.16).

dG()\|’I‘0 + T, t() + t).

Activities : No decay (a,b(t) =b,00), b>0
Delayed benefits  (a,b(t) = blyyy,00), 6> 0,1>0
one-hoss shay (a,b(t) = blyycpmy,m) b>0,m >0
exponential decay (a,b(t) = be %", m)b>0, m >0, § >0

The spot value functions Uy(r, t), using (3.16), (3.18) - (3.19) are
No decay :
V) =—a(l+p X)) +p b,

16



_ _é_a _TotT
UO(""’ t) = EV()\) o p (1 + p(t() +t))

Delayed benefits :

V(A) =p tbe ML —q(14p 1)),
b( to+t )TW o ( ro+r>
Up(r,t) =EV(A) = - | ————— PP—a|l4+ ———
ol ) 9@ p<t0+t+l CT T bt + 1)
As I — 0, this reduces to ‘no decay’.

One-hoss shay :
b a(X+ p)
VN =L o= ety

With the prior G(-|k,c) of A, where k = ro+r, ¢ =ty + t; we have

Ao il ol b —j(A+p)m ,—cAyk—1
EA(W) = [‘ Z/ (A + p)e I OFPAImemeANETT g
= —jpm —(c+jm)A yk—1
I‘(k Ze / (A+p)e AF=Lax

_ k p }
— k jipm
Ze {c-l-jm)k“—i_(k-i-jm)’C
e—Jrm k
- &
Z (c+ jm)k ( +c+jm>'
Accordingly, the Bayesian spot-value is

a > e=Ipm ro+r
— —(to + )" . ( + . )
(to ;} (to+t+jmyot P T i+t + jm

(3.21)

UO (’ra t) =

bIO‘
b

As m — oo, we get

the case of ‘no-decay’.
For the case of exponential decay, we have

A b(1 — ef()\+p+é)m) 1
=(1+—
Vi) ( + p) A+p+9 1 — e (Atp)m

—a+
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The Bayesian spot value EV (A) is rather messy. For exponential decay with
no planned replacement (m = c0),

Uo(r, t) =E{(1+%) <_a+#p+5>}

can be evaluated by computing integrals along the lines of (3.21).

4 Asymptotic behavior

As we have seen, whenever the set of activities contains two or more choices,
the return of the optimal Bayesian policy is usually not readily computable
in a simple way. An investigation of the asymptotic behaviour of the optimal
spot value shows that with type-1 activities, an investor, who pretends to
behave as if A is known by setting the value of A as the Bayes’ estimator with
sqared error loss will be close to optimal, for initial states which are suitably
“large”. This nearly Bayesian optimal behaviour is a static rebuilding policy.

Let V;(\) be the non-Bayesian spot value of the static policy using ac-
tivity j € A; j=1,2,..., N, and let

V) =max V() A>0

be their envelope.

Theorem 2 If all available activities are of type-1 with set up costs and ben-
efit rates (a;,b;()), such that each bj(t) is non-increasing and differentiable
with sup;sqb;(t) < oo, j=1,2,...,N; then

[U*(r,t) =V(B)| = 0
as r,t — oo along the paths r ~ Bt (i.e. along any locus on the (r,t)-plane,

such that r/t — B > 0).

To prove our claim, we will exploit the following technical results. Recall,
W (t) of (2.1) is the cumulative return at time ¢ from an uninterupted activity
in (0,t) with expected value g(\) := E\W (T). Let H(#) := g(6~') be this
expected value as a function of the mean time 6 between two disasters.

Lemma 3 (a) If b(t) is differentiable a.e., sup;qb(t) < oo, then

i) g(A) is conver and nonincreasing.
ii) W and H both satisfy the Lipschitz condition of order 1.
(b) If b(t) is nonincreasing, then W (t) is concave.

18



Lemma 4 The Bayesian optimal spot value U* satisfies

U*(r,t) < /000 V(NAG\ro + 7, to +1) (3.22)

Proof of Lemma 3. (a). By (2.1) and interchanging the order of integration

oo i
g\ =E\W(T) = —a+/ /e_”yb(y)Ae_’\tdydt
0 J0
= —a—l—/ e_(’\+p)yb(y)dy
0

which gives,
o0
i) = = [T ety <o,

R
g = /O e~ APy 2p(y)dy > 0,

for all A > 0. For any t,t' > 0, setting t¢ := min(¢,?'), t; := max(t,t'); again
from (2.1),

t
WO - W) =| [ eyl = [t=¢](e)e, some ¢ € (to,11)
bolt —t'|

IA

where by = sup;.( b(t) < co. To show H also satisfies the Lipschitz condi-
tion, write

g(\) = A /0 T W ()e Mt = /0 S Wy N e Vdy,

so that for any positive 6, '

1O - 1O =19 ~9h) < [T WEon - WEmleay
™
— bold— @

(b) Finally note, if 0 < b(t) is decreasing then (2.1) implies
W(t) = e Pb(t) > 0

is decreasing, since b(t) is. Hence W is concave. Note that 0 < b(t) | is
sufficient for W to be concave, and b(t) need not be differentiable. 0
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Proof of Lemma 4. We show, the function Q(r,t) := EI?(A) defined in the
righthand side of (3.22), satisfies the hypothesis of lemma 2, which will prove
our claim. If U;(r,t) := EV;(A) denotes the spot value at (r,t) of the static
policy that always uses activity j € A, then

Qr,t) 2 BV(A) = BV;(A) = Uj(r,t) 2 —K"(r,1)
where the last inequality holds in virtue of the argument preceeding (3.11).

To prove Lg) < g) , consider E{W}(T') + eff’Tg)(r +1,t+T)}. The second
term, by appealing to Lemma, 1, and writing k = ro+7r, ¢ = tg+1 for brevity,
is

X0~
E{e—pT/ VAAG(\|ro + 7 + 1, t0+t+T)}
0
_ / / PV (N)G(Aro + 7 + 1, to +  + y)dF (y|1, 70 + 7 t0 + )

- / / eV (A Hy)kﬂ ety Ky
TH+1) (c+y)ktt

(s s

_ /0 ANV NGk, )

where a()\) = Exe T = A/(A + p). Hence, for any j € A, the above and an
appeal to (3.20) gives,

E {W;-“(T) +e P TQr + 1,1+ T)}

- /0 T E\WHT)AG(Nro + 1t + 1)

+E {e_pT /000 V(NG + 7 + 1,10 + £ + T)}
[{1 = a)}V;(N) + WV (V)] dG(Alro + 7t +1)
/0 T VNG + 1,0 + 1) = Q(r, 1)

IA

~

since 0 < a(A) < 1 and V;(A) < V(A) all A > 0, and all j € A. Thus
LQ < Q. O

Proof of Theorem 2. Let Uj(r,t) denote the Bayesian spot value of the
static policy using activity j € A. For fixed A > 0, the expected income
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gj(A) of type-I activity j between two disasters, satisfies

gi(A) > g;(B) + (A= B)g;(B), allA>0, >0

where the slope g; < 0 since g;()) is convex and nonincreasing in A (lemma
3) under the stated assumptions. Hence, for the corresponding static policy,

Vi) > (14 p72) g5(8) + {p™A2+ (1 = p7'8) - B} 4(B)
by a reference to (3.19), so that (3.16) then implies

Ui(r,t) = / Vi (NG (Aro + 7, to + 1)

> (14T I(rt (324
> (14 ) (8 + iy (AIG.tp.
where,
I(r,t:p,8) = Bx{p 'A2+A(1—p'8) - B}
(ro+7)(ro+r+1) r0+r(1_é>_ﬁ (3.25)
p(to +1)? to+1 p '
Note, since each benefit rate b;(¢) is nonincreasing, we have
o0 b*
0< —g, :/ e~ B (D) dt < ——— < o0,

g](IB) 0 ]() (,3+P)2
for all j < N, where

b* = ﬁa&ciggb i(t) = %a]%cbj(()—k) < 00, (3.26)

Consider any locus on the (r,t)-plane such that r ~ fSt, i.e. such that
= Bt + o(t). Denote by hmé{tlf(hm sup, respecively). The operation

r~pt

htm inf(lim sup, respectively), as ¢ — oo, along any path on the (r,t)-plane
— 00 t—

for which 7" ~ ft. Then from (3.24) - (3.25),

liminfUj(r,) = (1+p7'6) 0;(8) +;(6) Jim I(t.t;p. )
Vi(8) +4;(8) {p 8% + B — p'B) - B}
= Vil®)-

As the optimal spot value U* clearly satisfies U*(r,t) > Uj(r,t), for all
j € A, we get,

liminfU*(r,t) > liminf U;(r,t) > V;(B), allj€ A

re~ft re~pt
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so that,

liminf U (r,£) > max V;(6) = V(6) (3.27)

~

On the other hand, by lemma 3(a) -ii), viz. (3.23),
19;(X) = g;(B) SO ATH =BT, allA>0,8>0.

for each activity j, where b* is given by (3.26). Thus,
v\ = (1 + pflz\) m]a,xgj()\)
< (L+p7 ) maxg;(8) +b" (147 A) AT = 571,
J
Hence, an appeal to lemma 4 yields,

ro+ 7T

U*(r,t) < (1 + 7/)(750 1)

Jmaxg;(8) +VAMY  (328)
J
where
0 < Alr 1) = / (14 p~ NN = BYdG(Nrg + 1,0 + 1) — 0,
0

as r,t — oo such that r ~ ¢, since

M) = B {1+ A =)
< E{(l -|—p_1A)2}E{(A—1 g1y
— {1+2T0+r 1 (7'0+7')(’I"0+7‘-|-1)}

pto+t  p? (to+t)(to+t+1)
1 2 to+t (to +1)? }

B2 Bro+r—1 " (ro+r—1)(rg+r—2)
implies,
lim A*(r,t) = lim A*(Bt,t) = (L+p 'B)*(B* 2672 +57%) =0.
reft t—o00

By (3.28), we then have

limsup U (r,£) < (1+ p~' B) max(g;(8) + " lim A(Bt,1) = V().
reft J t—o0
Together with (3.27), this yields the desired conclusion. 0
When available choices include activities of type-II, the asymptotic be-
haviour of the optimal Bayesian poolicy in theorem 2, remains an open
question as of this writing.
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