REVISION Stresses and Strains in the Passive Left Ventricle

H. R. Chaudhry Department of Mathematics Center for Applied Mathematics and Statistics New Jersey Institute of Technology Newark, NJ 07102 Department of Physical Medicine and Rehabilitation UMDNJ-New Jersey Medical School Newark, NJ 07102 and Research Department Kessler Institute for Rehabilitation West Orange, New Jersey 07052 B. Bukiet Department of Mathematics Center for Applied Mathematics and Statistics New Jersey Institute of Technology Newark, NJ 07102 T. Findley, Director Research Department Kessler Institute for Rehabilitation West Orange, New Jersey 07052 Department of Physical Medicine and Rehabilitation UMDNJ-New Jersey Medical School Newark, NJ 07102 and Department of Mathematics Center for Applied Mathematics and Statistics New Jersey Institute of Technology Newark, NJ 07102 A. B. Ritter Department of Physiology UMDNJ – New Jersey Medical School Newark, New Jersey 07103 (send all correspondence to B. Bukiet, Tel: (201)-596-8392, Fax: (201)-596-6467)

REVISION Stresses and Strains in the Passive Left Ventricle H. R.

Chaudhry^{1; 2} B. Bukiet^2 T. Findley^{1; 2; 3} and A. B. Ritter^4

(send all correspondence to B. Bukiet, Tel: (201)-596-8392, Fax: (201)-596-6467)

Abstract

In this paper, we estimate the stresses and strains from the equatorial region down to the apex of the heart by modeling the passive left ventricle as a frustrum of a thick hollow cone. Large deformation theory has been employed in this analysis. Furthermore, the effects of residual stresses and the anisotropy due to muscle fiber orientation have been included. It is observed that circumferential stress, which is the most important physiologically, decreases considerably at the endocardium and is more evenly distributed through the wall when residual stresses are taken into account. The stresses also decrease as we go from the equatorial region to the apex. Because heart muscles physically have residual stresses, the consequent lower stress gradient through the wall enhances the diastolic function of the left ventricle.

1Department of Physical Medicine and Rehabilitation, UMDNJ-New Jersey Medical School, Newark, NJ 07102

2Center for Applied Mathematics and Statistics, New Jersey Institute of Technology, Newark, NJ 07102_3

Kessler Institute for Rehabilitation, West Orange, NJ 07052 4Department of Physiology, UMDNJ-New Jersey Medical School, Newark, NJ 07102

1 Introduction

During a single heart beat, coronary ventricles are subject to pressure and volume changes which induce changes in stress and strain within the ventricular wall. The distribution of stresses and strains in the ventricular wall during the diastolic phase of the cardiac cycle effects the diastolic filling function [29] and influences an important regulatory mechanism [16].

Preload is defined as the stress in the ventricular wall at the end of passive filling [10]. Ventricles respond reflexively to changes in preload by altering the force of contraction. This response is independent of neural input and is called “heterometric autoregulation” or more commonly, the Frank-Starling effect. The Frank-Starling effect allows ventricles to accommodate beat to beat variations in venous return (changes in ventricular deformation) without invoking autonomic reflex regulatory mechanisms. This mechanism is prevented from operating if the ventricular muscle is stretched beyond the optimal actin-myosin cross-bridge formation length (the sarcomere length-reserve is exhausted) or if the ventricular muscle cannot stretch adequately due to increased stiffness of the ventricular wall (e.g., ventricular hypertrophy) [16].

The stress which remains in the ventricle in the unloaded state is called the residual stress. Associated with this stress is the residual strain. Fung [5] has pointed out the significance of residual stresses and strains on the functioning of the arteries. These residual stresses and strains depend upon the opening angle (2π − 2Θ_0) (See Fig. 1). The residual stresses also effect functioning of the left ventricle [24]. In particular, they influence diastolic filling time, heterometric autoregulation and coronary blood flow.

In the analysis of transmural stresses and strains in the ventricular wall, four major aspects must be taken into account. These are (1) the geometry of the left ventricle; (2) the anisotropy introduced by muscle fiber orientation in the heart; (3) the large deformations that occur in heart tissue and (4) the presence of residual stresses in the undeformed state. If these four aspects, coupled with material non-homogeneity and solid-fluid interaction are considered, the mathematics of the problem becomes intractable. For a cylindrical model of the left ventricle, Guccione, et. al. [9] found that “torsion, residual stress and material anisotropy associated with fiber architecture all can act to reduce endocardial stress gradients in the passive left ventricle.”

In the finite element method approach see, (e.g. [8], [11]. [15], [18], [19], [20], [27]) many of these aspects have been taken into account. Humphrey and Yin [13] have noted that this approach is somewhat expensive due to the efforts involved in calculation and acquisition of complete data. Therefore, the closed form analytic solutions such as the one employed by Humphrey and Yin [13] (and the one presented in this paper) can continue to provide valuable insight into cardiac mechanics [13]. Both the analytical and the finite element approaches have their own advantages and disadvantages.

The geometry of the left ventricle is an important factor in accurate estimation of stresses and strains in the heart. Most researchers have employed thick-walled spherical and cylindrical geometries in order to avoid mathematical complexities. Although, the solution for a spherical shell is straightforward it is valid only for isotropic materials. Furthermore, spherical models require radial symmetry and do not closely approximate the shape of the heart. Assuming the ventricle to be cylindrical is also an oversimplification [9], [13], and solutions for such a model are valid only for a small portion of the heart, i.e., in the equatorial region. Prolate spheroids resemble the geometry of the left ventricle but the mathematics becomes intractable, particularly when the large deformations that actually occur in the heart are considered (see also [13]). Some researchers [6], [12], [26] have noted that the left ventricle can be described more accurately as conical with a circular cross-section rather than as spherical or cylindrical. Azhari, et. al. [1], noting that a cylindrical model of the left ventricle does not accurately predict the nonuniformity of its twisting motion, developed a conical model to help understand this nonuniformity. The conical model takes into consideration the gradual decrease of the endocardial and epicardial diameter and myocardial thickness from base to apex, which better resembles the actual left ventricle geometry (see also [1]). However, they [1] used linear elasticity theory and assumed that the ventricular wall material is isotropic. Apart from the above justifications for using a conical model, the mathematics of the conical geometry becomes tractable and covers almost the whole left ventricle, from the equatorial region down to the apex. In a recent paper, we used the conical model in the absence of residual stresses and for the isotropic case [2] and compared the results to those obtained using a spherical model. The result was that the conical model leads to more physiologically realistic results than the spherical model.

In this paper, we take into account all four aspects noted above. We use the frustrum of a hollow cone to approximate the left ventricle. We apply large deformation theory and include the effects of residual stresses as well as the influence of muscle fibers in the heart and extend the work of [13] and [2] to enable calculation of the stresses from the equatorial region down to the apex of the ventricle instead of only in the equatorial region. We apply our model using the polynomial form of the strain energy function proposed in [14].

In the present study, it is hypothesized that the presence of residual stresses in the passive left ventricle results in a lower stress gradient and a more uniform stress distribution across the ventricular wall than would be the case if the residual stresses were not present. Thus, the presence of residual stresses may increase the apparent compliance of the ventricle during diastole, allowing for a greater sarcomere-length reserve and enhancing the diastolic function of the left ventricle.

2 Conical Model of the Ventricle

We approximate the left ventricle of the canine as the frustrum of a conical shell with circular cross-section (see Fig. 2, reproduced from [1]) in which the thickness at a point is proportional to the radius of the endocardium at that point. We use circular cylindrical coordinates to describe the deformation. Since the (R, Z) coordinates at the endocardial surface of the canine heart are not available, we use experimental data of (R, Z) coordinates obtained by Azhari, et. al. (Table 2 of [1]) for the human heart. We assume for this purpose that the shape of the human and canine hearts are identical and find the corresponding points (R, Z) of the canine heart from the given (R, Z) points of the human heart. Azhari used the hollow conical model with decreasing thickness from base to apex to represent the left ventricle of the human heart. Using least square linear regression analysis, the equation of the cone fitting the given (R, Z) coordinates at the endocardium is obtained as R = 0.1428Z + 0.771. Further, assuming that the thickness at any point of the endocardium is proportional to the radius at that point and scaling the human heart to that of the canine, such that the values of the radii at the equator are the same as in [13], we find that the internal and external radii at the equator, apex and midway between them are as follows:

R_i = 1.5cm R_o = 2.55cm r_i = 1.77cm At the equator R_i = 1.249cm R_o = 2.124cm r_i = 1.473cm At the midpoint R_i = 1.00cm R_o = 1.70cm r_i = 1.18cm At the apex where R and r are the radii in the undeformed and deformed states, respectively (see appendix, equation (2)).

3 Results

Using the relevant equations from the Appendix, we present plots of stresses and strains through the wall for the polynomial strain energy function described by (37) in the Appendix. For all computations presented, we use the values of the parameters given in Table 1.

The results in the absence of residual stresses (α_1 = 1, λ = 1, b = 0) in the equatorial region are presented in Figures 3 and 4. The effects of including residual stresses and strains (i.e., taking α_1 = 1.145, λ = 1.0075, b = 0.12^0 per cm) in the equatorial region are presented in Figures 5 and 6. Since our analysis allows the computation of stresses and strains at any location, we present in Figures 7 and 8 the stresses and strains through the wall at the apex of the heart. In these plots, we include the effects of residual stresses and strains.

From these figures, we observe that circumferential stresses, stress gradients, strains and strain gradients decrease at the endocardium when residual stresses and strains are taken into account. The shape of the t_{θθ} curve changes noticeably and has a much wider and flatter hump when residual stresses are included. In the equatorial region, the circumferential stress t_{θθ}, which is the most important physiologically, [5], [21], decreases

Table 1: Reported values of parameters used and their sources Parameters Source Values Used Λ [13] Fig. 2 1.015 ψ [13] Fig. 2 1.7^0 per cm P_0 [13] Fig. 2 0.98 kPa dw dR |_{R=Ri} [13] Fig. 2 0.2 dω dR |_{R=Ri} [13] Fig. 2 0.1 R_i [13] Fig. 2 1.5 cm R_o [13] Fig. 2 2.55 cm r_i [13] Fig. 2 1.77 cm Φ_0 [30] range −60^0 to −90^0 −80^0 as in [23] c_1 [14], Table 1, p. 343 15.188 kPa (see also (37)) c_2 [14], Table 1, p. 343 73.432 kPa (see also (37)) c_3 [14], Table 1, p. 343 1.4016 kPa (see also (37)) c_4 [14], Table 1, p. 343 -19.482 kPa (see also (37)) c_5 [14], Table 1, p. 343 18.887 kPa (see also (37)) (R, Z) coordinates [1], Table 2 (1.8, 7.2), (1.6, 5.8), (1.4, 4.4), (1.2, 3.0) of the human heart Θ_0 [22] π − 0.4 radians λ this paper (Appendix) 1.0075 b this paper (Appendix) 0.12^0 per cm by 50% at the endocardium, increases by 91% at the epicardium and increases by 14% at the midwall (see Figs. 3 and 5). The circumferential strain (E_{θθ}) curve also flattens considerably when residual stresses are included (see Figs. 4 and 6). We also note that circumferential stresses, stress gradients, strains and strain gradients decrease as one goes from the equator to the apex (see Figs. 5-8). t_{zz} and t_{rr} become negative at the endocardium and epicardium whether or not residual stresses are considered (see Figs. 3 and 5).

Finally, in Fig. 9, we present a plot of fiber stretch ratio, α through the wall with and without residual stresses and at different locations. It is interesting that all six of these curves have a common intersection point in the sub-endocardium region.

It has been verified for the exponential form of the strain energy function that our results for stresses and strains in the equatorial region in the absence of residual stresses are identical to those reported in [13] for a cylindrical model by taking Φ_0 = −90^0 as in [13].

4 Discussion

(i) Our observation that the quantitative effect of residual stresses, torsion and material anisotropy associated with fiber architecture is to reduce the stress gradient in the equatorial region is identical to that of Guccione [9] (found by a different method). This confirms the validity of our conical model.

(ii) In the absence of results based on directly measured stresses through the ventricular wall, it is not possible to predict the accuracy of the evaluated stresses.

(iii) In the absence of residual stresses, the stresses and strains computed using the polynomial form of the strain energy function are similar qualitatively to those obtained by Humphrey and Yin [13] using the exponential form of the strain energy function.

(iv) It has been verified that the total twisting moment (the sum of the twisting moments produced by the shear stresses at the lateral surfaces and the apex) is larger at the endocardium than at the epicardium, in agreement with experimental observation [1]. This further confirms the validity of our conical model. We note that the conclusion in [1] p. 164-5 that the twisting moment in a cylindrical model at the epicardium is larger than at the endocardium is incorrect because the authors [1] ignored shear stresses [3]. However, the results of their conical model calculations [1] are in agreement with experimental observation.

(v) Since transmural stresses cannot be measured directly, the stresses evaluated in this paper can be useful to physiologists and experimentalists. Further, pathological conditions such as ischemic heart disease, ventricular hypertrophy and congestive heart failure which depend on wall stresses and myocardial stiffness [29], [21] can be better analyzed by cardiologists.

(vi) Physiologically, t_{θθ} is the most important stress component since it represents the wall tension at any time including the preload at end diastole. Fig. 5 shows the changes in distribution of t_{θθ} when residual stresses are present in comparison to Fig. 3 when residual stresses are not present. It is observed that t_{θθ} becomes more uniform with a decreased stress gradient. We conclude, therefore, that the residual stresses provide a greater reserve to accomodate additional stresses which might occur due to increased ventricular stiffness in diseased states.

(vii) We observe, from Figs. 3 and 5, that the computed radial stress t_{rr} changes very little (about 5%) at the inner wall from equator to the apex and not at all at the outer wall in the presence as well as absence of residual stresses. The uniformity of t_{rr} at the outer wall is based on the assumption that the external pressure P_0 on the epicardium by the pericardial sac is constant and has the value of 0.98 kPa. The small nonuniformity in P_i (i.e., t_{rr} at the endocardium) is expected in a conical model and also physiologically. It may be noted that if P_i is taken to be uniform, then P_0 will become nonuniform, as can be seen from (30).

(viii) We have taken the opening angle at the apex to be the same as at the equator because the actual opening angle at the apex is not known. This is likely to be different, in view of the observation made for arteries that opening angle varies along the arterial tree [17]. Therefore, our computed results at the apex may not be entirely correct.

(ix) It is observed from Table 1, of [14] that the range of estimated parameters c_1 through c_5 is very wide. That is, these values vary significantly for the various specimens. Therefore, the appropriate values of c_1 through c_5 can be chosen to approximate the computed stresses and strains with those observed physiologically for a given specimen.

(x) Finally, an interesting observation is that in the sub-endocardial region of the conical ventricular wall, the stretch ratio is independent of the existence of residual stresses and the location from the equator to the apex. This observation may be useful to cardiologists and experimentalists.

5 Conclusions

This study attempts to present a more realistic analysis of the effects of residual stresses and strains on the diastolic function of the left ventricle. The model incorporates a conical geometry with circular cross-section, anisotropy of muscle fiber orientation, large deformations, such as occur physiologically and the presence of residual stresses in the undeformed state. This model allows calculation of stresses and strains from the equatorial region down to the apex of the heart in comparison to the cylindrical model which allows calculations valid for the equatorial region only. The model yields results for transmural distributions of stresses and strains with and without residual stresses and strains and allows comparison between the two cases. As with earlier cylindrical models, [9], [13] and [22], the present analysis predicts that residual stresses and strains give rise to more uniform stress and strain distributions with smaller endocardial-epicardial gradients across the ventricular wall. The pressure (30.75 mm-Hg) at the endocardial surface calculated from the radial stress is within the physiological range for end diastolic pressure. The calculated mean value of the circumferential stress decreases from the equatorial region down to apex, in line with physiological expectation. The model predicts that the most physiologically important of the stress components, i.e., the circumferential stress, known also as the wall tension, has a smaller, more uniform endocardial-epicardial gradient in the presence of residual stress. In terms of the diastolic function of the left ventricle, the presence of residual stresses increases the apparent compliance of the ventricle and allows a greater sarcomere-length reserve. These factors allow the passive left ventricle to better accommodate for increases in ventricular stiffness caused by diseased states, such as hypertension induced hypertrophy.

6 Appendix (Kinematics and Constitutive Relations)

In this section, we present a derivation of the equations needed to calculate the stresses (t) and strains (E) through the ventricular wall. These stresses must satisfy the differential equations of equilibrium subject to prescribed boundary conditions..

In order to extend the work of [13], we employ the kinematics, constitutive relations and method of solution as given in [13] and [28]. We assume as in [13] that the noncontracting myocardium is incompressible and transversely isotropic with respect to the direction of the muscle fibers. We also include the effect of residual stresses in our analysis. Thus, we first consider the material particles of blood vessels in a stress-free configuration (State 0) (ρ, ϕ, ζ) to go to (R, Θ, Z) in an unloaded but residually stressed state (State 1) (see Fig. 1). Although for arteries, Chuong and Fung [4] (see their Eq. 5) assumed that the axial extension ratio λ_z = 1 (see their Results section) and ignored torsion, we do not make these assumptions for the left ventricle and assume that the deformation is given by

R = R(ρ); Θ = α_1ϕ + bζ; Z = λζ (1)

where α_1 = π/Θ_0 and Θ_0 is as shown in Fig. 1, b is the torsional constant and λ is the extension ratio in the axial direction. The relation between Z and ζ is taken to be linear as in ([22]) to simplify the already complicated mathematics, especially when the type of nonlinearity involved, if any, is not known. It may be noted here that ρ is also a function of Z implicitly, since R is a function of Z in our conical model (see Section 2).

Next we assume, consistent with physiological observation, that as a result of passive filling, the left ventricle experiences the following deformations from the unloaded to the loaded state:

1. A radial inflation depending on radial and axial position. It may, however, be noted that unlike a cylindrical model, the radial coordinate R is a function of the axial coordinate Z given by the equation R = 0.1428Z + 0.771 (see Section 2) for a conical model.

2. Simple torsion in which the planes perpendicular to the axis of the conical tube are rotated about that axis through an angle proportional to undeformed axial coordinate, the constant of proportionality being ψ.

3. An azimuthal shear of the conical tube in which each point moves about the longitudinal axis through an angle which is a function of radius R at that point, i.e., ω(R).

4. Extension with an extension ratio Λ denoting change in axial length.

5. Axial shear in which each point moves parallel to the longitudinal axis through a distance w which is a function of R, i.e. w(R).

Thus, the material particle in the undeformed state (R, Θ, Z) goes to (r, θ, z) in the deformed state (State 2) by the deformation given by

r = r(R); θ = Θ + ψZ + ω(R); z = ΛZ + w(R) (2)

where ψ is the twist per unit unloaded length, ω(R) is the radially dependent portion of circumferential displacement, Λ is an extension ratio and w(R) is a radially dependent part of axial displacement. As noted above, r is also a function of Z implicitly since R is a function of Z in our conical model (see Section 2). The values of ψ and Λ are taken from the experimental data [13] and w(R) and ω(R) are to be determined from the differential equations of equilibrium and the boundary conditions. The physical components of the deformation gradient F (required to determine the stress-strain relation (9)) in cylindrical coordinates are given by ([28], p. 158)

F_{mM} = ∂r/∂R ∂r/R∂Θ ∂r/∂Z r∂θ/∂R r∂θ/R∂Θ r∂θ/∂Z ∂z/∂R ∂z/R∂Θ ∂z/∂Z (3)

The physical components of left and right Cauchy-Green deformation tensors (B, C) are B_{mn} = F_{mM} F_{nM} and C_{MN} = F_{mM}F_{mN} where m, n, M and N = 1, 2, 3. (4)

The Green strain measure E is given by

E = 0.5(C − I) (5)

where I is the identity tensor. The first principal strain invariant I_1 is given by I_1 = tr(C) = tr(B) (6)

The stretch ratio α in the direction of muscle fibers needed for finding stresses from (9) is determined from the relation α^2 = N · C · N = CMNNMNN (7)

where N is a unit vector in the direction of a muscle fiber in the unloaded configuration and [N_1, N_2, N_3] = [0, cosΦ(R), sinΦ(R)] (8) where Φ(R) describes the transmural distribution of muscle fibers through the heart wall. The Cauchy stress (force/ current area) for a material described by strain energy function W = W (I_1, α) is given by

t = −pI + 2W_1B + (W_α/α)F · N x N · F^T (9) where t is the Cauchy stress, p is the hydrostatic pressure for an incompressible material, W_1 = ∂W/∂I_1, W_α = ∂W/∂α, x denotes tensor product and the superscript T denotes transpose. The first two terms in (9) correspond to stresses obtained without considering fibers in the myocardium and the last terms represents the effect of including the fiber orientation. The differential equations of equilibrium in cylindrical coordinates in the absence of body forces are given by ([28], p. 160) ∂ ∂r (t_{rr}) +^1_r^∂_{∂θ} t_{rθ} +^∂_{∂z} t_{rz} − ( t_{θθ} − trr r ) = 0 ∂ ∂r (t_{rθ}) +^1_r^∂_{∂θ} t_{θθ} +^∂_{∂z} t_{θz} +^{2trθ}_r = 0 ∂ ∂r (t_{rz}) +^1_r^∂_{∂θ} t_{θz} +^∂_{∂z} t_{zz} +^{trz}_r = 0

(10)

The components of Cauchy stress, t^∗_{mn}, in the direction of the muscle fibers are given by t^∗_{mn} = Q_{mi}Q_{nj}t_{ij} (11) where Q_{mi} are the direction cosines for the transformation.

The method of solution using the theory of elasticity consists of solving these partial differential equations after finding the stresses in terms of other unknown functions (in our case w(R) and ω(R)) occurring in (9) subject to prescribed boundary conditions.

In this particular problem, the deformation described from the stress-free state to the unloaded state is given by (1) in which we need to know Θ_0 for the canine. This is obtained from [22] by writing Θ_0 = π − δ where δ = 0.4 radians is half of the opening angle of a thin equatorial slice cut from a dog’s left ventricle. Thus, the value of π/Θ_0 = α_1 = 1.145. Now, using (1) and (3), we find^RF, the residual deformation gradient, to be RF = dR/dρ 0 0 0 α_1R/ρ bR 0 0 λ

(12)

The incompressibility condition det F = 1 becomes dR dρ ( α_1Rλ ρ ) = 1 (13)

Now integrating (13) we obtain the relation between R and ρ given by λα_1(R^2 − R^2_i ) = ρ^2 − ρ^2_i or λα_1(R^2_o − R^2_i ) = ρ^2_o − ρ^2_i (14)

where subscripts i and o denote the inner and outer radii, respectively.

Using (14), we express ρ_i, ρ_o in terms of R_i, R_o and q given by ρ_i = qR_i[α_1λ(R^2_o − R^2_i )/(R^2_o − q^2R^2_i )]^{1/2} ρ_o =^{ρi}_q^{Ro}_{Ri} (15) where q =^{Ro}_{Ri} /^{ρo}_{ρi} , is the ratio of external and internal radii in the unloaded and reference state. Then, using (12), (15) and (10) with boundary conditions consisting of vanishing load both at the epicardium and endocardium in the unloaded state 1, we find λ = 1.0075, b = 0.12 degree/cm and q = 1.063. This means that due to residual stresses, the unloaded cone becomes slightly longer (λ = 1.0075) and thicker (q = 1.063).

Now in order to evaluate the stresses in the loaded state, we use the deformation described by (2). Then using (2) and (3), the deformation gradient matrix,^LF, for this specific deformation for the loaded state is given by

LF = dr/dR 0 0 rdω/dR r/R rψ dw/dR 0 Λ (16)

The deformation gradient tensor for the combined deformation of (12) and (16) is given by^LF ·^R F [9] F = dr/dρ 0 0 rdω/dρ α_1r/ρ (ψλ + b)r dw/dρ 0 Λλ (17)

The incompressibility condition, i.e., det F = 1 becomes dr dρ = ρ α_1rΛλ (18)

Integrating (18), we find a relation between r and ρ

α_1Λλ(r^2 − r^2_i ) = (ρ^2 − ρ^2_i ) or α_1Λλ(r^2_o − r^2_i ) = (ρ^2_o − ρ^2_i ) (19)

Using (4) and (17), the left and right Cauchy-Green deformation tensor (B, C) are eval-

uated:

B_{mn} = (^{dr}_{dρ} )^{2 dr}_{dρ} (r^{dω}_{dρ} )^{dr}_{dρ}^{dw}_{dρ} dr dρ ( r^{dω}_{dρ} ) ( α1r ρ )2 + ( r^{dω}_{dρ} )2 + (rψ_1)^2 rψ_1λΛ + r^{dw}_{dρ}^{dω}_{dρ} dr dρ dw dρ rψ_1λΛ + r^{dw}_{dρ}^{dω}_{dρ} ( dw dρ )2 + (λΛ)^2

(20)

C_{MN} =

( dr dρ )2 + ( r^{dω}_{dρ} )2 + ( dw dρ )2 α1r2 ρ dω dρ ( r^{2 dω}_{dρ} ψ_1 ) + λΛ^{dw}_{dρ} α1r2 ρ dω dρ ( α1r ρ )2 α1ψ1r2 ρ ( r^{2 dω}_{dρ} ψ_1 ) + λΛ^{dw}_{dρ}^{α1ψ1r2}_ρ r^2ψ^2_1 + (λΛ)^2

(21)

where ψ_1 = ψλ + b.

Using (21), (6), (7) and (8), we evaluate I_1 and α^2

I_1 = ( dr dρ )2 + ( r dω dρ )2 + ( dw dρ )2 + ( α_1r ρ )2 + (rψ_1)^2 + (λΛ)^2 (22)

α^2 = ( α_1r ρ )2 cos^2(Φ(R)) + 2 ( α_1r^2ψ_1 ρ ) sin(Φ(R))cos(Φ(R)) + [ r^2ψ^2_1 + (λΛ)^2 ] sin^2(Φ(R))

(23)

where Φ(R) is given by [13]

Φ(R) = Φ_0 ( 2R − (R_o + R_i) R_o − R_i )3 (24)

Here, Φ_0 is the value of Φ at the epicardium and varies from −60^0 to −90^0 and R_i and R_o denote unloaded endocardial and epicardial radii respectively. Using (17), (20) and (9), the Cauchy stresses become

t_{rr} = −p(r) + 2W_1 ( dr dρ )2

t_{θθ} = −p(r) + 2W_1 [( α1r ρ )2 + ( r^{dω}_{dρ} )2 + r^2ψ^2_1 ] +^{Wα}_α [α^2 − (λΛ)^2sin^2Φ]

t_{zz} = −p(r) + 2W_1 [( dw dρ )2 + (λΛ)^2 ] +^{Wα}_α [(λΛ)^2sin^2Φ] t_{rθ} = 2W_1r^{dr}_{dρ}^{dω}_{dρ} t_{rz} = 2W_1^{dr}_{dρ}^{dw}_{dρ} t_{θz} = 2W_1 [ rψ_1λΛ + r^{dw}_{dρ}^{dω}_{dρ} ] +^{Wα}_α [ λΛrψ_1sin^2Φ +^{α1λΛr}_ρ sin(Φ)cos(Φ) ] (25)

Equations of Equilibrium and Boundary Conditions

Using (25), and (10), the equilibrium equations reduce to d dr (t_{rr}) − ( t_{θθ} − trr r ) = 0 d dr (t_{rθ}) +^{2trθ}_r = 0 d dr (t_{rz}) +^{trz}_r = 0

(26)

Integrating the second and third of (26), we have r^2t_{rθ} = H(a constant) rt_{rz} = G(a constant)

(27)

Integrating the first of (26), we get

p = 2W_1 ( dr dρ )2 − ∫ r r_i Q(r)dr − K (28) where K is the constant of integration and Q(r) = t_{θθ} − t_{rr} r (29)

Using the boundary conditions at any cross-section, i.e., t_{rr}(r_i) = −P_i and t_{rr}(r_o) = −P_o, where P_i and P_o are pressures at the inner and outer surfaces, respectively, we find that

P_i − P_o = ∫ r_o r_i Q(r)dr (30)

p(r) = 2W_1 ( dr dρ )2 + ∫ r_o r Q(r)dr + P_o (31) The Cauchy stresses given by (25) are thus completely determined using (31).

In order to find quantitatively the stresses, we need to know^{dω}_{dρ} and^{dw}_{dρ} . We use the values^{dw}_{dR} = 0.2 and^{dω}_{dR} = 0.1 at R_i [13]. For this purpose, using (13), we find dω dρ |_{ρi} = .1 1.145 ρ_i R_iλ and dw dρ |_{ρi} = .2 1.145 ρ_i R_iλ (32)

We now use the method proposed by Humphrey and Yin [13] to evaluate^{dw}_{dρ} and^{dω}_{dρ} at any radial location. Now using (27) and equations (25), we find that (2W_1w^′r^′r)|_{ρi} = G (2W_1ω^′r^′r^3)|_{ρi} = H

(33)

where from (18), r^′ =^{dr}_{dρ} =^ρ_{α1λΛr} ; w^′ =^{dw}_{dρ} and ω^′ =^{dω}_{dρ} .

Using (32) in (33), the values of G and H become known. From (33), we find that rω^′ = ( H Gr ) w^′ (34)

Using (34), in (22), I_1 becomes

I_1 = r^{′2} + ( α_1r ρ )2 + r^2ψ^2_1 + (λΛ)^2 + [ 1 + ( H Gr )2] x^2 (35) where x = w^′. Then the first of (33) becomes

f(x) = 2W_1rr^′x − G = 0 (36)

where^{df}_{dx} = 2rr^′(W_1 + xdW_1/dx).

Now we use a polynomial form for the strain energy function W (I_1, α) [14], valid for the canine left ventricle, i.e.,.

W = c_1(α − 1)^2 + c_2(α − 1)^3 + c_3(I_1 − 3) + c_4(I_1 − 3)(α − 1) + c_5(I_1 −3)^2 (37)

with material parameter values c_1 = 15.188, c_2 = 73.432, c_3 = 1.4016, c_4 = −19.482 and c_5 = 18.887 all in kPa found by averaging the specimens of Table 1 of [14] that satisfy the required inequality condition. We note that

dW_1/dx = 4c_5[1 + (H/Gr)^2]x (38)

Now using the Newton-Raphson method, we solve the uncoupled nonlinear algebraic equation (36) for x, i.e., w^′, at any radial location. Then, ω^′ is determined from (34). With known values of w^′ and ω^′, the stresses given by the (25) can be evaluated at any location. The strains can be evaluated using (5) and (21).

The externally applied loads to maintain this deformation can be determined. For example, the axial load L and moment M at the apex are given by the equations L = 2π ∫ r_o r_i (tzz) r dr − Piπr 2 i + P_oπr^2_o M = 2π ∫ r_o r_i (r 2 t_{θz}) dr (39)

The non-vanishing stresses (t_{rθ}, t_{rz}) acting on both the surfaces are equivalent to the following forces (See [7], p. 94-99 for a similar situation).

1. An axial couple M_0 acting per unit length of the deformed cone on each of the two surfaces. For example, M_0 at any point r = r_0 on the outer surface is given by M_0 = 2πr^2_0(t_{rθ})_{r=r0} .

2. A longitudinal force per unit length of the deformed cone acting on each of the two surfaces. For example, L_0 at any point r = r_0 becomes L_0 = 2πr_0(t_{rz})_{r=r0} .

These forces are required even in a cylindrical model due to assumption of azimuthal and axial shear ω(R) and w(R), respectively. (See [13], p. 814-5). These are ignored in [22]. We note that these forces are required to maintain the prescribed deformation, although they cannot be measured. Therefore, they are not prescribed, but they do exist. These are supplied by the tissues in contact with the two surfaces. For example, at the epicardium, these are supplied by the pericardium and right ventricle [13] because heart muscle is not in an isolated state.

The components of stresses in the directions of muscle fibers can be evaluated by using (11).

Acknowledgements

H. R. C. gratefully acknowledges the National Institutes of Health (NIH Grant Number 5T32HD07417-04) for their support in funding this project. The authors also thank the Center for Applied Mathematics and Statistics at NJIT for providing facilities for this work. The authors are grateful to the reviewers for their useful comments.

References

[1] Azhari, H., Buchalter, M., Sideman, S., Shapiro, E., and Beyar, R., (1992) A Conical Model to Describe the Nonuniformity of the Left Ventricular Twisting Motion. Annals of Biomedical Engineering. 20, 149-165.

[2] Chaudhry, H. R., Bukiet, B. and Davis, A. M., Stresses and Strains in the Left Ventricular Wall Approximated as a Thick Conical Shell using Large Deformation Theory. J. Biol. Systems. In Press.

[3] Chaudhry, H. R., Comments on “A Conical Model to Describe the Non-Uniformity of the Left Ventricular Twisting Motion”. submitted Annals of Biomed. Eng..

[4] Chuong, C. J., and Fung, Y. C., (1986) On Residual Stresses in Arteries. J. Biomech.

Eng. 108, 189-192.

[5] Fung, Y. C., (1984) Biodynamics: Circulation. p. 24. Springer-Verlag, New York.

[6] Gray, H., Anatomy, (1977) Descriptive and Surgical. p. 465. Bounty Books, New York.

[7] Green, A. E. and Zerna, W., (1968) Theoretical Elasticity, pp. 94-99, Clarendon Press, Oxford, England.

[8] Guccione, J. M. and McCulloch, A. D., (1991) Finite Element Modeling of Ventricular Mechanics. In Theory of Heart: Biomechanics, Biophysics and Nonlinear Dynamics of Cardiac Function (edited by L. Glass, P. J. Hunter and A. D. McCulloch) pp. 121-144. Springer, New York.

[9] Guccione, J. M., McCulloch, A. D. and Waldman, L. K., (1991) Passive Material Properties of Intact Ventricular Myocardium Determined for a Cylindrical Model. J. Biomech. Eng. 113, 42-55.

[10] Guyton, A. C., and Hall, J. E. (1996). Textbook of Medical Physiology (9th ed.).

pp. 115, W.B. Saunders Co., Philadelphia, Pa.

[11] Hamid, M. S., Sabbah, H. N. and Stein, P. D., (1986) Determination of the left ventricular wall stress during isometric contraction using finite elements. Comput. Structures. 24, 589-594.

[12] Hollinshead, and Rosse, (1985) Textbook of Anatomy, IV Edition. p. 531. Harper and Row, New York.

[13] Humphrey, J. D., and Yin, F. C. P., (1989) Constitutive Relations and Finite Deformations of Passive Cardiac Tissue II: Stress Analysis in the Left Ventricle. Circ. Res. 65, 805-817.

[14] Humphrey, J. D., Strumpf, R. K., and Yin, F. C. P., (1990) Determination of a Constitutive Relation for Passive Myocardium: II. Parameter Estimation. J. Biomech. Eng. 112 340-346.

[15] Hunter, P. J., McCulloch, A. D., Nielsen, P. M. F., and Smaill, D. H., (1988) A finite element model of passive ventricular mechanics. In Computational Methods in Bioengineering (edited by R. L. Spilker, and B. R. Simon) pp. 387-397. vol. BED-9, ASME, Chicago.

[16] Jacob, R. Dierberger, B. Kissling, G. (1992). Functional significance of the Frank- Starling mechanism under physiological and pathophysiological conditions, Eur. Heart J. 13E 7-14.

[17] Liu, S. Q., and Fung, Y. C., (1988) Zero-Stress States of Arteries. J. Biomech. Eng.

110, 82-84.

[18] McCulloch, A. D., Guccione, J. M., Rogers, J. M., and Hunter, P. J., (1991) Threedimensional finite element analysis of stress and activation in the heart. In Mechanics Computing in 1990’s and Beyond: Proceedings of the ASCE Engineering Mechanics Specialty Conference pp. 514-581. ASCE, New York.

[19] McCulloch, A. D. and Hunter, P. J., (1990) Finite element modeling of left ventricular mechanics. In Proceedings of the First World Congress of Biomechanics p. 32. La Jolla, California.

[20] McPherson, D. D., Skorton, D. J., Kodiyalam, S., Petree, L., Noel, M. P., Kieso, R., Kerber, R. E., Collins, S. M. and Chandran, K. B., (1987) Finite element analysis of myocardial diastolic function using three dimensional echocardiographic reconstructions: Application of a new method for study of acute ischemia in dogs. Circ. Res. 60, 647-682.

[21] Mirsky, I., (1979) Elastic properties of the myocardium: A quantitative approach with physiological and clinical applications. In Handbook of Physiology, Section 2, The Cardiovascular System (edited by R. M. Berne) Washington, D. C., American Physiological Society, pp. 497-531.

[22] Nevo, E. and Lanir, Y., (1994) The effect of residual strain on the diastolic function of the left ventricle as predicted by a structural model. J. Biomechanics 27, 1433- 1446.

[23] Nevo, E. and Lanir, Y., (1989) Structural finite deformation model of the left ventricle during diastole and systole. J. Biomech. Eng. 111, 342-349.

[24] Omens, J. J., and Fung, Y. C. (1987) Residual Stress in the Left Ventricle. In Advances in Bioengineering New York, ASME, pp. 37-38.

[25] Omens, J. J., and Fung, Y. C. (1990) Residual Strain in the Rat Left Ventricle Circ.

Res. 66, 37-45.

[26] Peskin, C., (1989) Fiber Architecture of the Left Ventricular Wall, Asymptotic Analysis. Comm. Pure and Appl. Math. 42, 79-113.

[27] Ritman, E.L., Heethaar, R.M., Robb, R. A. and Pao, Y. C., (1978) Finite Element Analysis of Myocardial Diastolic Stress and Strain Relationships in the Intact Heart. Eur. J. Cardiol. 7, 105-119.

[28] Spencer, A. J. M., (1980) Continuum Mechanics p. 158-160. Longman Press.

[29] Stauffer, J. C., and Gaasch, W. H. (1990) Recognition and Treatment of Ventricular Diastolic Dysfunction. Progress in Cardiovascular Diseases 32 5, 319-322.

[30] Streeter, D. D., Spotnitz, H. M., Patel, D. P., Ross, J., and Sonnenblick, E. H., (1969) Fiber Orientation in the Canine Left Ventricle during Diastole and Systole Circ. Res. 24 339-347.

[31] Streeter, D. D., (1979) Gross morphology and Fiber Geometry of the Heart In Handbook of Physiology, Section 2, The Cardiovascular System, Volume I, The Heart (edited by R. M. Berne) Washington, D. C., American Physiological Society, pp. 61- 112.

Figure Captions

Fig. 1 Cross-sectional representation of left ventricle at the stress free reference state under the hypothesis that the unloaded intact left ventricle has residual stresses (State 0); for the hypothesis that the unloaded intact left ventricle is stress free (State 1); and for the subsequent loaded state under transmural pressure (State 2).

Fig. 2 The ventricle approximated as a truncated conical shell.

Fig. 3 Stresses through the wall with polynomial strain energy function, without residual stresses, in the equatorial region of the canine heart. The thin solid line represents t_{rr}. The thick solid line represents t_{θθ}. The thin dashed line represents t_{zz}. The thick dashed line represents t_{rθ}. The thin dotted line represents t_{rz}. The thick dotted line represents t_{θz}.

Fig. 4 Strains through the wall with polynomial strain energy function, without residual stresses, in the equatorial region of the canine heart. The thin solid line represents E_{rr}. The thick solid line represents E_{θθ}. The thin dashed line represents E_{zz}. The thick dashed line represents E_{rθ}. The thin dotted line represents E_{rz}. The thick dotted line represents E_{θz}.

Fig. 5 Stresses through the wall with polynomial strain energy function, with residual stresses, in the equatorial region of the canine heart.

Fig. 6 Strains through the wall with polynomial strain energy function, with residual stresses, in the equatorial region of the canine heart.

Fig. 7 Stresses through the wall with polynomial strain energy function, with residual stresses, at the apex of the canine heart.

Fig. 8 Strains through the wall with polynomial strain energy function, with residual stresses, at the apex of the canine heart.

Fig. 9 Stretch ratio, α through the wall with and without residual stresses and at different locations. The thin solid curve represents α in the equatorial region, without considering residual stresses. The thick solid curve represents α in the equatorial region, considering residual stresses. The thin short-dashed curve represents α in the midway between the equator and the apex, without considering residual stresses. The thick short-dashed curve represents α in the midway between the equator and the apex, considering residual stresses. The thin dotted curve represents α at the apex, without considering residual stresses. The thick dotted curve represents α at the apex, considering residual stresses. (We note that the curves without residual stresses at the base, apex and midway between them are virtually identical).