THE EFFECT OF RESIDUAL STRESSES ON WAVE SPEED IN ARTERIES

H. R. Chaudhry Department of Mathematics Center for Applied Mathematics and Statistics New Jersey Institute of Technology Newark, NJ 07102 and Department of Physical Medicine and Rehabilitation UMDNJ-New Jersey Medical School Newark, NJ 07102 and Research Department Kessler Institute for Rehabilitation West Orange, New Jersey 07052

B. Bukiet and M. Lacker Department of Mathematics Center for Applied Mathematics and Statistics New Jersey Institute of Technology Newark, NJ 07102

(send all correspondence to B. Bukiet, Tel: (201)-596-8392, Fax: (201)-596-6467)

THE EFFECT OF RESIDUAL STRESSES ON WAVE SPEED IN ARTERIES

H. R. Chaudhry, B. Bukiet and M. Lacker

(condensed title: Wave Speed in Arteries)

Abstract

The traditional approach to calculating stress distribution in arteries has been to assume (incorrectly) that the unloaded intact artery is stress-free. We consider the unloaded intact artery to have initial (i.e., residual) stresses and study how this affects the calculated wave speed of the arterial pulse. We use a set of equations that describe, in a simplified way, the blood flow in arteries and apply non-linear elasticity theory to derive a formula for wave speed. We compare wave speed calculations under two assumptions (considering unloaded intact arteries as stressfree and considering these arteries to have residual stresses). We find that wave speeds calculated assuming residual stresses are more realistic. Clinical applications of this work are suggested.

Keywords: residual stresses, wave speed, arteries, blood flow

1 Introduction

The accurate evaluation of wave speed in arteries by noninvasive methods is important to discover and explain diseases of the arteries, such as, arteriosclerosis, stenosis and aneurysm. Understanding of pulse waves also can be used to locate sites that need surgical treatment and to infer the condition of the heart. In addition, changes in wave speed can be important in evaluating the effect of therapeutic exercise, medication and paced breathing on peripheral arterial behavior. This is important in rehabilitation medicine, since experimental work has shown that wave speed decreases as an artery becomes more elastic.

The traditional approach to the study of stress distribution in arteries was to assume that unloaded intact arteries have no residual stresses. This leads to unrealistically high stress concentrations at the inner wall of an artery as well as high mean stress. Chuong and Fung [5, 6] found that considering the unloaded intact artery to have residual stresses leads to a reduction in the calculated stress and strain distribution, yielding more realistic results. We demonstrate in this paper that considering the unloaded intact artery to have residual stresses, similarly, will lead to a reduction in the calculated value of wave speed.

Theoretical values for wave speeds obtained in earlier attempts have not been satisfactory. Thomas Young’s [20] formula leads to a decrease in wave speed with increasing pressure, contrary to experimental observations [10]. Bergel [4], Opatowski [16] and others have made modifications in this formula with limited success. All these works considered the stress-strain relation of the blood vessel to be linear, whereas the relation is nonlinear. A thorough discussion of theoretical predictions and experimental results on wave propagation in arteries can be found in [3] and [15].

In this paper, we apply well-known equations for blood flow in arteries. From these equations, the theory of PDEs is used to find the formula for wave speed. One unknown function relating the effect of pressure on arterial cross-sectional area is needed to perform the calculation. We derive this function using the data for stretch ratio vs. pressure when unloaded intact arteries are assumed to be stress-free [5] and when they are assumed to have residual stresses [6]. We compare wave speed calculations using these two assumptions and find that calculated wave speeds are more realistic if it is assumed that unloaded intact arteries have residual stresses. Therefore, we conclude that residual stresses must be taken into account to evaluate the wave speed correctly. We also find that the wave speed increases with stiffening of the arteries under either assumption.

2 Calculation of Wave Speed

Blood flow in arteries can be described by the following equations [1, 17, 18]

A_t + (Au)_x + ψ = 0 (2.1)

(ρuA)_t + (ρu^2A + pA)_x − pA_x = F (2.2)

The first equation represents conservation of mass, where A = A(x, t) is the cross sectional area of the arterial lumen as a function of axial coordinate, x, and time, t. u = u(x, t) is the velocity which is assumed to be uniform in any cross-section normal to the axial direction. This assumption is reasonable for large arteries. ψ is the rate of outflow (leakage) per unit length of the artery . The second equation represents conservation of momentum, where p = p(x, t) is the pressure, and F represents the effect of forces other than pressure. We also consider blood to be a homogeneous and incompressible fluid, i.e. the density, ρ, is constant. The subscripts denote partial differentiation with respect to that subscript.

Substituting equation (1) into equation (2) yields

u_t + u u_x + p_x ρ = F + ρuψ ρA (2.3)

We assume that pressure, p, is the only applied force acting on the arterial walls at a specific distance, x, from the heart. Longitudinal coupling and the weight of the blood in the artery are ignored, and the artery is assumed to be long compared to its radius. Furthermore, the amplitude of the pressure pulse and the wavelength / radius ratio are assumed to be small. Under these assumptions the inner radius, r and the cross-sectional area A(x, t) of the artery in the loaded state depend on the elasticity, E(x) and the pressure p(x, t). Thus, A(x, t) A_0(x) = f(p, E, x) (2.4) where A_0(x) is the cross-sectional area of the artery in the unloaded state at position x. Since A_0(x) is a function of x, the artery may be tapered. With elasticity E a function of position x, we write A(x, t) A_0(x)

= f(p, x) and ∂p ∂A = 1 A_0(x)(^{∂f}_{∂p} )_x

(2.5)

where the subscript x denotes that location is fixed. Substituting equation (2.5) into equation (2.3) and rewriting equation (2.1) yields the set of conservation laws ( u A ) t + ( u^1_ρ^{∂p}_{∂A} A u ) ( u A ) x = (_F +_{ρuψ} ρA −ψ ) (2.6)

The speeds at which information propagates along the characteristics of these equations are given by the eigenvalues of the 2 × 2 matrix in equation (2.6) (see e.g. [7]). Using equations (2.5) and (2.6), the wave speeds, c, are given by

c(x, t) = u(x, t) ± [ A ρ ∂p ∂A ]1_/2 = u(x, t) ± f(p, x) ρ(^{∂f}_{∂p} )_x 1/2 (2.7)

The middle expression for wave speed is the same as obtained by Anliker [1], (p. 223).

Table 1: Circumferential Stretch Ratios vs. Pressure

Pressure (mm Hg) λ_θ λ_θ where Θ_0 = 71.4^0 where Θ_0 = 180^0 0.0 0.875 1.000 60.0 1.583 1.820 120.0 1.729 1.927 160.0 1.750 1.962

Since the flow velocity in an artery is typically much smaller than the wave speed, we will refer to the wave speed as c(x, t) = [ f(p, x)/ρ ( ∂f ∂p ) x ]1_/2

(2.8)

from here on. From this expression, it is clear that to compute the wave speed in an artery one needs only the function f(p) at a specific position x.

To find f(p), the work of Chuong and Fung [5, 6] can be used. Using nonlinear elasticity theory, they studied how the artery stretches in the radial, circumferential and axial directions when subjected to different pressures. In particular, the stretch ratio in the circumferential direction, λ_θ , is of use. Chuong and Fung derived

λ_θ = ( π Θ_0 ) r R (2.9)

where 2Θ_0 is the angle subtended by the sector of the artery in its reference state (Fig. 1). By reference state, we mean the state in which the artery is assumed to have no residual stresses. R is the radial coordinate of a point in the artery in the reference state and r is the radius of the same point in the loaded artery at any time. Two reference states were considered. For the case of the reference state being the unloaded closed artery, (i.e. under the assumption that the unloaded intact artery is stress free) Θ_0 = 180^0 [5] (Fig. 1, State 1). If the unloaded intact artery is assumed to have residual stresses, this artery must be cut open and allowed to find its natural stress free state (Fig. 1, State 0). The shape the artery attains in experiments is approximately that of a sector of a circle. For this reference state, Θ_0 = 71.4^0 for the cut open thoracic aorta of the rabbit [6]. The values of λ_θ at the inner wall of the thoracic aorta are taken from graphs in [5] and [6] for the four values of pressure considered by Chuong and Fung (Table 1).

From here on, λ_θ is the circumferential stretch ratio at the inner wall of the thoracic aorta (at a distance x from the heart) and the subscript i denotes the inner wall of the artery. Since λ_θ = πr_i/Θ_0R_i (equation 2.9); (r_i/R_i)^2 = A/A_0, and A/A_0 = f(p) at a given distance x (equation 2.5), we obtain

f(p) = (Θ_0λ_θ /π)^2 (2.10)

At low pressure, elastin fibers in the arterial wall are easily stretched. However, when the pressure increases, collagen is encountered, thereby limiting the artery’s ability to stretch. Therefore, we model the dependence of λ_θ on pressure by dλ_θ dp = k(λ_{max} − λ_θ ) (2.11)

where k is a constant and λ_{max} is the maximum value that stretch ratio λ_θ can take. This differential equation models the rate at which the artery stretches with respect to pressure as proportional to how far it is from its maximum ability to stretch. The solution to equation (2.11) is λ_θ = λ_{max} + b e�^{kp} (2.12)

This functional form yields a good fit to the data (Fig. 2) and has an asymptotic limit λ_{max} as p → ∞, i.e. there is a limit to the amount an artery can stretch under high pressure.

The flattening of the circumferential stretch ratio versus pressure curve (Fig. 2) with higher pressure can be interpreted physically as stiffening of the arteries. We expect this approximation (equation 2.12) to hold only in the physiological range of pressure (60 - 160 mm Hg) since at higher pressures longitudinal coupling may become more important.

We mention here that in calculating λ_θ , all the stresses in the arterial wall, i.e. radial, circumferential and longitudinal stresses, have been taken into account (see [5, 6]) without assuming that the wall thickness, h, is small.

Using equations (2.8), (2.10) and (2.12), and taking ρ = 1.06 gm/cm^3 as the density of blood, we establish the formula for wave speed as c = ( λ_{max} + be�^{kp} −2.12 bke�^{kp} )1_/2

(2.13)

3 Results

We use the data in Table 1 to calculate the optimal values for λ_{max}, b and k, using the method of least squares and the functional form of equation (2.12). When the unloaded intact artery is considered to have residual stresses, the optimal values are

Table 2: Wave Speed vs. Pressure

Pressure c (cm/sec) c (cm/sec) c (cm/sec) c (cm/sec) (mm Hg) WRS-NC NRS-NC WRS-WC NRS-WC 40 335 353 337 333 60 455 503 405 416 80 607 705 480 512 100 803 979 563 623 120 1055 1354 658 754 140 1382 1867 764 909 160 1807 2573 884 1092

WRS denotes intact artery having residual stresses, NRS denotes intact artery having no residual stresses, NC denotes computations without correction, WC denotes computations allowing ±0.075 correction in λ_θ

λ_{max} = 1.764, b = −0.889 and k = 1.998 × 10�^5 whereas when the unloaded intact state is assumed to be stress free, λ_{max} = 1.959, b = −0.959 and k = 2.401 × 10�^5. Here, to have a consistent set of units, pressure in mm Hg was converted into dynes/cm^2, (1 mm Hg = 1330 dynes/cm^2).

Using the values obtained from the exponential fit (equation 2.12), we calculate wave speed versus pressure in the physiological range using equation (2.13). (See Table 2 and Fig. 3). It is worthwhile to note some of the possible sources of error in λ_θ in the data (Table 1) used in our calculations; the assumption of a circular form (i.e. sector) for the stress free reference state 0 of the cut open thoracic aorta as well as possible errors in the exponential fitting form of the strain energy function used in Chuong and Fung [5, 6] to calculate the material constants from experiments. Allowing for an error up to ±0.075 in each value of λ_θ in Table 1, new values for λ_{max}, b and k for both residual and non residual stress cases are calculated which yield more realistic wave speeds (Table 2 and Fig. 4). Also appearing in Fig. 4, are experimental results [1] (p. 220) for wave speeds in an anesthetized dog (since this is the only data available for comparison). It is clear that the results considering the unloaded intact artery to have residual stresses are significantly closer to the experimental results than considering such an artery to be stress free, with or without corrections to the values of λ_θ .

Equations (2.12 and 2.13) reveal that our method leads to higher wave speeds as the artery becomes stiffer (i.e. p gets large) as occurs in arteriosclerosis (see also [9], p. 151), qualitatively validating our strategy. In addition, the strategy applied leads to a curve of wave speed versus pressure with positive slope and concavity similar to the experimental curve.

4 Discussion and Conclusions

We have demonstrated that considering the unloaded states to have residual stresses leads to a reduction in calculated wave speeds compared to calculations in which the intact artery is assumed to be stress free. The wave speed in an artery can be found using the function f(p), equation (2.10) in conjunction with equation (2.12), which depends upon the elastic parameters, λ_{max}, b and k. We expect these parameter values to vary slowly with distance from the heart. Thus, the wave speed will vary with distance from the heart. The values of λ_{max}, b and k can be found at a particular location if experimental values of the circumferential stretch ratio, λ_θ , are known at that point.

The goal of this work was to study whether considering unloaded intact arteries to have residual stresses leads to significantly different values of calculated wave speeds compared to assuming these arteries to be stress free and if so, which values of wave speed are closer to experimental observations. Our calculations reveal that considering residual stresses gives values closer to the measured values of wave speed (Fig. 4). Although, we would have preferred to compare our theoretical results for the thoracic aorta of the rabbit with the corresponding experimental results, such data is not available. We, therefore, compared our calculated results with experimental data from an anesthetized dog [1]. We also note that measured wave speeds for humans and dogs lie in almost the same range [15] (p. 104, reproduced in Table 3). Therefore, it is not unreasonable to compare qualitatively wave speeds in rabbits with those of dogs. The deviation of our theoretical results from the measured values may be attributed to a number of sources: e.g., the anesthetizing of the dog in the experiments; experimental errors in measuring λ_θ in [5] and [6]; assuming a circular form (i.e. sector) for the stress free reference state 0 of the cut open thoracic aorta; neglecting the weight of the blood in the model. Neglecting longitudinal coupling may cause errors which increase with pressure. Since the calculated wave speeds are very sensitive to variations in the data for λ_θ vs. p, the effects of the above sources of error are magnified.

Accurate wave speed information can be useful in evaluating the effect of therapeutic exercise, medication and paced breathing on peripheral arterial properties. This is because the wave speed is a measure of the elasticity of arteries. Lower wave speeds indicate more elastic arteries. We suggest that this information may be used to evaluate whether therapeutic exercise in the long term rehabilitation process contributes to increasing the elasticity of arteries.

This work represents the first attempt to include the effect of residual stresses on cal-

Table 3: Wave Velocities in Thoracic Aorta

Species Wave Velocity (cm/sec) Source Human 550-650 [19] Human 400 [13] Human 530 [12] Dog 400-700 [8] Dog 480-550 [11] Dog 410-480 [14] Dog 400-500 [2]

culations of wave speed. Even with our simplified approach, the calculations demonstrate that considering unloaded intact arteries to have residual stresses yields calculated wave speeds that are closer to measured values compared to wave speeds obtained when the arteries are considered to be stress free. We note that our results lie below experimental values for low pressures and above for moderate and high pressures. This is likely due to the exponential variation of λ_θ with pressure and by neglecting longitudinal coupling (which has greater influence at high pressure) in our analysis.

Acknowledgements

H. R. C. and M. L. gratefully acknowledge The National Institute on Disability and Rehabilitation Research (NIDRR Grant H133P1002-93) and the Separately Budgeted Research grant from the State of New Jersey (Grant 4216401304) for partial support in funding this project. The authors thank the Center for Applied Mathematics and Statistics at NJIT for providing facilities for this work. The authors also thank the referees for useful comments.

References

[1] Anliker M, Rockwell RL and Ogden E, Nonlinear Analysis of Flow Pulses and Shock Waves in Arteries. ZAMP. 22 (1971) 217-246 and 563-581.

[2] Anliker M, Histand MB and Ogden E, Dispersion and Attenuation of Small Artificial Pressure Waves in the Canine Aorta. Circ. Res.. 23 (1968) 539-51.

[3] Atabek HB, Blood Flow and Pulse Propagation in Arteries. In Basic Hemodynamics and its Role in Disease Processes. D. J. Patel and R. N. Vaishnav, editors. (University Park Press, Baltimore, Md. 1980) pp. 255-361.

[4] Bergel DH, The Viscoelastic Properties of the Arterial Wall. Ph.D. Thesis, University of London (1960).

[5] Chuong CJ and Fung YC, Three-Dimensional Stress Distribution in Arteries. Transactions of the ASME 105 (1983) 268-274.

[6] Chuong CJ and Fung YC, Residual Stresses in Arteries. In Frontiers of Biomechanics.

G. W. Schmid-Schonbein, S. L.-Y. Woo, and B. W. Zweifach, editors. (Springer- Verlag, New York. 1992) pp. 117-129.

[7] Courant R and Friedrichs KO, Supersonic Flow and Shock Waves (Springer-Verlag, New York, 1948) 464 pp.

[8] Dow P, and Hamilton WF, An experimental study of the velocity of the pulse wave propagated through the aorta. Am. J. Physiol. 125 (1939) 60-65.

[9] Fung YC, Biodynamics: Circulation. (Springer-Verlag, New York, 1984) 404 pp.

[10] Histand MB, An Experimental Study of the Transmission Characteristics of Pressure Waves in the Aorta. Ph.D. Dissertation, SUDAAR Report No. 369, Department of Aeronautics and Astronautics, Stanford Univ., California (1969).

[11] Laszt L, and Muller A, Uber den Druckverlauf im Bereiche der Aorta. Helv Physiol.

Acta 10 (1952a) 1-19.

[12] Latham RD, Westerhof N, Sipkema P, Rubal BJ, Reuderink P and Murgo JP, Regional wave travel and reflections along the human aorta: a study with six simultaneous micromonometric pressures. Circulation 72 (1985) 1257-1269.

[13] Luchsinger PC, Sachs M and Patel DJ, Pressure-radius relationship in large blood vessels of man. Circ. Res. 11 (1962) 885-888.

[14] McDonald DA and Gressner U, Wave attenuation in viscoelastic arteries. In Hemorheology, ed. Copley AL, (Pergamon Press, Oxford, 1968) pp. 113-125.

[15] Nichols, WW and O’Rourke MF, McDonalds’ Blood Flow in Arteries. (Lea and Febiger, Philadelphia, 1990) 456 pp.

[16] Opatowski I, Elastic Deformations of Arteries. J. Appl. Physio.. 23 (1967) 772-778.

[17] Rudinger G, Review of Current Mathematical Methods for the Analysis of Blood Flow. In Biomedical Fluid Mechanics Symposium, (New York, ASME, 1966) pp. 1-33.

[18] Skalak R, Wave Propagation in Blood Flow. In Biomechanics Symposium, ed. Y.

C. Fung, (New York, ASME, 1966) pp. 20-46.

[19] Wezler K and Boger A, Die Dynamik des arteriellen Systems. Der arterielle Blutdruck und seine Komponenten. Ergebn. Physiol. 41 (1939) 292-306.

[20] Young T, Hydraulic Investigations, subservient to an intended Croonian lecture on the motion of the blood. Phil. Trans. Roy. Soc. London. 98 (1808) 164-186.

Figure Captions

Fig. 1 Cross-sectional representation of arteries at the stress free reference state (State 0) under the hypothesis that the unloaded intact artery has residual stresses, for the hypothesis that the unloaded intact artery is stress free (State 1) and for the subsequent loaded state (State 2) under transmural pressure and axial stretch.

Fig. 2 Circumferential stretch ratio, λ_θ , versus pressure at the inner wall of the thoracic aorta of the rabbit considering the unloaded intact artery to be stress free and considering it to have residual stresses.

Fig. 3 Comparison of calculated wave speeds at the thoracic aorta of the rabbit.

Fig. 4 Comparison of calculated wave speeds at the thoracic aorta of the rabbit with measured wave speed in an anesthetized dog under transmural pressure allowing for ±0.075 correction to data in Table 1. (See also, Table 3). Open circles represent experimental data [1].

State 0

State 1

State 2