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Abstract

Some new order preservation properties of stopped sums of inde-
pendent nonnegative random variables, when the stopping variable is
independent of the summands, is investigated. We show that such
randomly stopped sums preserve the stochastic Laplace as well as the
integral harmonic mean residual life orders. For the case of Laplace
orders, there is a suitable converse for each of the order preservation
results. Exponential distributions are characterized within the class
of random sums with geometric stopping times, via simple moment
conditions on the summand obeying a suitably weak aging hypothe-
sis.
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1. Introduction and Summary.

Let {X,,,n > 1} and {Y,,,n > 1} be two sequences of random variables
(r.v.s.), henceforth simply denoted by { X, }, {Y,}. Let M, N be non-negative
integer valued r.v.s. independent of the sequences {X,},{Y,}. Consider the
random sums,

M N
U=>Y, V=> X, (1.1)
n=1 n=1

with the convention U = 0, if M = 0(V =0, if N =0). If <p is a given
stochastic order (partial ordering among r.v.s) such that M <p N, Y, <p
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X, all n > 1 and possibly some reasonable conditions on the sequences
{V,},{X,} implies U <p V; we say that randomly stopped sums of the type
in (1.1) possess an external monotonicity property under the stochastic order
<p.

Jeen-Marie and Liu [8] investigated such monotonicity properties of ran-
dom sums when the underlying summands are arbitrary sequences of real
valued r.v.s. In the context of many applications where such randomly
stopped sums appear, it is known that {X,},{Y,} are sequences of non-
negative r.v.s, often with additional structure such as independence, or even
the i.i.d. property. In particular, compound geometric distributions which
correspond to the r.v. V in (1.1), when X,, are in ii.d. and N is geomet-
ric, occurs among others in the study of many queueing systems, reliability,
stress-strength models, and risk and ruin problems. Stochastic order proper-
ties of the summands X,, which are preserved by the geometric compound V
(with geometrically distributed N) have been investigated by several authors
(see Szekli [15], Bhattacharjee et al. [2]).

Our purpose in this article is to demonstrate two new external monotonic-
ity properties of such random sums. Specifically, it is shown that randomly
stopped sums of independent sequences preserve the Laplace order property
of the summands when the stopping times are correspondingly ordered, and
in fact when the summands constitute i.i.d. sequences, suitable converses
also hold. We further show that for nonnegative and independent (but not
necessarily i.i.d.) summands, randomly stopped sums preserve the integral
harmonic mean residual life order with equal means, which extends and in-
cludes a result of Szekli [15]. As an application, we deduce some charac-
terizations of exponentiality within the family of geometric compounds - an
important subclass of random sums, in terms of moment conditions on the
underlying distribution generating the geometric compound.

2. Main results.
Consider the partial ordering <., (increasing convex order) between real

valued r.v.s. S, T with respective distribution functions (d.f.s) F' and G,
defined by

S <iez T & /00{1 — F(u)}du < /00{1 — G(u)}du, all real x

T T (2.1)
& EW(S) < Eh(T), all convex Th



and the Laplace domination ordering (<) between non-negative r.v.s. S,T
with ES < 0o, defined by

S <. T Ee) <E(e*), all s > 0. (2.2)

The convex order <., is the stochastic order <;., with equal means (S <
T S <ie T, and ES = ET < o0). For < (<) restricted to non-
negative r.v.s, we may take x > 0 and h to be convex and nondecreasing
(convex, respectively) on [0,00) in (2.1). See Miiller and Stoyan [12] for an
overview and some ramifications of the above orderings. In particular, note
that the HNBUE (hermonic new better than used in expectation) and the
class-L properties, familiar in reliability theory (Klefsjo [9], [10]) are special
cases of <;.; and <, orderings (viz., take T" to be an exponentially distributed
r.v. with ET = ES < 00 in (2.1)-(2.2). Then the corresponding specialized
versions of (2.1), (2.2) respectively define the HNBUE and class-£ property
of the r.v. S).

Our main order preservation findings, for random sums of the type in
(1.1), are the two theorems and corresponding corollaries in section 2. An
application of our result and some characterizations of exponentiality among
compound geometric distributions are indicated in section 3. A forthcoming
paper by Kulik and Szekli (2004) on dependence orderings for some func-
tionals of multivariate point processes, is conceptually related to the context
of this paper and may be of interest to readers of the present article.

To set our main results in perspective; it is useful to recall the relevant
findings of Jean-Marie and Liu [8], which can be summarized as follows:

Proposition (Jean-Marie and Liu [8]) Let <p,,<p, be stochastic (partial)
orderings, among r.v.s, closed under convolution, such that in the context of
the r.v.s in (1.1),

M <p N, Y,<p, Xpaln>1

hold. Then any of the following conditions is sufficient to imply U <p, V.
(i) <p=><a4=><p,, Yn>0wnpl, alln>1.

(i) <p,=><st, <ice=><p,, and either EX, > 0 forn > 1 or, EY, > 0 for
n > 1.

(ill) <p,=><ix=><p, and either 0 < X, Ticx , 01, 0 <Yy, Tice-
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(iv) same as condition (iii) with <., replacing <icy.

(Here, <, denotes the strong stochastic majorization order; wviz., ¥ <y
X if P(Y > z) < P(X > z), all real xz. The notation X,, 1. stands for
Xn <icz Xpy1, all n > 1).

In particular, taking <p =<p,=<g in (i), and <p,=<p,=<;e in (iii)
above implies

Corollary 2.0 (Szekli [15]) (i) M <4 N, and 0 <Y, <, X, for alln > 1
mmplies U <4 V.
(i) M <iex N, Yy <icx Xy alln>1 and , either, 0 < X, Ticg, 07 0 <Y}, Ticx
mmplies U <jep V.

Prompted by our interest in the case of many applications, as outlined in
section 1, when the summands in (1.1) are independent and non-negative; we
are led to ask if similar order preservation results hold for other stochastic
orders that are meaningful in applied contexts. Theorem 2.1 provides results
of this genre under the Laplace order <, which is weaker than the convex
order <.,. Theorem 2.4 similarly proves closure under the integral harmonic
mean residual life order with equal means.

Theorem 2.1. Consider the randomly stopped sums U,V in (1.1), with
non-negative summand sequences {Y,},{X,} respectively.

A. When the summands are i.i.d. sequences,
(i) if M <g, N, then Y7 <p X; implies U <p V,
(ii) if N <p M, then U <p, V implies Y1 <p, X1,
(iii) if MEN, then U <, V if and only if V; <1, X;.

B. When both summand sequences are independent,

(1) if Yo <1, Z <1, Xy for some Z, all n > 1, then M <; N implies
U<pV,

(i) if X, <p Z <1 Y, for some Z, alln > 1 and inf, P(X,, = 0) = 0,
then U <, V implies M <j, N.

(iii) if both sequences are i.i.d., Xngl with common d.f. continuous at
zero, then U <p V if and only if M <p N.

C. For i.i.d. summands, B(i) - (ii) can be improved as follows,
(i) If Y1 <p, Xy, then M <;, N implies U <, V,
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(i) If X1 < Y1 and P(Y1 =0) =0, then U <;, V if and only if M <;, N.

Proof. Let ¢ (2) := E(2M), 0 < z < 1 be the probability generating
function (p.g.f.) of M, and Ly, (s) = E(e *¥"), s > 0, the Laplace transform
of the non-negative ii.d. r.vs. Y, for n > 1. Let ¢n(2) and L, (s) be
defined similarly as the p.g.f. of N and Laplace transform of X,,. Further
when the summands are i.i.d., denote Ly, (s), Lx, (s) by Ly(s) and Lx(s).
A (i) Since, for the two i.i.d. sequences,

Xn <L Yn iff LYR(S) > LX,L(S), s>0 (23)
and for the stopping variables M and N,

M <y Niff gpr(2) = E(EM), 0<2z<1
E(emoMy 550 (2.4)
E(e7"N) = B(zV) = ¢n (2);

IA

we have, for all s > 0,

e”*") ZP =n){Ly(s)}"

|
<~
5 =
h
=<

v Iv

which proves U < V.
(i) Suppose U <y V, i.e., E(e7*Y) > E(e™*),s > 0. Since N <y M iff
on(2) > dm(2), 0 < z < 1, the two hypotheses together imply,

o (Ly(5)) = u(Ly(s)) = E(e™™") > B(e™*") = ¢n(Lx(s)), s > 0

which in turn implies Ly (s) > Lx(s) for all s > 0 by monotonicity of the
p-.g.f. ¢n. Thus Y] <z X;.

(iii) Since MZN iff ¢y = ¢y pointwise; i.e., iff M <, N <, M, the
claim follows by combining (i) and (ii).

B (i) Under the stated hypotheses, we have for s > 0,

n
o0 s



>P(M =0)+ i P(M =n)L7%(s)
= dum(Lz(s)), (2.7)

where Ly(-) is the Laplace transform of Z; we have used the independence of
M and {Y;} in the second step above, and the next step follows from Y; < Z
all + > 1. An analogous computation similarly yields,

E(e™Y) = P(N=0)+ i_o:lP(N =n) f[lLXi(s)

IN

P(N =0)+ > P(N =n)L%(s), sinceZ <, X; alli>1
n=1

¢n(Lz(s))
¢ (Lz(s))
E(e*Y), using (2.7).

ININA

Note, the second inequality above follows from M <; N and Lz(s) € (0,1]
for s > 0.

(ii) Since U <z, V, using (2.6), its counterpart for E(e*V) and the hy-
pothesis X,, <; Z <1 Y,, n > 1; we have

bu(La(s) = P(M=0)+ 3 P(M=n)I(s)

> P(M =0)+ iP(MZ n) [T Lyi(s)

= E(e%Y) " -

> E(e)

= P(N=0) +§1P(N = n)i_ﬁlei(S)

> P(N=0)+ i P(N = n)L%(s)

= én(Lz(s)), fonr all 5 > 0. (2.8)

Since z := Lz(s) | from 1 to P(Z = 0) as s T on [0,00); (2.8) is equivalent
to
dm(2) > on(2) for z € (P(Z = 0),1].
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This is equivalent to M <y, N, provided P(Z = 0) = 0. To check that such
is indeed the case, let s — oo in the inequality F(e™*%) < E(e "), s >
0, which holds in virtue of X,, <; Z, all n > 1, implies P(Z = 0) <

(iii) When both {X,},{Y,} are ii.d. with X;2V1, and their common d.f.
has no atom at zero; both the hypothesis in B (i) - (ii) are satisfied by any

r.v. Z such that Z2Y;. Hence combining (i) and (ii) implies the desired
conclusion.

C (i) The claim that Y} <, X; and M <y N together imply U < V, is a
restatement of A (i). An alternative argument follows by choosing Z =Y =
(ii) Suppose U <, V. Since each summand sequence is i.i.d., we have

Su(Ly(s)) = E(e™") > E(e™") = ¢n(Lx(s)) = dn(Ly(s)), s 20 (2.9)
and similarly, extending the inequality for the first term in the other direction,
om(Lx(s)) = dm(Ly(s)) = on(Lx(s)), s > 0. (2.10)

As s — 0+, the inequlaties (2.9) - (2.10) together imply
om(z) > on(z), for A< z<1 (2.11)

where A := min(P(X =0),P(Y =0)) = P(Y = 0), since X <, Y guaran-
tees

—0) = T; —sX : —sYy _ _
P(X—O)—Sl_l)r&_E(e ) ZSEI&E((& )=P(Y =0).

If P(Y =0) =0, then (2.11) implies M <, N. Note, the d.f. of X need not
be continuous at zero for the last conclusion, although such continuity would
be sufficient to conclude M <, N. 0

Corollary 2.2 For the random sums of nonnegative independent r.v.s. in

(11),
(1) if Y <iex Xn,m > 1; then M <;, N implies U < V,

(i) of Xy <icx Yn,m > 1; then U <, 'V implies M <;, N,
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(iil) of X, LY, n > 1, inf,>1 P(X, = 0) = 0; then U <, V if and only if
M <; N.

Proof. (i) - (ii) Y, <icx X, implies that there exists a r.v. Z, such that
Xn <st Zn <cw Yn

by a result of Miiller and Stoyan (theorem 1.5.14, p.22 in [12]). Since <g
and <., are both stronger than < (viz., <g=<im=><r, and <. = <i),
we have X, <; Z, <r Y,. Now apply theorem 2.1 B (i). This proves the
first claim. An analogous argument applies for claim (ii).

(iii) If XngYn, then Y, <ice Xy <ice Yn. If additionally, i%f P(X,=0)=
0, then the hypotheses in both claims (i) and (ii) hold. O

Definition : If S and T are non-negative r.v.s. (such as lifetimes), we say
(Shaked and Shanthikumar [14]) that
(i) S is smaller than T in the mean residual life order (S <mn T) if,

E(S—tS>t) <E(T—tT >1t), t>0

(ii) S is smaller than T in the integral harmonic mean residual life order
(S <hmrl T) lfa

¢ dx ¢ dx
>/ t>0. 2.12
/(JE(S—$\S>$)_ o E(T—2|T >z) — (212)
Clearly, <, implies <pmn. Since one usually wants to compare lifetime
distributions sharing a common mean, our interest centers on the possibility
of <,y and <p orders being preserved by random sums under the equal
means asumption. Let <* . (<} ) be the stochastic orders <, (<pmri

mrl
respectively) restricted to lifetimes with equal means, i.e.,

S <pot (b)) T €S <mrt (<kmet)T, and ES = ET < o0.

It is known (theorem 3.A.13, p.91 in [14]) that if S > 0,7 > 0 w.p.1, then
S <pr T = S <jez T. Hence S <}, T = S <. T. The converse does not
in general hold. On the other hand, it turns out that <}, is equivalent to
the familiar convex order <., restricted to r.v.s with d.f.s supported by the
half line, a fact that we will exploit to prove theorem 2.4.
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Lemma 2.3. Let S > 0, and T > 0 w.p. 1. Then,
S <G T &85 <iT

Proof. Let S, be a r.v. that has the equilibrium distribution with density
{P(S > z)/ES} induced by S, and let T, similarly denote a r.v. that
corresponds to the equilibrium distribution induced by 7'. Since

PS> 1) = exp{_/ot E(S—ﬁs > x)}’

and an analogous representation holds for the tail of T,; it follows that S >
0,7 > 0 w.p.l implies

S < T & ES=FET and S, <4 T
o ES:ETand/ (P(T>x) — P(S>a)}de >0, t >0
t
S S<,T

< Eh(S) < Eh(T), all convex h on [0, 00). (2.13)

The last step follows from a characterization of <., restricted to non-negative

r.v.s ([3], [12]). O
When T is exponential with ES = ET = pu < oo, (2.12) reduces to the

inequality

/t da >t aneso
o E(S—z|S>z) — u

which is the so called HNBUE (Harmonic New Better then Used in Expec-
tation) property of S, well known in reliability context.
When S, T are both discrete on {0,1,2,...}, one can similarly show that

n—1 n—1

S <hmn T Y AES —k[SZk)} ' > Y A{BT kT 2 k)}7, alln>1
k=0 k=0
and ES = ET (2.14)

< Eh(S) < Eh(T), whenever {h(n), n > 0} is a convex sequence (2.15)



Note, the last statement in (2.15) follows from lemma 2.3 and [2] (Corollary
2.2). When T is geometric on {0,1,2,...} with mean pu, (2.14) reduces to
the discrete-HNBUE property,

n—1

SHE(S—KS>k)} " >2, alln> 1.

k=0 K

Theorem 2.4. Randomly stopped sums in (1.1) with nonnegative indepen-
dent summands, preserve the harmonic mean residual life order with equal
means, i.e.,

M< N, Yi<i X;ali>1=U<}, V.

Proof. In view of lemma 2.3, we will be done if EA(U) < Eh(V) for all real
valued functions A which are convex on [0, c0). We prove this by combining
two separate claims, viz.,

N
Eh(>_Y;) < Eh(V), for convex h on [0, 00) (2.16)
i=1
N
Eh(U) < ER(>_Y;), for convex h on [0,00) (2.17)

i=1
To prove (2.16), recall that <., is closed under convolutions [12]. Hence, for
any convex h on the half-line, and n > 0,

WE

E{h( . Y)IN=n} = Eh(

i=1

v;)
L v (2.18)
X,) = E{h(} X,)|N = n},

1 =1

5

WE

< Eh(

.
Il

where the first and the last step uses the fact that /N is independent of
{X.},{Yn}. (Note, for n = 0, (2.18) is trivially true as equality, since both
sides = h(0).) Hence,

BA(Y) = B{B((LY)IN))
< BB X)IN)} = B{EG(V)IN} = BA(V)

10



To prove the other claim in (2.17); given any convex h on [0, 00), set
H(n) := Eh(S,), n>0

where S, := 37" ,Y;, n>1and Sy = 0. For the sequence H(n) so defined,
we have,
AH(n):=H(n+1)—H(n) = E{h(S,+ Yoi1) — h(Sn)}
- [ / {h(z +y) — h(z) }dF (y)dF*" ()
= /0 ()dF™(x)
EI(S,)

where F*" is the n-fold self-convolution of F', and

= [“{h(a +y) - h@)} dF (), 2 >0,

By convexity of h, the integrand is 1 in x for each y > 0. Thus I(z) is 1 for
x > 0. Coupled with the observation that S, 1 in n w.p.1 (by non-negativity
of {Y,,n > 1}), this implies I(S,) < I(Sy+1) w.p.1. Hence,

AH(n) = EI(S,) < EI(Sp41) = AH(n+1),

i.e.,, {H(n),n > 0} is a convex sequence. By an appeal to (2.15), this implies

M N
ER(U) = Bh(Y. Y;) = EH(M) < EH(N) = ER(3_ Y),
i=1 i=1

which completes our argument for (2.17). m

As an application of the foregoing theorem, we show that the class of
HNBUE life distributions, is closed under formation of randomly stopped
sums of independent HNBUE components, which are also independent of
the stopping variable. For any ¢ > 0, let (Ezp). denote an exponentially dis-
tributed r.v., with mean ¢, and (Geom),. a discrete r.v. that is geometrically
distributed on the nonnegative integers with mean c.

Corollary 2.5 {Y,,,n > 1} independent HNBUE, M discrete HNBUE and
M
independent of {Y,,,n > 1} = U = Z Y;, is HNBUE

=1
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Proof. Take Xné(Exp)Eyn,n > 1and MENZ (Geom)gn. Then,

EU = P(M=0)+ i znj(EY;)P(M =)

N
Hence, theorem 2.4 gives U <j,.., V, where V =Y X,é(Exp)EV = (Ezp)gy.
i=1

Thus V has the HNBUE-property. n
3. Geometric compounding and exponentiality

When N is geometrically distributed on the positive integers and the
summands are i.i.d., the set of r.v.s. V =X X, in (1.1) defines the family
of ‘geometric compounds’ with d.f.

C(z) = (1-p) i P (2), 0<p<l, x>0 (3.1)

n=1

where F'is the underlying d.f. of the i.i.d. r.v.s. X,;. When the latter satisfies
suitably weak nonparametric assumptions, we can characterize exponential
distributions within the family of geometric compound d.f.s C in (3.1) via
simple moment conditions on F. Let (C,) be the moment condition

(C): EXI=T(r+1(EX)", r>-1,1r#0, r#1,

that the r-th. moment of F' equals the corresponding moment of an exponen-
tial distribution with the same mean as that of F'. Note that the condition
is trivially true for r = 0 and is free for r = 1.

Corresponding to F' with mean pup = E X, let TF denote the induced
equilibrium distribution

€T
TF(z):= u;ﬂ/ {1— F(t)}dt, z>0.
0
Let (Ezp)., which we have used to denote an exponentially distributed r.v.
with mean ¢ > 0, also denote the corresponding distributions without am-

biguity. Before stating our results relating to exponentiality, it is useful to
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recall the HNBUE (harmonic new beter than used in expectaion) and class
L properties of d.f.s on the half-line (Klefsjé [9], [10]), viz., X; with d.f. F
is HNBUE if

5” dt x
> >0 TF <y (F : 3.9
/0 E(X: — X, > 1) ~ BEX; " t (E2p)pu, (3.2)
and F € L if
E —s5X1 < - 0 E 7 23
()< 1+ s(EX,)’ s >0 (Bzp)uy <v (3.3)

A solidarity theorem on geometric compounds and its i.i.d. summands
sharing the class £ property, proved in [1], can be recovered as a special

case of our results. Choose MZN with a geometric distribution and {Y,}

ii.d., such that Yng(Exp)EXI. Our theorem 2.1 A (iii) then specializes to
the following :

Corollary 3.1. (Bhattacharjee et al. [1]) Suppose V = XN X;, is a Geo-
metric Compound r.v. Then,

V e L if and only if X; € £

Corollary 3.2. Consider the d.f. C in (3.1) induced by F.

(i) Suppose F € HNBUE. If (C,) holds for some r > —1,1r # 0, then C
18 exponential.

(ii) Suppose F € L. If (C,) holds for some r € (—1,1)\{0}, then C is

exponential.
(iii) Suppose X; with d.f. F, and coefficient of variation (c.v.) n, is such
that TF € L. If

EX{:F(r+1)(EX1)’{%(1+772)}T1, for some r € (0,2\{1}, (3.4)

then C' 1s exponential.

The above claims follow by using the results of Bhattacharjee and Sethu-
raman [6], Bhattacharjee [4] characterizing exponentiality within aging classes
via moment conditions together with the fact that, in (3.1).

C' is exponential < F' is exponential, (3.5)
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i.e. the geometrically stopped sum V in (1.1) is exponentially distributed if
and only if the underlying common distribution of X, is exponential, which
is well known. A simple argument for (3.5) is as follows :

) L a-p
C=(Ezplpy < 1+s(EV) Lels) = 1—pL(s) ’ ]
& L(s)={p+(1-p)1+sEV)} " = 1+s(EX))

= F: (EIp)EXl,

To justify hypothesis TF' € L in Corollary 3.2, which may appear to be
contrived and artificial at first right; note that it is indeed a non-empty class
with the following interpretation. A lifetime d.f. on [0, 00) is in this class, if
under a policy of repeated renewals on failure, the long run distribution of
an unit currently in use has the class-£ aging property. To see that

Ly:={F on [0,00) : TF € L}

is not vacuous, note Lo O Lp :={F : F € L, TF € L which has been
shown to be non empty with the property F' € Lp iff C € Lp (Theorem 2.2
in [1]), where C is the compound geometric d.f. (3.1). Another argument to
show that L is not empty follows from the observation that if F' € £ (dual
class of £) with coefficient of variation n = 1, then TF € L, viz., for s > 0,
L= Bp(e™) _ 1 ¢, 1 B 1

SEFX - SEFX ( 1+ SEFX) N 1+ SETFX’
since n =1 iff ErpX = EpX.

ETF (6—sX) —

Proof of Corollary 3.2. To prove claim (iii), first note that the moments of
TF and F' are related by
EXH—l
Erp X' = —n—. 3.6
w (r+1)EX (3.6)
Writing p, = Ep X" brevity, note that if TF € L, then (3.4) together with

Corollary 2.5 in Bhattacharjee [4] implies that
TF = (Exp) & ErpX"=T(r+1)(ErrX)", for some r € (—1,1)\{0}

.
S fpyr =D +2)p™ ! H2 , for some r € (—=1,1)\{0
23

HTF

p—1

S pp, =T+ 1)pP {%(1 + 172)} , for some p € (0,2)\{1}
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which proves the desired conclusion, since F' is exponential if and only if T'F
is exponential. O

Claim (ii) follows by combining (3.5) with a result of Bhattacharjee
(Corollary 2.5, [4]) which proves sufficiency of condition (C,) for some r €
(—1,1)\{0} under a class £ hypothesis, Claim (i) similarly follows from (4.5)
together with a known result (Theorem 2.3 in [6]). We may also directly
argue claim (i) as follows.

Write G = (Exp),, for brevity, and note that exponential distributions
have finite moments of all orders » > —1. If F satisfies condition (C,) for
some 7 > —1(# 0,# 1) then (3.6) implies

EpXP+!
(p+1)EprX
= T(p)(BrX)P ' = BEgX?,

ErpX? , p=r+1

so that,

/Ooo P11 {5(37) - W(.’E)} dr = p*l(EGXP _ ETFXP) —0

where G and TF denote the tail functions of G' and T'F respectively.
Since the integrand is non-negative when F' is HNBUE (wviz., (3.2)), it
must vanish a.e. Hence TF = G poinwise, which holds iff F' (and hence C

in (3.1)) is exponential. 0

Remark. (i) Since the moment condition (C,) is satisfied by the exponential
distributions, for all » > —1, it follows that the results in Corollary 3.2
characterize the exponentials among compound geometric distributions.

(ii) Note that HNBUE class contains all standard aging classes IFR,
DMRL, IRFA, NBU, NBUE. Hence Corollary 3.2 remains valid when F' has
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any of the above stronger aging properties. Distributions in class £ need
only have a finite variance (Bhattacharjee and Sengupta [5]); while all posi-
tive order moments exist for HNBUE class of distributions with a finite mean
[9], and hence the same is true for all stronger aging classes which are nested
within HNBUE. Note that DMRL, NBUE, HNBUE and £ aging properties
require assuming a finite mean; while for NBU (and hence for IFRA and IFR
classes, which are nested within NBU); the existence of a finite mean is free

(Theorem 3.3 (ii), in [7]).
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