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Stability of
the In-phase Travelling Wave Solution in
a Pair of Coupled Nerve Fibers

AMITABHA BOSE & CHRISTOPHER K. R. T. JONES

ABSTRACT. We consider the travelling wave that represents
the simultaneous propagation of a voltage pulse along the
length of two coupled nerve fibers. Conditions are given which
guarantee the existence and stability of the wave. Two ad-
vances in the geometric techniques in the stability analysis of
travelling waves are given: the first involves the Maslov Index,
and the other the Exchange Lemma.

1. Introduction. Since the pioneering work of Hodgkin and Huxley, see
[25], the propagation of impulses along nerve fibers has been modeled by a diffu-
sion equation coupled with subsidiary ordinary differential equations. The nerve
impulse itself is manifested as a solution of these equations that evolves by trans-
lating in the one-dimensional variable that represents distance along the nerve
fiber. Such a solution is generally called a travelling wave and the application to
neurophysiology has lent considerable motivation to the building of an extensive
literature on travelling waves. Since the outside world is a ready supplier of im-
perfections, we can only expect travelling waves that are stable to perturbations
in initial data to be physically observable. The stability of waves purporting to
model physiological processes is thus of paramount importance. In this paper,
we give conditions for the stability of a travelling wave that represents the in-
phase nerve impulse propagating along a pair of coupled, parallel nerve fibers.
The problem is mathematically non-trivial on account of the relatively high di-
mensional equations resulting from having more than one fiber present. This
mathematical challenge is met by invoking a few different approaches, including
the use of the Maslov Index in locating eigenvalues of gradient systems, that
oceur on the fast time scale, and the Exchange Lemma which is used to gain
accurate information on the transversality in the construction of the underlying

189

Indiana University Mathematics Journal (c), Vol. 44, No. 1 (1995)

This content downloaded from 128.235.83.137 on Wed, 13 Jun 2018 18:43:02 UTC
All use subject to http://about.jstor.org/terms



190 A. BosE & C. K. R. T. JONES

wave in its ambient phase space; information which, since the work of Evans [13-
16], is known to be intimately related to stability. Part of the point of this work
is then the development of techniques that are capable of extracting stability
information about travelling waves in such a setting.

Various models of coupled nerve fibers have been proposed. The models due
to Scott and Luzader [36] and Keener [30] are both based on the modeling of
a single fiber by the FitzHugh-Nagumo system. In a certain popular limit, see
Casten, Cohen and Lagerstrom [10], the variables evolve on different time scales.
The fast variable represents the voltage difference across the membrane, while
the slow variable, which has only an indirect physical interpretation even in the
original Hodgkin-Huxley system, governs the recovery of the nerve fiber. We
develop here a model which, in a natural way, generalizes both that of Keener
and that of Scott and Luzader. The key feature of each of these models is that
the coupling is reciprocal; in other words, the potential on the second fiber affects
that on the first fiber in exactly the same way as it is itself affected by the first
fiber. The nonlinear coupling then leads to a gradient nonlinearity for the system
of partial differential equations governing the potentials.

The voltage on fiber i is denoted by u; (¢ = 1,2), and the recovery variable
for fiber 7 is denoted by v;. We put the variables together to form a system
governing U = (u3,uz2) and V = (v1,v2) as

EUt

2 _
W Vt €2DU,e + f(U) =V

e(U—~V)

where D is a diagonal, constant matrix, f = VF where F': R2 — R is a smooth
function and < is a small, but fixed, parameter. The parameter € is assumed to
be as small as needed. If we write out the nonlinear term in the first equation
in coordinates, it can be seen how the coupling works. Indeed, in terms of u1,
ug and f = (f1, f2) the coupling of fiber 1 to fiber 2 is determined by the partial
derivative 0f,/Ouy = 0%F /Ou20u;, which, by the equality of mixed partials, is
identical to 0 f,/0u; = 82F /Ou10uz, which determines the coupling of fiber 2 to
fiber 1.

The model due to Keener [30] has exactly the form of (1) where

_ [ 9(w) +d(uz —w)
1= ( gluz) + d{us — g )

and the function g(u) = u(1 —u)(u—a), 0 < a < 1/2 being the usual cubic found
in the FitzHugh-Nagumo model. The parameter d is thought of as a coupling
coefficient between the fibers. The condition of mixed partials is clearly satisfied,
thus guaranteeing that the nonlinear term f(U) = VF(U) for some function
F(U), which can easily be written down. To reduce the Scott-Luzader model
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Stability of the In-phase Travelling Wave Solution 191

[36] to equation (1) requires a little more work. The equations have the form

EUt

€U + GU) -V
(2) v
t

= U-~V

where G(U) = (g(u1), g(uz)), with g(u) being the same cubic as used by Keener,

and
(l—a o )
=
« l1-a

so that the coupling on the diffusion is also reciprocal. Since the matrix I’
is symmetric, it can be diagonalized by an orthogonal transformation B, i.e.
D = BTI'B is diagonal. If we then change variables by setting U = BP and
V = BQ and multiply both equations in (2) on the left by BT, the resulting
equations for (P, @) have the form of (1).

The travelling wave we shall study in this paper is one in which both fibers
fire simultaneously. In both the Keener and Scott-Luzader models this wave is
identical on each fiber, i.e. u; = uz and v; = vs, but in our more general model
such a symmetric solution may not exist. The small parameter €, however, allows
us to separate the activation and recovery phases of the nerve pulses from each
other. We thus force the two fibers to be firing simultaneously without requiring
their being identical. Introducing a scaled time and space via t = e7 and = ey,
the equations (1) become

DU, + f(U) -V
e(U —4V).

®) v

Both the activation and recovery phases are governed by the £ = 0 limit. In the
activation phase U will jump from 0 to U4 (0), which is a steady state that has
both components positive, so that both fibers have fired. This jump is achieved
along a travelling wave (heteroclinic orbit) for the reduced fast system—see the
next section for the details. The fast activation is then followed by a latent phase
in which both U and V vary slowly, V varying to a value V* and U to U4 (V*).
There is then a recovery phase in which U jumps on a fast time scale to an
unactivated state U_(V*), after which both variables slowly return to rest.
This paper is organized as follows. In Section 2.1, we state conditions which
will ensure existence of an in-phase travelling wave. Existence will be established
by an appeal to a theorem due to Jones and Kopell [28]. In Section 2.2, we state
additional conditions which will guarantee the stability of this wave. Stability
of the wave is determined by locating the spectrum of an appropriate linear
operator L. Other geometric constructs and theorems are discussed in Section
2 as well. Sections 3 and 4 are the main parts of the paper. In Section 3,
we show how to use the Maslov Index to locate the eigenvalues of gradient
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192 A. Bose & C. K. R. T. JONES

systems. The Maslov Index is the generalization of Sturm-Liouville theory to
such systems. It is an important fact that the eigenvalue equations of gradient
systems preserve Lagrangian Planes. This fact allows us to restrict attention to
the space of two-dimensional Lagrangian Planes, A(2), which is a submanifold
of the Grassmannian G34. Our main result in this section is Lemma 3.7 which
relates the index to the number of real eigenvalues of the linear operator. In
Section 3.3, we apply the general theory to the fast travelling waves of our model
as well as those of Keener’s model. In Section 4, we use the Exchange Lemma. in
conjunction with the fact that L has only two eigenvalues in some neighborhood
of the origin (see Theorem 2.5 below) to finally determine stability of the wave.
By translational invariance of travelling waves, one of the two eigenvalues must
actually lie at the origin. The Exchange Lemma will then be used to compute
the derivative of a certain analytic function which will locate the other.

2. Hypotheses and Theorems. We shall make various hypotheses con-
cerning the system (1). These will guarantee that it possesses an appropriate
travelling wave (U(£),V(£)), where £ = (z +3Ut)/e. This travelling wave will
satisfy the system

v = w
(4) w’ W - fU)+V
Vo= SU-),

where ’ = d/d¢. We seek then a trajectory of this latter system that is asymp-
totic to the rest state U = V = 0, the existence of which is guaranteed by the
hypotheses below.

2.1 Existence. Because of the smallness of ¢, there are fast and slow time
scales. The equations which govern the fast flow are obtained by analyzing (4)
when ¢ = 0 and are given by

U= W
(5) W = 9W - f(U)+V.

The variable V acts as a parameter in (5). The equation for the slow flow, which
is obtained by introducing the rescaling n = &£ into (4) and setting € = 0 is given
by
0 -f{U)+V
6 . 1
© Vo= Sw) -,

where "= di and U(V) is determined by solving the first equation of (6) for the
Ui

variable U. The hypotheses required for existence of the wave are the following.
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Stability of the In-phase Travelling Wave Solution 193

(H1) There is a set Q C R? so that for every V € Q, V = f(U) has exactly
three solutions, two of which, denoted Uy (V), are strict local maxima of
G(U,V) = F(U)—(V,U), with V fixed. In other words, det d>F (U (V)) >
0 and tr d?F(U+(V)) < 0.

(H2) The point (0,0) € 2 and U_(0) =0, i.e. 0 is a rest state that is one of the
strict local maxima.

(H3) The only solution of V = f(U) and U =4V with V € QisU =V = 0.

Motivated by neurophysiological considerations, we are interested in two par-
ticular critical manifolds of (4). The first corresponds to the situation where
both fibers are at rest and the second where both fibers are excited. Let
U_ = (w_,uz_), Un = (u1,,,u2,) and Uy = (u1,,uz,) be the three solu-
tions of V' = f(U) as described in (H1). For ¢ = 1,2, these can be ordered where
ui_ < U, < u;,. We define manifold (R) = {(U,V):V = f(U), U =U_(V)}
and manifold (E) = {(U,V):V = f(U), U = U4(V)}.

(H4) When € = 0 there is a travelling wave (front) from (U_(0),0,0) = (0,0,0)
on manifold (E) to (U4(0),0,0) on manifold (R) at speed 9* > 0. More-
over, with ¥ = 0 appended to (4), the travelling wave exists as the
transverse intersection of the center-unstable manifold of (0,0,9*) and the
center-stable manifold of (U4 (0),0,9*) in (U, W, 9) space.

(H5) There is a one-dimensional curve C C 2 so that for every V* € C there
is a travelling wave (back), when e = 0, from (U4 (V*),0,V*) on manifold
(E) to (U-(V*),0,V*) on manifold (R) at speed 9¥*. In addition, this two-
dimensional family of travelling waves exists as the transverse intersection
of the center-unstable manifold of (Uy(V*),0,V*) and the center-stable
manifold of (U_(V*),0,V*) in (U, W, V) space.

(H6) For ¢ = 9%, there exist two solutions to (6); the first connects (U (0),0)
to (UL (V*),V*) with U(V) = U4(V) in (6), and the second connects
(U-(V*),V*) to (0,0) with U(V) = U_(V) in (6) for some V* € C.

Using the hypotheses above, we form a singular homoclinic orbit, Ising, which
consists of the travelling wave described in (H4), one of the waves of (H5), inter-
spersed by the two solutions of the slow flow described in (H6). The hypotheses
(H1)-(H6) are sufficient to allow us to apply the theorem due to Jones and Kopell
[28] to establish the following theorem concerning existence and uniqueness of a
real homoclinic orbit close to .

Theorem 2.1. There exists a locally unique travelling wave homoclinic
solution U(£) of (4) which lies O(e) close to the singular homoclinic orbit T'giyg.

Local uniqueness means that it is the only wave within some neighborhood
(in phase space) of itself. The goal of this paper is to give conditions under which
this travelling wave is stable to perturbations in initial data.
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194 A. BosE & C. K. R. T. JONES

2.2 Stability. For the sake of completeness, we give a precise definition
of stability. For this definition we recast (1) in a moving frame, i.e., in terms of
the variables £ and t.

Definition 2.1. A travelling wave U (&) is asymptotically stable if there
is a neighborhood N of U(€) in BU(R,R*) (the space of bounded, uniformly
continuous functions from R to R*) so that, if U(£,0) € N and U(€,t) satisfies
(1), in a moving frame, then there is a k for which ||[U(€,t) — U(€ + k)|loo — 0
ast — o0.

In order to determine stability, we use the linearization of the PDE at U(€),
again in a moving frame.

_ p + o*F N *F .
D1 plg( plg 6’&% P1 611,2(9u1 D2 1
P2 — Ipa. + &*F + 9*F .,
(7) L " = D2, P2 8U28U1 n aug D2 2
ry —9ry +e(p1 —yr1)

~Orz, + €(p2 — yre)

The following proposition gives sufficient conditions for stability and can be
concluded from results of Henry [24], or Bates and Jones [5].

Proposition 2.2. If the spectrum of L, denoted o(L), satisfies

(1) There is a B < 0 so that o(L)\{0} C {\: ReX < }.
(2) 0 is a simple eigenvalue.

Then U(€) is asymptotically stable.

Note that 0 must be an eigenvalue due to translation invariance. The hy-
potheses of Proposition 2.2 guarantee that the only neutral direction is that as-
sociated with translation. To assess the stability of U(€), we need to determine
the relevant properties of o(L) as prescribed by Proposition 2.2. The spectrum
of L splits into two parts: the point spectrum o,(L), which is here defined to be
the isolated eigenvalues of finite multiplicity, and the essential spectrum o¢(L),
which is the rest. As in [26], the essential spectrum lies in the left half-plane
bounded away from the imaginary axis, so it will cause no instabilities.

Lemma 2.3. (Jones [26]) Ife > 0, there exists an a < 0 such that o.(L) C
{A:Re XA <a}.

To locate o,(L), we need two additional requirements which are tied to the
gradient non-linearity. The condition (H7) guarantees that the slow trajectory
on manifold (E) transversely crosses the jump off set C' in the correct direction.
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Stability of the In—phase Travelling Wave Solution 195

2

> 0.
6u28u1
(H2) The travelling wave front and back described in (H4) and (H5) each have
Maslov Index 1.

(H1) The mixed partial derivative

The Maslov Index is the natural measure for stability of the travelling wave
of the reduced system, i.e. for the front and the back. It will be seen in Section
3.2 that it is a property intrinsic to the phase space, and its use will be illustrated
on the Keener model in Section 3.3.

Were we considering the problem of a single nerve fiber, the reduced system
would be a scalar equation. Relative to this equation, the stability of the front
solution could be resolved by an application of Sturm-Liouville theory, which
would imply that the stability could be read off from the number of nodes of
the wave. In the present context, however, the reduced equations are already
a system and Sturm-Liouville theory is not applicable. This reduced system
does, nevertheless, enjoy some specific structure which affords an application of
a natural generalization of Sturm-Liouville theory. The structure comes from the
fact that the nonlinear term is the gradient of a function. Such a situation occurs
for variational problems and Morse, in his celebrated Index Theorem, see Milnor
[32], proved that there is a connection between a certain index, which is related
to the geometry of the solution in its ambient space, and the number of unstable
directions for the variational problem. This index was shown by Arnol’d [3] to
be the Maslov Index.

In our case, there is no direct variational structure. Nevertheless, as will be
seen below, the Maslov Index can still be defined and bears a natural relationship
to stability. In the variational context, (H8) means that the solution is minimum
of the energy. If (4) is converted to a Hamiltonian system, using an integrating
factor as done in Section 3.1 below, this interpretation of the Maslov Index can
also be used in the current context.

Together, Proposition 2.2 and (H1)-(H8) will be used to establish the fol-
lowing theorem on the stability of the travelling wave U ().

Theorem 2.4. Ife > 0 is sufficiently small, then U (&) is stable relative
to (1) in the sense of Definition 2.1.

For a scalar parabolic equation with a cubic non-linearity, which in Keener’s
model corresponds to one fiber with no recovery mechanism, Fife and McLeod
[18] were the first to prove the stability of the travelling front. Evans [13-16]
developed general techniques to study the spectrum of systems consisting of
one scalar parabolic equation and a number of subsidiary ordinary differential
equations, a class of equations he called “of nerve impulse type.” He defined
an analytic function D()\) whose zeroes correspond to the eigenvalues of the
relevant linear operator. Jones [26] proved the stability of the “fast” travelling
wave in the FitzHugh-Nagumo system, and a key technique in the proof involved
using the Evans function. Yanagida [37] gave a later proof that used the Evans

This content downloaded from 128.235.83.137 on Wed, 13 Jun 2018 18:43:02 UTC
All use subject to http://about.jstor.org/terms



196 A. Bost & C. K. R. T. JONES

function even more extensively. Alexander, Gardner and Jones [1] generalized
the construction of Evans’ analytic function to systems of parabolic equations in
their work which relates Chern numbers to eigenvalues. Dockery [12] has proved
stability results for some travelling waves of Keener’s 2-fiber model.

Denote by Z’' = AZ the eigenvalue equation (L — AI)P = 0, which when
written as a first order system is

= q
p’z = Q2
O*F 0’F

/ — 19 _ _ /\

5} Q1 Buf 41 8u26u1p2 + 71+ AP
(8)

' 9 — ’F  O°F N
9 = qz o 8u2P1 6u§ P2 2 P2
i = (=Ari+e(pr —yr))/Y
rh = (=Are+e(pz —yr2))/9.

For (8) at +o0, the critical point (0,0,0,0,0,0) has a two-dimensional unstable
manifold and a four-dimensional stable manifold. From this, it follows that
there exists solutions to (8), X;"(\, &), X5 (), &) which decay to 0 as § — —o0
and X7 (A €), X5 (A €), X5 (N €), Xi (X&) which decay to 0 as £ — +o00. Let
Q> {\:Re A\ > —b} for some b > 0.

Definition 2.2. The Evans function D(X) is defined by

(9) DO = o Jo TRACOE xh(y 6 A XF(2,6)
A X7 0 A Xy (ME) A X5 (ME) A X (0,6)

for A € Q with values in /\6(06).

Using Abel’s formula, it can be shown that D()) is in fact independent of £. The
Evans function enjoys the following properties:

(1) D(X) is analytic in X € 2.
(2) D(M\) =0 if and only if X is an eigenvalue of L.
(3) The algebraic multiplicity of an eigenvalue equals the order of the zero of

D(N.

Properties (1) and (2) follow directly from [1]. The third follows from an argu-
ment similar to one found in [20].
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Stability of the In-phase Travelling Wave Solution 197

In Sections 2.3 and 3 below, we prove that the front and back are stable rela-
tive to their partial differential equations. Using this information, together with
arguments similar to those in Jones [26] and Alexander, Gardner and Jones [1],
it can be shown that the eigenvalues of the linearization at the full wave are ap-
proximated by those associated with the fast reduced systems, which establishes
the following theorem.

Theorem 2.5. There ezists a simple closed curve K which encloses the
origin and all of the eigenvalues of L in the right half-plane. Moreover if (H1)-
(H8) are satisfied, then L possesses ezactly two eigenvalues within K.

The idea of Theorem 2.5 is that each stable fast jump provides exactly one
eigenvalue near to the origin. One of these, by translational invariance, lies at the
origin. We will locate the second eigenvalue by using the Exchange Lemma to
find the sign of the derivative of D()) at A = 0, and from this conclude Theorem
2.4.

2.3 Stability of the singular in-phase front. Setting € = 0, the singu-
lar limit of the travelling wave decomposes into two fast heteroclinic jumps. The
front solution connects manifolds R and E. Thus we call it the R-E travelling
wave front. In this section we discuss the stability of this wave with respect
to the relevant reduced partial differential equation. There are corresponding
results for the E-R back wave.

Consider the equations for the front recast in a moving frame where we have
set v = v = 0.

U, = Ul — 1971,15 + f1('lt1,’d2),

(10)
ug, = wug, —Vug, + folur,ug).

Linearize these equations around the front solution Ur(§), which exists at some
wave speed ¥ = 9%,

_ g 4 OF N >’F
p1 Plec P1e ou? h Oug0uq bz
(11) Lp = ) )
D2 0°F O“F

— 9
D2, D2, + 5u, auzpl + 6u§ D2

where Ly : BU(R,R2) —» BU(R,R2).

Theorem 2.6. If (H8) is satisfied, then Up () is stable relative to (10) in
the sense of Definition 2.1.

The essential spectrum of L lies in the left half-plane bounded away from
the imaginary axis. The Evans function associated with Lp, which we call
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198 A. Bose & C. K. R. T. JONES

Dp (), is defined similarly to D(A). To prove the stability of the front we
need the following properties for Dg () to hold.

(1) Dr(0) =0.
(2) Dr(X) #0 for A € {A:Re A > b} for some b < 0 except at A = 0.
(3) 0 is a simple eigenvalue of Dr()\).

By translational properties of travelling waves, A = 0 is an eigenvalue, which
implies (1) is true. We next show statement (3).
Consider equation (5) with v; = v = 0 and the equation ¥’ = 0 appended.

u1 wl

wy = Yw; — fi(ur,uz)
(12) u’2 = w2

'LUé = 19'(1)2 - f?(ulaUZ)

¥ = 0.

It follows from hypothesis (H1) that the critical point (0,0,0,0,?) has a three-
dimensional center-unstable manifold Wg*(0) and the critical point
(u1,,0,u2,,0,9) also has a three-dimensional center-stable manifold Wg*(U,.(0)).
Using hypothesis (H4), the solution Ur(£) exists as the transverse intersection of
Wg(0) and W§(U4(0)). Alexander and Jones [2] show that the transversality
of the these manifolds is equivalent to simpleness of the translational eigenvalue,
thus proving (3).

To prove statement (2), we will use the Maslov Index to locate the possible
eigenvalues of Lr in the right half-plane. The transversality of Ur(£) and an
application of Corollary 3.8 below will then prove Theorem 2.6.

3. Eigenvalues of a gradient system. In this section we will prove that
Lr has no eigenvalues in the open right half-plane if Ur has Maslov Index 1.
The Maslov Index provides a means for finding real eigenvalues of operators
associated with gradient systems. The index counts the number of winds that a
certain curve of Lagrangian Planes makes in a sub-manifold of projective space.
In this section we develop a general theory for finding eigenvalues of gradient
systems.

In the Sturm-Liouville theory, the presence of eigenvalues can be deter-
mined by studying an angular variable. The Sturm-Liouville theory applies only
to scalar second order differential equations, for which there exists a natural
definition of the angular variable. Converting the second order equation to a
system of two first order equations, the angular variable is defined as the arc-
tangent of the ratio of the two ensuing variables. In the present situation, we
have two second order equations and thus a system of four first order equations.
As a result, it is not immediately clear how to define a useful angular variable
and also whether it will have any relevance to the existence of eigenvalues. The

This content downloaded from 128.235.83.137 on Wed, 13 Jun 2018 18:43:02 UTC
All use subject to http://about.jstor.org/terms



Stability of the In-phase Travelling Wave Solution 199

appropriate way to formulate such is to define the variable as a projection from
the set of Lagrangian planes to the circle S!.
We consider systems of the form

(13) Ut = Ugg + f(u),

where v € R? and z, t € R. We require that f(u) be conservative. Thus
there exists some scalar valued function F(u) € C? such that VF(u) = f(u),
ie. if f(u) = (fi(u1,uz), f2(u1,u2)), then F/0u; = f; and OF/Ous = fo
Introducing the change of variable £ = z+ 9t into (13), and writing the resulting
equations as a first order system, we obtain

up, = wy

(14)
wy = Ywy — fi(u,ug)
wy = Ywy — faug,ug).

We make the following three assumptions on the reaction term f(u) and on (14).

(a) There exist values (u1,,us2, ) such that fij(ui,,u,) =0 fori=1,2.

(b) The critical points (u1,,usz,,0,0) are both hyperbolic for (14) and have
two-dimensional stable and unstable manifolds.

(c) There exists a travelling wave solution, Ug(£), to (14) which tends to
(u1,uz,,0,0) exponentially fast as £ — +o0o at some known wave speed

As before, we recast (13) into a moving frame, linearize the equations in question
about the travelling wave solution Ug(£), and obtain the resulting operator

ofi 3f1
19p1 + a = DP1 + = a 2

0f» 3f2
"9
py — Uph + _8 P14+ — e 2

(15) LeP =

Writing the eigenvalue equation (Lg — AM)P = 0 as a first order system, we
obtain

P = D3
P'z = P4
of 0
(16) Py = Up3— gim - a—flpz + Ap1
/ 6f2 f2

o= Ppyg— —Ep — == A
D4 D4 Buy D1 By D2 + Aps.
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200 A. Bose & C. K. R. T. JONES

Note that the assumptions above imply (16) is asymptotically autonomous, and
that the unstable and stable subspaces of the origin at 400, denoted W and W3
respectively, are also two-dimensional. The parameter A will be an eigenvalue
if W*NW3 # {0} x (—00,+00), i.e. if the intersection of these two subspaces
is at least one-dimensional, for then there is a bounded solution of (16) at that
value of A.

3.1 Gradient systems have real eigenvalues. We show here that for
gradient systems, the point spectrum of Lg must be real.

Lemma 3.1. The point spectrum o,(Lg) C R.
Proof. It is a standard fact that when ¥ = 0, Lg is self-adjoint in L2, since
then Lg has no first derivative term. Using a transformation as in Sattinger

[35] to eliminate the first derivative for i # 0, define a new operator M by
M = e %/2Lge%/2. 1t is not difficult to show that

7 192 8fl afl

Pi— —pP1+57—pP1+ 7—Dp2
4 Bul 6’11,2
MP = o an :
2 4 D2 _a 1 “"‘—au2P2

from which it easily follows that M is self-adjoint in L2. Finally, it is not difficult
to prove that X is an eigenvalue of M if and only if it is an eigenvalue of Lg,
in L2. Furthermore, the eigenvalues of Lg in L? coincide with those of Lg in
BU(R,R?). d

3.2 The Maslov Index. In this section, we show how to use the Maslov
Index to count the number of real eigenvalues in the interval [0, co) for gradient
systems. Arnol’d [3] gives an expression for this index in terms of the Cayley
transform. We will give a new representation for the index in terms of Pliicker
coordinates.

The Maslov Index is an index of a curve of Lagrangian planes.

Definition 3.2. A Lagrangian plane ¥ is a two-dimensional subspace of
R* that satisfies (y1, Jy2) =0 for all y1, y2 € ¥, where

=117

is the symplectic matriz and I is the 2 x 2 identity matriz.
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Stability of the In—phase Travelling Wave Solution 201

Let y1 = (a1, 02,a3,a4), y2 = (b1, b2, b3, bs), then (y1, Jy2) = (a1bz —braz) +
(a2bs — baays). The Plicker coordinate P, of the plane spanned by y; and ys, is
defined to be the 2 x 2 subdeterminant of the ith and jth column of the 2 x 4
matrix formed by taking y; and y as the rows. The set of numbers P;; are the
Pliicker coordinates if the following Grassmannian condition is satisfied.

17) Grassmannian: Pjgy-Pyy — P13 Poy+ Piy - Pos =0.

AISO, P13 = a1b3 - b1a3, and P24 = a2b4 - a4b2. Thus (yl,Jyz) = P13 + P24.
This proves A(2) C G4 is given by

(18) Lagrangian Plane: Py3+ Pa4 = 0.

A convenient representation of A(2) is based on matrix groups. It turns out
that A(2) = U(2)/0(2), where U(2) is the group of 2 x 2 unitary matrices and
O(2) is the subgroup of real orthogonal 2 x 2 matrices. Since the determinant
of an orthogonal transformation is either +1, the map Det? acts as a projection
onto S, i.e. Det? : A(2) — S'. Both Arnol’d and Jones show that A(2) is
a fiber bundle over the base space S with fiber S? and clutching function the
antipodal map. The space of Lagrangian planes has fundamental group Z. Thus
the mapping Det?, which can be used to count the number of times the image
of A(2) circles S*, provides a mechanism to determine how many winds certain
Lagrangian planes undergo in a sub-manifold of projective phase space. This
winding number is the Maslov Index.

For every w € A(2), spanned by y; and y, which has Pj» # 0, there exists a
transformation ¢ € GL(2) such that ¢w = (I | S), where I is the 2 x 2 identity
matrix and S is a 2 X 2 symmetric matrix. The identification above is

1 0 s s

a; a2 a3z a4 1

19 = .
(19) ¢(b1 by b3 54) ~<0 1 s 34)

This identification serves to define local coordinates on the set Pj3 # 0. Arnol’d
[3] shows that

I—-iS

Det?w = det
etw = det 7——

= det(I —iS)(I +iS)~ !,

which is the Cayley transform.

We now give a new representation of the Cayley transform using Pliicker
coordinates. This will be done in the local patch Py5 # 0. But the final formula
(22) will hold on all of A(2). The map Det?w = det I — iS/I 4 iS can be written
as

(14 84)°(L+51)? + 5% + 252(1 — 51584)
(1 — s184 + 8% +i(s1 + 84))*

(20)  det(I —iS)(I +14S5)~1
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202 A. Bose & C. K. R. T. JONES

To determine how many times a trajectory winds around S', we calculate the
angular equation associated with the map Det?, using the arctangent.

k = tan~! Im Det?/Re Det?,
Since the numerator of (20) is strictly real, it is not hard to show that

1 —2(s1 4+ 84)(1 — 8184 + 5%)

21 Kk = tan™ .
(21) (1—s5184+ 2 — (51 + 54)°

The 2 x4 matrix of (19) from which we defined Det;2 is already in normalized
form. Thus we have P12 = ]. P13 =S, P24 -8, P14 = 84, P23 = —81, P34 =
5184 — 82. The connotes a normalized form. In this case the 2-form Pj, has
been used to normalize, i.e. Pij = P;j/P12. In these coordinates, we see that

_ Py s = —Py3
- ) 1— )
P Py
84 = —PM 8184 — 82 = —P34
P12 ’ P12

Substituting into (21) and rearranging terms, we obtain

1 —2 (Pra — Pa3)(Pr2 — P34)
(P12 — P34)? — (Pig — Po3)?

(22) K =tan~

This is the expression for the angular variable in terms of Pliicker coordinates.
We note that k is a function of £ and of all the parameters of the problem, in
particular of A.

Evolution equations for the P;;’s are obtained using the product rule, P’
p; AP} +p; Apj and (16). It is an important fact that such equations preserve
(17) and (18) for the trajectories of interest. The evolution equations for the six
independent 2-forms are

P, = Puy—Py

0
Pll3 = P35~ a—flplz
(23)
, 0
P24 = 19P24+ 6f2P12
0
P, = 9P+ (/\ - bﬁ> Pio+ P34
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Stability of the In-phase Travelling Wave Solution 203

0
3 = UP3— ( - 6_1]Z> Py — P3y
0 0
Py = 2’191°34+( - 8—32)}’14— (A—B—Z> Pa3
0f2 0f1
+ 8_u1P1 - 6u2P24-

It is not obvious that (23) preserves Lagrangian planes due to the presence
of 9. We next verify this. Using the gradient condition 8f;/0us = 0f2/0u1,
we obtain (Pig + Pag)’ = ¥(Pig + Pa4). Since Pig + Pay = 0 for a Lagrangian
plane, and in particular at —oo, it follows that (Pi3 + P24)’ = 0, which implies
P35+ Py = 0. Thus (18) holds.

We are interested in determining the number of winds around S! of a given
Lagrangian plane. This is achieved by computing an evolution equation for the
angular variable x(£) by differentiating (22) with respect to £. That is,

—2 ((P12 — P34)(Piy — Pp3) — (Piy — P3,) (P14 — Pa3)) ‘

24 k' =
(24) (P12 — P34)? + (Prg — Py3)?

There are two important facts about gradient systems. First, x is monotone
decreasing in the eigenvalue parameter A for each £. Second, as X tends to +oo,
(0/0€)K(A, &) tends to zero. We state these two facts precisely in the following
lemmas. In what follows, let k(A &) = kx(€).

Lemma 3.3. For each &, if \i < Ag, then ky, (§) > kx,(€).

Proof. For convenience denote p (§) = Ky, (§) — K, (€). We will show that,
whenever p(§) = 0, p'(§) > 0. Suppress dependence on ¢ and assume that
p = 0. Then, a rather tedious calculation involving the arctangent, arcsine
and arccosine implies that PijAl = Fij,,, where the P;;’s correspond to the six
2-forms of (23). We will drop the subscript \; wherever Pij,, = Pij,,. Call

Q = (P12 — P34)? + (P1a — Py3)%. Note that Q > 0. Using (24), we obtain

poo 2

F= 0 ((Pray, = Pra,,) (Pr2 — Psa) = (Piy — Pa3)(Pia,, — Pia, )’

—(Pasy, — Pas,, ) (Pr2 — P3a) + (Pia — Po3)(Paa,, — Pag,,)’).

Now Puy,, = Pus,,, Pra,, = Pra,,, P34, = Pa4,, and Py, = Py3,, implies
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204 A. Bose & C. K. R. T. JONES

Ply,, =~ Pl,, =M= X)Pi2 , P, — P, =0
53y, — Pa3,, = (M2 —A1)Pi2 , Py, — Pay, = (A1 — X2)(Py — Paa).

With the help of the Grassmannian condition, (17), this implies

2
Q

-2
= 6(A1-A2) (2P122+2P123+P124+P223).

(A1 = A2) (2(Pr2 (P12 — Ps4) + (P — P23)?)

)
I

Since A\; < Ag, we see that p’ > 0. Thus, whenever p =0, p’ > 0.

It is also true that ky,(—00) > kx,(—00). This is shown by using the un-
stable eigenvectors. The calculations are straightforward, but long and tedious,
so we omit them. This implies & is strictly decreasing in . O

Lemma 3.4. As A\ — 400, (0/08)k(M, &) — 0.

Proof. Introduce the rescaling vA ¢ = ¢ into the eigenvalue problem
LgP = \P. Using (24), it can be seen that (0/0¢)k(), €) has a limit as A — +o0.
Passing to this limit, we obtain the following system of first order equations,
where * = d/d(:

(25) ]?1 =q Z?2 f q2
qg1 =N q2 = p2.

These equations are Hamiltonian so they preserve Lagrangian planes. The six
2-forms associated with (25) are

1'?’12 =Py — P3 1:313 =0
(26) Py = Py + Prp Py =0
P34 = Py — Pa3 Py3 = —P34 — Pia.

Since Plz — P34 = O,

(PP
(P2 — P34)® + (P14 — Pa3)?

K=

At —00, 0 has a two-dimensional W*. The vectors (1,1,—1,—1) and (1,-1,1,-1)
span the tangent subspace of W* at —oo. Thus Pj3 = —2 and P34 = 2. Therefore
% = 0. Thus it can be seen that (8/9¢)k(A,€) — 0. O
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Stability of the In—phase Travelling Wave Solution 205

Let ¥ € A(2). Arnol’d [4] introduces the notion of the train of 1. Jones [27]
gives an equivalent definition.

Definition 3.5. The train of ¢ € A(2), denoted 9D (v), is the set of all
¢ € A(2) so that (as two-dimensional subspaces of R*) ¢ Ny # {0}. Le., it is
the set of all subspaces that intersect the given one non-trivially. The point v is
called the vertex of the train.

To understand more clearly the asymptotic behavior of certain solutions, it
is helpful to compactify the £ variable with a new variable 7 via the relation

1 1471

§=%ln1_7_.

Using 7 as a dependent variable, (16) can now be rewritten as

e

where ' = d/d¢. Now, 7 = +1 carries the asymptotic flow at £ = too. If § is
chosen small enough, then (27) is C* on C* x [—1, +1]; see [1].

We now determine representatives in A(2) for W* and W3. Consider the
restriction of W* to a particular slice of 7. Let Z%(\,7) = W* N {r}. Let
®(\,7) = 0(Z(\, 7)) where o : R* x [-1,+1] — R* is the natural projection. If
Q(A,7) = Pi(A\, 7) A Py(A, 1), where P; and P, are solutions that span ®()\, 1),
then @ is a curve of one-dimensional subspaces in A2(R*). Let IT : R®\{0} —
RP®. Then I(Q) = Q. Set ¢(A\,7) = Q(\,7). Finally the curve ¢((\,7) =
(¢(A\,7),7) isin G4 x [—1,+1].

Similarly, Z*(X\,7) = W2 Nn{r}. Let Z* = Z*(\,+1), the stable subspace of
0 inside 7 = +1. The train of 0(Z!) is

D (0(Z')) = {¢p € A(2) : the subspace ¥ determined by 1 satisfies
YNno(Z') #{0}}.

Now A is an eigenvalue if w(¢(A, 70),70) N D (0(Z21)) x {+1} # @.
We seek a relationship between the covering spaces of A(2) and S'. The
covering space for the former is C(2) = S? x R and R for the circle. Indicating a

lift by “, given any v € A(2), its train is covered by ) (¢). This can be viewed as
the union of infinitely many adjacent sideways hourglasses. Each vertical slice is
a disc and the fiber S? is obtained by identifying the entire boundary to a single
point. Arnol’d shows that % (¢) divides C(2) into infinitely many components.
Each component is assigned a value of the Maslov Index which differs by +1
upon moving to an adjacent component. More precisely, the Maslov Index can
be defined for a given path in C'(2). Consider the lift of the train of some 3 € A(2)

in C(2), denoted & (8).
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206 A. Bose & C. K. R. T. JONES

FIGURE 1: The solid line depicts a path in C(2) of Maslov Index 2.
The dashed line depicts a path of Maslov Index 4.

Definition 3.6. The Maslov Index of the path starting at a point o and
ending at 8, a &€ 9D (B) is, by definition, either

(1) the indez of intersection of this path with @ (B) if B # B/, or
(2) 1+ the index of intersection of this path with ) B) ifB=p4".

The reason we need to discriminate between a path ending at # and one not
ending there is that the intersection of a path with the vertex is two-dimensional,
whereas the intersection of a path with other parts of the train is one-dimensional.
(See Figure 1)

Each hourglass is identical modulo a given period. The relation between
C(2) and R is given by the horizontal distance traveled in C(2) projected onto
R, the covering space of S!. Thus a path connecting the vertices of two ad-
jacent hourglasses can be viewed in R as having traversed a distance of 2.
Alternatively, it can be viewed on S! as completing one full revolution on the
circle.

Unfortunately, some information will be lost during the projection. For
instance, should the right end point 3’ of a particular path lie at the vertex of a
particular hourglass, then it will have the same projected distance onto R as a
path whose right endpoint lies in the vertical disc containing that vertex. The
Maslov Index of these two curves will in general differ by +1. It appears that
this difficulty will have to be addressed on a case by case basis.

Fix X and note that ¢(), —1), the representative of W*, is a point in A(2).
As the flow is applied to ¢(A, ) , it defines a path in A(2). This path can be
lifted to C(2) modulo a choice of left end point. The left end point will therefore
define some point on S* modulo 2.

Eigenvalues are created by a shooting argument in C(2). Fix A; < Az and
obtain the parameterized flow on C(2) x [—1, +1] X [A1, X2]. Let ®([A1, A2), 70) =

U[Al’ 22l <i>(/\, 7). Suppose that w(qAS(/\l, 7o)) lies inside a particular component. If
w($(A2,70)) lies outside of this component, then by the fact that w(®([A1, Aa], 70))
is connected, there must be a Ag € [A1,Ag] for which w(@(Xo,70)) intersects
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Stability of the In-phase Travelling Wave Solution 207

) (6(Z*1)). A similar result is established in Jones [27]. Because of the mono-
tonicity in X, we will be able to get an exact count of eigenvalues in the interval
[Ala A2]

Denote by Sy (\) the stable subspace at +00. Also by U4 () denote the un-
stable subspaces at +0o. These subspaces can easily be characterized as elements
of A(2) using the stable and unstable eigenvectors at +o0o. Choose continuous

lifts Us, S4, @ (S4+(\)). By I()) denote the Maslov Index of the path in C(2)
with left endpoint U_ and right endpoint w(d(X, 7))

Lemma 3.7. If \; < )a, then the number of eigenvalues A € [A1,A2)
equals I(A1) — I(A2).

Proof. First it is important to note that in projective or Grassmannian
space the unstable subspace of a saddle point becomes a stable critical point and
the stable subspace becomes an unstable critical point! In this case Uy ()) is a
stable critical point and S (}) is a repelling critical point for the flow in C(2).
In C(2), Uy ()) can be visualized as lying in the interior of the disc that forms
the left face of any hourglass. This choice is arbitrary modulo 27. The critical

point S, () can be visualized as the vertex of an hourglass, and ) (S+(/\)) is
the boundary of the hourglass minus the right and left faces. Similarly U_(})
lies in C(2). We fix a particular lift U_()).

There are three possibilities for w($(X, 7o)):

(1) ((/\To))ﬂU+7é® or
(2) w(¢(A,70)) NSy # 0, or
(3) w((A, 7)) N D (S (V) # @ and w((A, 7)) NSy =0

Depending on A, any one of these three intersections can occur in one of infinitely
many components. Independent of the component in which the intersection
occurs, the Maslov Index of the path in question is well defined and computable.

In order to actually create an eigenvalue, either condition (2) or (3) would
need to be satisfied. However, if, say, for A\; and A2, condition (1) is satisfied such
that I(\1) = a, I(Ag) = b and a > b, then w(d(A;,70)) and w(q;(/\g,To)) lie in
different components of C(2). Therefore, by connectedness of w(®([A1, A2], 7o),
the path connecting w(d(Az,70)) and w(P(A1, 70)) must have intersected the train
of Ujy, 2, S+(X) at least a — b times. We need to establish that w(®([A1, A2], 70)

intersects the train of gl S (X) exactly a—b times. For the sake of argument,
it suffices to show thls for b = a — 1. Thus, we claim that the number of
eigenvalues in [A1, Ao] is exactly 1. Suppose w(® ([A1,A2],70) intersects the train
of Up, o) S+ (A) more than once. This implies, by connectedness of w-limit sets,
that there exist at least two eigenvalues Az and A4, with A7 < A3 < Ay < A,

such that w((As,70)) N P (S4(A3)) # @ and w((Ag, 7)) N D (S5 (M) # @
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Again, by the connectedness of w-limit sets, the path connecting w(qAS()\g, 70)) and
w(p(As, o)) intersects ¥ (Upnaral 84 ())) just once at A = A3. However, the path

connecting w(d(Az,70)) and w(P(As, 7)) will intersect & (Upaaad] S, (X)) twice.
Since I(A2) = a — 1, this implies that I(A\4) = a + 1. Thus, I(A\4) > I(A;). But
A4 > A1, so by Lemma 3.3 this contradicts the fact that «, and therefore I()), is
monotone decreasing in A. It is easy to extend this argument to the more general
case as needed. Thus, we conclude that the path connecting w(¢(A2,79)) and

w(g(A1,70)) intersects L (U, », S, (X)) exactly a — b times. Similar reasoning
holds for the other possible cases of A\; and A;. The lemma holds on the closed
interval [A1, Ag] if Az is not an eigenvalue. If )3 is an eigenvalue, then the number
of eigenvalues in the closed interval [A1, Ag] is 1+ I(A1) — I(\2). O

An immediate consequence of Lemmas 3.4 and 3.7 is the following corollary.

Corollary 3.8. The number of eigenvalues A € [A1,+00) equals I(A1).

Proof. We establish that if Ay >> 1, then I(\2) = 0. It was shown in
Lemma 3.4 that as Ay — 00, (8/0k)(\, &) — 0. In fact, as Ay — 00, U_(A2) —

U, (\2). Therefore, ¢(Xa,7) stays near to Uy (Ag) for all 7. Thus, it stays in
the same component of C(2). Call this component . Therefore, if Ay > 1,

w(p(Az,70)) N U4 C o and is non-empty. Thus I(A2) = 0. This is to say that
there are no eigenvalues for A large. O

3.3 Analysis for the singular in-phase front and Keener’s model.
We are now in a position to apply this general theory to the specific equations
under consideration in this paper. We first conclude the proof of Theorem 2.6,
and we then present a detailed application of the theory to Keener’s model.

Proof of Theorem 2.6. It follows from the transversality hypothesis in
(H4) and from the work of Alexander and Jones [2] that 0 is a simple eigenvalue
of the origin. Also, in (H8) we assumed that the travelling wave has Maslov
Index 1. The Maslov Index is assigned to the wave at the value A = 0. Thus
Corollary 3.8 implies that there exists only one eigenvalue of the linear operator
L in the right half-plane. This eigenvalue must then be the simple one at the
origin, thus proving Theorem 2.6. d

Recall that in Keener’s model the non-linearity f(U) was given by

(ur) + duz — ur)
f(U)=(§(Zl)+d<uf—Z§>)’
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Stability of the In—phase Travelling Wave Solution 209

where g(u) = u(l — u)(u — a) and d is the coupling coefficient. When d > 0,
the coupling is excitatory, and when d < 0, it is inhibitory. Bose [7] shows that
for d sufficiently small, the symmetric in-phase front travelling wave solution
can be constructed as the transverse intersection of relevant manifolds. In the
following, we adopt the notation of the previous section and apply it to the
equations and solution at hand. Thus, denote the in-phase solution Ur(§) with
associated linear operator Lg. The eigenvalue equation (Lp — AI)P = 0 is given

P = a
P, = @
0
(28) 4 = Pq+ (/\ - 52> p1 —d(p2 — p1)
Uy

dg
/ — * _ — —
@ = g+ ()\ —au2> p2 — d(p1 — p2)-

Note that, at A = 0, (28) is exactly the equation of variations for the front.
Evolution equations for the six 2-forms associated with (28) are

P, = Piuy—Py

Py = 9*Pi3—dPp

Py, = UPy+dPip

0
(29) P, = 9Py- %PH +dPiy + P3y + APy
2

N 0
Pp; = O"Py+ a—ug1P12_dP12 — P34y — APy

. 0 3}
Py = 29 P34+< —a—i-)Pm—( —6—52)1’23

+ d(P13 — Pas) + A(Pia — Pa3).

We will now consider the dependence on the parameter d as well as A by
noting k = k(A,&,d), Ux = Uy(A,d) and S; = Sy (A,d). There are two more
pieces of information which are specific to the singular front of Keener’s model
which are contained in Lemmas 3.9 and 3.10. For d = 0, A = 0, W* N W} is
two-dimensional since these subspaces coincide. Moreover, the following is true:

Lemma 3.9. For the in-phase singular front solution, when d = 0,
I(0) = 2.
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Proof. For d = 0, the systems uncouple and we recover two copies of the
FitzHugh-Nagumo front, each of which is known to be stable. By Corollary 3.8,
I(0) < 2. Since dim (W* NW3) = 2, w(¢(0,70)) N 5+(0,0) # 0, i.e. w(¢(0,70))

must be the vertex of @ (S4(,0,0)). Thus, it follows that I(0) = 2. O

As in Lemma 3.3, denote the dependence of k on d by a subscript.
Lemma 3.10. For fized A and for each £, if dy < dg then kg, (§) > Ka,(£).

We omit the proof of Lemma 3.10, since it is nearly identical to that of
Lemma 3.3.

Theorem 3.11. For d > 0 and sufficiently small, there exist no eigenval-
uwes of Ly in the open right half-plane. For d < 0 and sufficiently small, there
ezists one eigenvalue in the open right half-plane.

Notice that the sign of the coupling coeflicient d is the determining factor
for stability.

Proof. For d =0, 0 is an eigenvalue of multiplicity 2. Using the transver-
sality result of Bose [7], for d sufficiently small, 0 is a simple eigenvalue of L.
We need to determine the behavior of the second eigenvalue as d is perturbed
from 0.

The theorem will be proved by applying Corollary 3.8 with A; = 0 and d
sufficiently small. For d = 0, by Lemma 3.9, I(0) = 2. Now choose d; < 0 < dy
sufficiently small. Using the stable eigenvectors, it can be shown that if dy — d;
is sufficiently small, then 5,(0,d1) < S$.(0,dz). By this we mean that the
projection of 5,(0,d;) onto the real line lies to the left of the projection of
5,(0,dy). Thus, a component of the train of S, (0,d;) lies to the left of an
analogous component of the train of S, (0,d2). Figure 2 shows the relative
positions of one component of each train and the relevant paths for d; and
dy. Now, by Lemma 3.10, since k is monotone decreasing in d, for da > 0,
w(¢(0,70)) gets pushed to the left into the same component as U_(0,ds). Since
0 is an eigenvalue, A\; = O satisfies condition (3) in the proof of Lemma 3.7.

That is w(¢(0,7)) N D (S4(0,ds)) # @. This is to say that dim(W* N W$) =
1. Therefore I(0) = 1. For d; < 0 the opposite happens. Since s increases,

w(¢3(0 70)) gets pushed to the right into a different component than U_(0,dy).

Again 0 is an eigenvalue, so condition (3) is satisfied. However, since w((0,70))
lies in the component to the right of the one in which U_(0,d;) lies, 1(0) = 2.
Thus, for d > 0, I(0) — I(co) = 1, which corresponds to the eigenvalue at
the origin. Therefore, there exist no eigenvalues in the right half-plane and the
in-phase front solution is stable. For d < 0, I(0) — I(c0) = 2, one of which
corresponds to the zero eigenvalue which is simple. Therefore, the other must lie
in the right half-plane. Thus, in this case the in-phase front solution is unstable.
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/’

b,
(

S+( 0,d l) S+( 0,d 2)

FIGURE 2: The solid line depicts the path of a trajectory associated with
de > 0 and has Maslov Index 1. The dashed line depicts a trajectory associated with
d1 < 0 and has Maslov Index 2.
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212 A. Bose & C. K. R. T. JONES

The fact that the direction of transversality of the in-phase solution changes as
d passes through 0 (as shown in [7]) is the cause for this change in stability of
the solution. O

4. Stability for the full £ # 0 wave. In this section we conclude the proof
of stability for the full € # 0 system. In order to finish the proof, two additional
pieces of information are required. First, for the linear operator L, it must be
shown that 0 is a simple eigenvalue. Second, the other eigenvalue of L inside
of K must be shown to lie in the left half-plane. These two requirements are
intertwined and obtained by evaluating D’(0). This will be achieved using the
Exchange Lemma to exploit information obtained from the singular solutions.

We will show that 0 is simple by proving that D’(0) > 0. That 0 is
simple forces the second eigenvalue to be real, since eigenvalues come in com-
plex conjugate pairs. Using our orientation conventions, it can be shown that
D(A > 1) > 0. Since D(]) is analytic in A, by establishing that D’(0) > 0, we
will also have shown that the other eigenvalue lies in the left half-plane.

We will establish that D’(0) > 0 as a direct consequence of the Exchange
Lemma. The idea is the following. As noted earlier, the eigenvalue equations at
A = 0 are exactly the equations of variation, which are the equations that govern
the evolution of tangent vectors under the flow. Thus, at A = 0, information
about D(A) can be obtained from tangent vectors. The Exchange Lemma allows
us to obtain the C! closeness of certain tangent planes of the ¢ = 0 and € # 0
systems. This will, in turn, enable us to prove the closeness of certain objects
associated with D’(0) and with the £ = 0 reduced systems that are determined
by these tangent planes. Obtaining the sign of D’(0) amounts to checking the
orientation of a certain tangent hyperplane after it has evolved under the flow
to a point near manifold (R) close to the singular back. There is no easy way
of directly determining this orientation. However, the Exchange Lemma picks
out a tangent hyperplane associated with the singular back, whose orientation
is known, which is O(e) close to the unknown one.

At this time, we also note that using the Exchange Lemma is crucial. It can
happen that although both jumps are stable relative to their reduced systems,
together they may produce an unstable wave. By using the Exchange Lemma,
we guarantee that information about the slow flow is utilized in determining
stability of the full solution.

Theorem 4.1. If € is sufficiently small, the derivative D'(0) > 0.
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Stability of the In-phase Travelling Wave Solution 213

Proof. Appending ¥ = 0 to the travelling wave equations (4), we obtain

u’2 = W3

’LU,I = dw;—fr (ul, ’U,z) + U
(30) wy = Ywz — fao(ur,u2) + v2

v = %(Ul — yv1)

vo= %(uz = Yv2)

¥ = 0.

The origin has a three-dimensional W*(0) and a five-dimensional W¢(0). Let
I'. be the homoclinic solution. Let 't (I'") be a component of W<*(0) (W**(0))
which contains I'.. The derivative of the Evans function can be related to the
manner in which W¥(0) crosses W*(0) as © varies. To this end, let XE()\, &) =
¥, where 7 is the vector field of (30). Suppressing dependence on (A, §) for
notational convenience, as in [2], we can establish

3
(31) D) = e JoTRANOE (%(n ~T.)

I=1(e)

ANXTANVANXT ANXS AX;).

We must evaluate D’(0) somewhere near the singular back in order to ac-
count for the slow flow. The following lemma allows us to understand the passage
of I'; near to manifold (E). o

Lemma 4.2. (Jones, Kopell [28]) Let B! be a box around manifold (E) in
which we have Fenichel coordinates. Let q; be a point on the singular orbit on
the entrance |b| = A to B! and let g1 be the point on {|a] = A} at which the
singular orbit exits B1. Then, for any point py € {|la] = A, b=0, y; = 0,i > 1}
sufficiently close to q1, there is a point q near q; such that the trajectory through
q reaches {|a| = A} at a point § having the same a and y; coordinates as p; and
nearby b, y; coordinates , i > 1. The time from q to q is O(1/e).

Choose B! such that w; and wq are O(8) inside B!, where § is the length
of the shortest side of B! and is fixed small independent of . Let T¢ be
the value of £ at which T enters B! and Tf the value at which it leaves.
Define Ty and 7 similarly for the singular orbit. Let g. € I'. be a point
somewhere near manifold (R) close to the singular back. Furthermore, let
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I'. be parameterized such that £ = 7. at g..

can locally be written as the graphs of functions.

A. Bost & C. K. R. T. JONES

Near ¢., W°*(0) and W¢(0)

Let W°*(0) be given by

(Ul’ U2, m:(ulvu% 19), n:(ulv uz, 19)v aj(ula U2, 79), bg_(ula Uz, 19)’ 19)7 and WCS(O) by
(w1, ug, mZ (w1, uz,v1,v2, ), n; (u1,uz,v1,vs,9),v1,v2,9). Tangent vectors to
the various manifolds can be found by taking derivatives of these graphs with
respect to different variables. Let

Ve = (006

9 . 9 4 9.+
u ’819 (qe)) aﬁne (q5)7 aﬁaa (q€)7 aﬂbe (q€)71 )

0 0
V= (10 om0, gt @) et 00 b @).0)

A
Vs - 0)0, 80 me (qE)a 619 e (qE) 070’ 1) )

(03
(07
Vi = (1,0
(005
(003

o _
(@), 5z 40,0,0,0)
V: = (0,0, —m_(g), 6n“(q5)100
S ) avl € y Y )
3 0
Vy = 0,0, 5—m, (Qr:), ne n; (¢¢),0,1,0

be such that

X;(()» Te) = Vul , X3(0,7) = V32
d 19 d Y
dQ?F+(TE) - u ) d’l?F_(TE) - ‘/S

X5 (0, TE) = Vsl ) XZ(O’ Te) = Vss'
Note that, at £ = 7.,

(32) sgn D'(0) = sgn (V2 —VOYAVEA YV AVEAVEAVE.

Below, we use differential 3-forms to make certain calculations. These forms are

found in the same way as in previous sections by using the product rule together

with the equation of variations of (30). Let II, be the hyperplane spanned by

(V" v3), (V1 V1) and ¥. Next observe that (V7 —VI)AVIAVAVIAVZA
—(P, oy, [Ie] (7e)) + O(e). That the error is only O(E) will be Justlﬁed

by the estimates below. Therefore

(33) sgn D'(0) = —sgn (P, u, 1] (76))-
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Stability of the In-phase Travelling Wave Solution 215

As a result of (33), we need to find the sign of P ., . [[Ic](7e).
Lemma 4.3. The 3-form P;,,, .. [c](7:) < 0.

Proof. In the following, any term with the super/subscript ‘f’ or ‘b’ refers
to the object associated with the e = 0 singular front or back, respectively.

For the singular front, at £ = Ty, let the three-dimensional tangent hyper-
plane, Hy, be spanned by

0 0
(Oa Oa %Agf(ql)’ %Ahf(ql)a 0) Oa 1)

0 0
(1,0, O_ulAgf(ql)’ 6_u1Ahf(q1)’ 0,0, 0)

7 /
(wla wa, Wy, Wy, Oa 0) 0)7

where Wg*(0), W§E*(U4(0)) are locally the graphs of (u1,us, g}'(ul,ug,ﬂ),
h}' (u1,u2,9),0,0,9) and (ul,ug,g; (u1,ug, ), hy (u1,u2,),0,0,9) respectively,

and Agy = g;f — g; etc. For € # 0 and sufficiently small, these graphs can be
smoothly perturbed such that near £ = T§, for fixed e, W<*(0) is the graph of
(u1,ug, g (u1,uz,9), kT (u1,u2,9),rt (u1, u2,9), st (u1,us,9),9) and W9(E;) is
the graph of (u1,uz, g7 (u1,u2,9), by (w1, u,9), 72 (w1, ug, 9), 87 (u1,u2,9),9).
As a result of the Exchange Lemma, W*(0) transversely intersects W*(E).
Now let H? be the three-dimensional hyperplane spanned by

(0.0, 55092(0) 3500 0, 3570 35850000, 1)

0 0
(1, 0, a—ulAge(‘I), 8_ulAh€(q)’ 8—UIA7‘5(‘1)» 8—ulAss(Q), 0)

/ / / /
(wl’ w2, Wy, Wy, Vg, Vg, O)

Notice that by construction (0/09)Ag. = (0/09)Agy + O(e) and similarly for
all other appropriate terms. Thus, sgn P%,,, . [H(T§) = sgn P{,, ., [Hs)(To),
provided that the latter is not O(¢). We later show that it is not. Moreover,
notice that H? is constructed using the vector field, and vectors in the ¥ and u;
directions, which is consistent with (V.Y — VI) A (V} — V) A ¥ at € = 7..

Denote by H! the evolution of the hyperplane H? under the flow to the
time Tf. The Exchange Lemma implies that Pg, ., . [H 1(T¥) is O(e) close to
Pt ., 1w [Hp)(T1) up to normalization and sign for an appropriate hyperplane H,
which is determined by the transversality of the back travelling wave. That is,
for some kq,

(34) u2w1w2 [Hl](Te) = k1P, ugwle [Hb] (Tl) + 0(8)
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216 A. Bose & C. K. R. T. JONES

The sign, and thus orientation, of P?,,, .. [Hy](T1) is determined by the ¢ = 0
transversality result of the back. Without loss of generality, we take

u2w1w2 [Hb](Tl)

Since sgn PE, o, [HA(TS) = sgn P, ., [Hf](To), the sign of k; is determined
by the behavior of F;,,, ywp 85 it passes by manifold (E). As we show below,
P¢, ., w, does not change sign as it passes by manifold (E). An important ob-
servation is then that P2, .. maintains its sign as it tracks along the singular
back. Using Gronwall’s Inequality, P also will not change sign along the

U2 W1 W:
back, so we will be able to obtain the ;1g1n of P< Py, 1wy (el (7e)-
For convenience, suppress the dependence on the hyperplanes in question.
We first determine the magnitude of P{,,, .. (To). Note that Pf,, .. (To) # 0
by the transversality of the front.

(35) Pl (To) = [ 9 ngs 2 0

0

Using 2-forms and calculations similar to those in [7], it is not hard to show that
(8/0u1)Ags = —(0/Ou1)Ahys and both (3/89)Ags and (8/89)Ahy are O(e”™0)
and positive. By comparison, the magnitudes of (8/0u,)Ags and (0/0u1)Ahy,
which are independent of ¢, can be taken without loss of generality to be at least
o(1).

The sign of PJ,,, ,,(To) is determined by the transversality and stability
of the front. Let Dp()\) = C-Y;" AY;H AY] AYy be the Evans function
associated with the singular front. The constant C is chosen by Abel’s for-
mula so as to make Dp()) independent of £. Similar to what was done for the
Evans function for the full system, choose the vectors Y2 to agree with tan-
gent vectors in the u; direction at the point g;. Then the derivative D% (0) =
C(8/09)(I'} —T5) Avj, A ¥ Av} where v} and v} are the tangent vectors
to WE*(0) and Wg# (U4 (0)) mentioned above, and I' }L and I'; are the smoothly
extended components of the singular front in each of these manifolds. It then
follows that D(0) = —PJ .., (T0). It can be shown that, by construction,
Drp(A > 1) > 0. Since the front is stable, this implies D%(0) > 0, from which
it follows that Pf , ,(To) < 0. Thus P[,, ,,(To) = —ce‘ﬁ0 for ¢ > 0, and
therefore Pg, ., , (Ts ) = O(e?™®) and is negative.

At € = Ty, Pl 0 (To) = —w2(0/09)Agy; = 0O(e®T0) and is negative.
From this it follows P. (T§) = O(e’™) and is negative. Slmllarly both

uU2U]1 W1
u2u1 w2 (Tg) and P, u1 w1 w2 (TE) are O(eﬁTo) and negative. At§=To, P, u2w219 (TO) =

—wo(0/Ou1)Ahy = O(1). Therefore P, o(T5) = O(1). In fact any 3-form
P, o (T§) with a, b # vy or vz is O(1). Lastly, at £ = To, Pszzﬂ(TO) = 0. Thus
Pt .(T5) = O(e). Similarly, any 3-form Fg,, (1) with v; = vy or vy is O(e).

We summarize below.
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Stability of the In-phase Travelling Wave Solution 217

52w20(T5) = 0(1) ) P§2U1’w2 (Tg) = O(E) s P52w1w2 (TOE) = O(eﬂTO)
Pegwﬂ?(TO) O(l) ) P52w1v2 (TOE) = O(E) ) P51w1w2 (TOE) = O(eﬁTo)
PLLus(T5) =0(1) , Phus(T§) =0() , Phuw (T5) = 0("™)

Piuno(T6) =0(1) ,  Pous(T§) =0(€) , Popuyw(T5) = O(e”™)

(36)

One of the central aspects of the Exchange Lemma is that certain forms
that are initially small remain small as they pass by a slow manifold. In [28], the
smallness required is exponential. This can be achieved here by normalizing by
P;, 4, w,» using the rule Pabe = Pape/| P¢, . w,|- Thus, forms previously of O(e)
and O(1) are now exponentially small at T§ and the other relevant forms are

O(1). The evolution equation of interest is

2 2
(37) P =g, e L OF b

U2W W2 U2W] W2 8 2 7 uguwe 6'&16'&2 U2Ul W

€ 15
- wlP 2’!1)219 + szugu)u? + Pu2v1w2 + P’Ll,z’wl’l)z

Using the Exchange Lemma, or by computing evolution equations for and using
the estimates above, Pg o, Pr . 9, Pryiw, and ij v, are exponentially

small on [T, T§]. Thus, (38) reduces to

O*F O*F
38) P, = 20P¢ - P+ —Pf + O(e™?T0/e),
( ) UuQwWi W UQWi1 W 6'114% U2U1 W aulau uUUI W1 ( )
3
The evolution equations for P, w1 wa? Pu2u1w2 and Pu,zulw1 are
P, = 9P¢ OF b OF b
urwiwe uiwiwe 0u§ uguywy T Ougduy = “2taw2
pe e 5
+ wZP’ul’wl‘ﬂ P 1w219 + Pu1w1v2 + Pulvlwz’
/€ _ 3 € €
P uguiwe 19Pu2u1w2 + Pugwlwg + w2P ugu1 9 + Pu2u1v27
/€ _ € 5 e
P uguiw1 ﬂPuzulwl + Pu1w1w2 + wlP ugu + Pu2u101’

which, as above, reduce to
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218 A. BosE & C. K. R. T. JONES

B oape  _OFp PF .
uiwi w2 Ul Wi w2 au% UgU W —BU2au1 iz wa
(39) + O(e—ﬂTo/E)’
Plu2u1w2 = 191315-:211-11112 + P'Zzuuwz + 0(6_0T0/€)v
Plu2u1w1 = 19P52U1w1 + P’Lil'lUl’LUZ + 0(6_0TO/5).

Note that on manifold (E) because of hypothesis (H1), (82F/0u?) < 0
and (82F/6u%) < 0. Also, by hypothesis (H7), (02F/0u2 Ouy) > 0. There-
fore at £ = P’uzwlwz(TS) < 0, Pulwlw(T’s) <0, P'u2u1w2 (T§) < 0 and
P, (T§) < 0. Moreover, the 3-form PZ,,, ..,
tive as long as P¢ Twiwg? ijmz and P{f,‘,ulw1 stay negative. At Ty all of these
forms are negative. So renormalize the forms again such that at T§ the largest
of the forms is less than —1. Let

wguiwy will continue to remain nega-

M {( ugwlwz’Pzi,wlwz’ P’Iizuﬂ.uz’ P‘lizulwl) : P’Li2’lUl’le — 1 P"flwl'WZ S _1’
P52u1w2 <- -1 P‘ligulw] = _1} .
Using (38) and (39), it can be seen that M is positively invariant . Moreover
at T§, (ijlwz, lewlww P, iy Poyuyw,) € M. Therefore, these forms remain
negative until at least Tf. In particular Puzwlw2 (T¥) < 0 and, equivalently,
u2w1w2 (Te) <0.
As mentioned earlier, Puzw ,wy > 0 along the back. So k3 < 0. Thus using

equation (34), an application of Gronwall’s Inequality and a possible renormal-
ization of forms, we obtain

(40) szwlwz (TE) = _P‘g;)wlwz (T) + 0(6)’
In particular, sgn Pt ., (7c) = —sgn P, ,,(7) < 0. This concludes the proof
of Lemma 4.3. O

Using (33) and Lemma 4.3, we obtain D’(0) > 0 as desired, concluding the
proof of Theorem 4.1. O
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