Dynamic Stresses and Strains in the Left Ventricular Wall based on Large Deformation Theory

H. R. Chaudhry Department of Physical Medicine and Rehabilitation UMDNJ-New Jersey Medical School Newark, NJ 07102 and Center for Applied Mathematics and Statistics New Jersey Institute of Technology Newark, NJ 07102

B. Bukiet Department of Mathematics Center for Applied Mathematics and Statistics New Jersey Institute of Technology Newark, NJ 07102

T. Regan Department of Internal Medicine UMDNJ-New Jersey Medical School Newark, NJ 07102

(send all correspondence to B. Bukiet, Tel: (201)-596-8392, Fax: (201)-596-6467)

Abstract

In this paper, elastodynamic large deformation theory is applied to calculate dynamic stresses and strains in the left ventricular wall. Researchers usually neglect inertial forces and consider the wall to be thin. In this work, we do not make these simplifying assumptions, although we consider the ventricle to be spherical. We examine the influence the inertial term has on stresses, strains, stretch ratios, wall thickness and myocardial stiffness, which we have computed using available data for the heart of a dog. During one complete cardiac cycle, wall thickness, stretch ratios and stress at the inner wall are, of course, constant when using a static analysis and vary in time using a dynamic analysis. The effect of the inertia term on the difference between static and dynamic circumferential stress is a maximum (1%) at the endocardium (inner wall) and zero at the epicardium (outer wall).

1 Introduction

Accurate evaluation of stresses and strains in the left ventricular wall is important in understanding myocardial oxygen supply and demand. For example, as stresses increase, strain energy increases, resulting in an increase in the energy and consequently oxygen demand [1]. The increased stresses also reduce the oxygen supply by collapsing the intraventricular arteries and thus causing flow resistance [2]. In addition, an increase in tension or stress and the duration of such tension within the left ventricular wall is responsible for a decrease in cardiac efficiency.

The magnitude of strains is needed to determine the elastic stiffness of the ventricular wall [3]. It is essential in determining how far the cardiac muscle shortens during contraction of the left ventricle. It also can lead to a better understanding of the stroke volume in normal and diseased patients [4]. The pathophysiology of the myocardium undergoing hypertrophy or aneurysm formation may be better defined using dynamic stress and strain information.

Traditionally, stresses and strains in the left ventricular wall were evaluated using Hooke’s Law or the Laplace Law under the assumptions that deformations are small and the thickness of the wall is also small [5, 6, 7, 8, 9]. However, the use of the simple Laplace law to describe such thick-walled structures as the left ventricle is not appropriate [5]. A more complex description is required.

Mirsky [10], was the first to apply large deformation elasticity theory (modeling the ventricle as a thick-walled structure) to this problem. He found that the stresses at the endocardial surface calculated using this theory and assuming a spherical shape for the left ventricle were ten times as high as the values calculated using the Laplace Law assumption. The wall thickness was not assumed to be small. However, the material was assumed to be isotropic and homogeneous.

Many other studies relevant to investigation of stresses in the left ventricular wall have been published [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24]. Some of these authors have employed the finite element method successfully for three-dimensional analysis of stress distribution in the left ventricular wall. The effects of anisotropy due to muscle fiber orientation on the wall stresses have also been examined.

All the aforementioned analyses of stresses and strains were developed considering the ventricular wall to be in static or quasi-static equilibrium, i.e., only measurements at a particular time (for the geometry and left ventricular pressure) are used in a static analysis. The influence of inertial forces and the motion of the myocardial surface on stresses and strains has been ignored assuming the effect to be small. Since, in reality, pressures are oscillatory during both expansion and contraction of the left ventricle, the deformation of the endocardial and epicardial surfaces and the consequential stresses and strains so produced are also oscillatory. Much experimental work has been performed concerning force-velocity-length-time relations of contractile material in heart muscle [25], [26], [27], [28], [29] but the effect of the inertial term has been ignored. This paper extends the work of Mirsky using large deformation theory [10] by incorporating inertial forces to examine how small the influence of inertia is. In this way, we can quantify the influence of the inertial forces and also calculate a variety of time dependent parameters describing the mechanics of the heart. Such dynamic stresses (i.e., stress vs. time) are needed to evaluate preload (end diastolic stress) and afterload (wall stress at the aortic valve opening or peak systolic stress) of ventricular muscle ([30], p. 505). Dynamic stresses are also useful in the evaluation of force-velocity relations as relates to myocardial oxygen consumption and in the assessment of muscle elasticity [30].

In this paper, we develop a method for calculating the dynamic stresses and strains in the left ventricular wall of a dog using large deformation analysis and without considering the wall thickness to be small. Although it is known that the ventricle is not homogeneous and isotropic, we neglect the anisotropy and nonhomogeneity of the wall material to make the mathematics tractable and focus mainly on the effect of inertia on the ventricle. We also calculate stretch ratios, time dependent wall thickness and myocardial elastic stiffness. During one complete cardiac cycle, wall thickness, stretch ratios and stress at the inner wall vary in time using a dynamic analysis and are, of course, constant when using a static analysis. We also observe that the effect of the inertia term on the difference between static and dynamic circumferential stress is very small, a maximum of 1%.

2 Method

We approximate the left ventricle as a thick spherical shell made of an incompressible, homogenous, isotropic, elastic material. We assume that the ventricular wall material is isotropic, homogeneous and spherical in order to examine quantitatively the effect of interia terms on the myocardial properties. The assumption of a spherical shape has been made to reduce the mathematical complexity. We also assume that as a result of time-varying forces at the endocardial (inner) surface, the oscillations of the ventricular wall are spherically symmetric. The inner and outer radii of the shell in the undeformed state are denoted by r_1 and r_2, respectively. The epicardial (outer) surface is considered to be free of applied pressure and the endocardial surface is subjected to blood pressure

P (t) where t is time. We identify (θ_1, θ_2, θ_3) of standard elastic large deformation theory notation (see appendix, equation (23)) with the spherical coordinates (R(r, t), θ, ϕ) in the deformed state and with the coordinates (r, θ, ϕ) in the undeformed state, so that the rectangular coordinates (y_1, y_2, y_3) and (x_1, x_2, x_3) become

y_1 = R(r, t)sinθcosϕ, y_2 = R(r, t)sinθsinϕ, y_3 = R(r, t)cosθ x_1 = rsinθcosϕ, x_2 = rsinθsinϕ, x_3 = rcosθ (1)

We further assume that a shell element is distorted by a displacement which is a function of R and t, where R is the radial coordinate in the deformed state of any material point r. Thus, any point (R(r, t), θ, ϕ) was originally at the point (R(r, t)Q(R, t), θ, ϕ), i.e., r = R(r, t)Q(R, t). In view of this, equation (1) can be written as y_1 = R(r, t)sinθcosϕ, y_2 = R(r, t)sinθsinϕ, y_3 = R(r, t)cosθ x_1 = R(r, t)Q(R, t)sinθcosϕ, x_2 = R(r, t)Q(R, t)sinθsinϕ, x_3 = R(r, t)Q(R, t)cosθ (2)

From here on, we shall simplify the notation for R(r, t) and Q(R, t) as simply R and Q, respectively. The stresses and strains in a spherical shell under static pressure have been evaluated using large deformation theory [31]. We, therefore omit the details of the kinematics and convert the equilibrium equations into equations of motion (30, in the appendix) by treating all the variables as functions of time. We present only those results useful for our dynamic analysis.

That the ventricular wall is incompressible implies that

R^3 − r^3 = R^3_1 − r^3_1 = R^3_2 − r^3_2 (3) or R^3 = r^3 + R^3_1 − r^3_1 (4)

Thus, Q(R, t) = r R = [ 1 + r^3_1 − R^3_1

R^3 ]1/3 ; ∂Q ∂R = 1 R ( 1 Q^2 − Q ) (5)

The incompressibility condition also reduces the metric tensors to (see (24), in Ap-

pendix)

g_{ij} = Q�^4 0 0 0 (RQ)^2 0 0 0 (RQsinθ)^2 ; g^{ij} = Q^4 0 0 0 (RQ)�^2 0 0 0 (RQsinθ)�^2 (6)

G_{ij} = 1 0 0 0 R^2 0 0 0 (Rsinθ)^2 ; G^{ij} = 1 0 0 0 R�^2 0 0 0 (Rsinθ)�^2 ; (7)

In our present analysis, the strain energy is assumed to be a function of the strain

invariant I_1 only (see (25), in Appendix and [10], p. 143), where

I_1 = Q^4 + 2 Q^2 = ( r R )4 + 2 ( R r )2 (8)

In what follows, I_1 will be denoted by I. Using (27), (28), (31), (32) and (6) in (30)

see Appendix and setting F^i = 0 in the absence of body forces, then the only equation

of motion is given by ∂ ∂R [ p + 2 ( r R )4 ∂W ∂I ] + 4 R [( r R )4 − (R r )2] ∂W ∂I = −ρR̈ (9) where R̈ =^{d2R}_{dt2} . The other equations of motion are satisfied identically if p = p(R, t),

where p is hydrostatic pressure. See [31], p. 104 for these calculations.

At this point, we note that the acceleration computed from (4) has a potential [32]

ζ = R�^1(2R_1Ṙ_1^2 + R^2_1R̈_1) − 1 2 R�^4R^4_1Ṙ_1^2 (10)

such that R̈ = − ∂ζ ∂R (11)

Thus, (9) can be rewritten as ∂ ∂R [ p + 2 ( r R )4 ∂W ∂I ] + 4 R [( r R )4 − ( R r )2] ∂W ∂I = −ρ ∂ζ ∂R (12)

Integrating this equation and using the boundary conditions (see (33), in Appendix),

the physical components of the stresses become

σ_{RR} = −ρ(ζ − ζ_2) + 4 ∫ R R2 [( R r )2 − ( r R )4] ∂W ∂I ∂R R σ_{θθ} = 2 ∂W ∂I [( R r )2 − ( r R )4] + σ_{RR} (13)

Using (5), the stresses can be expressed in the form

σ_{RR} = −ρ(ζ − ζ_2) + 4 [∫ Q Q1 ( 1 + Q^3 ) ∂W ∂I dQ − ∫ Q_2 Q1 ( 1 + Q^3 ) ∂W ∂I dQ ]

σ_{θθ} = 2 ∂W ∂I [ 1 Q^2 − Q^4 ] + σ_{RR} (14)

We note that these stresses reduce to those obtained by Mirsky [10] for the static

case.

The inner surface force P (t) satisfies the relation

P (t) = ρ(ζ_1 − ζ_2) + 4 ∫ Q_2 Q1 ( 1 + Q^3 ) dQ ∂W ∂I (15)

One could derive an equation for the motion of the ventricular wall using the method described in [32], letting x(t) =^{R1(t)}_{r1} , and γ = ( r2 r1 )3 − 1 and using (4), to obtain from equation (15) 2xẍ ( 1 − [ 1 + γ x^3 ]�1/3^) + ẋ^2 ( 3 − 3 [ 1 + γ x^3 ]�1/3 − γ x^3 [ 1 + γ x^3 ]�4/3^) + f(x, γ) = 2 ρr^2_1 P (t) (16) where f(x, γ) = 8 ρr^2_1 ∫ Q_2 Q1 ( 1 + Q^3 ) ∂W ∂I dQ (17)

The initial conditions for (16) are

x(0) =

R_1(0) r_1 and ẋ(0) = 0 (18)

Equation (16) can then be solved in conjunction with these initial conditions to determine x(t) and therefore R_1(t) for a given r. Then R(r, t) can be determined for any r from (4) and the radial displacement is given by u_r = R − r. However, since experimental data for volume vs. time is known, R_1(t) can be calculated. In the following section, we demonstrate how to use R_1(t) and equation (14) to calculate stresses and strains in the ventricular wall at any time t. One then can use (15) to find P (t).

3 Results

To determine quantitatively the time-dependent stresses σ_{θθ} (see equation (14)) of the ventricular wall, we need to obtain^{∂W}_{∂I} . To obtain^{∂W}_{∂I} we use the (static) pressure-radius data for the left ventricle of a dog, from [33], see Table 1. This data was taken from fresh hearts which were removed from 27 anesthetized dogs and averaged.

Table 1: Pressure - Volume - Radius Data for the Left Ventricle of the Dogs

Pressure Volume R_1 R_m R_2 I_M (mm Hg) ml cm cm cm 0 12.0 1.42 2.21 2.99 5 31.5 1.96 2.56 3.15 3.56 10 40.0 2.12 2.67 3.22 3.86 15 46.7 2.23 2.74 3.27 4.1 20 52.0 2.31 2.80 3.31 4.28 25 56.5 2.38 2.85 3.34 4.44 30 60.0 2.43 .290 3.37 4.56

Assuming^{∂W}_{∂I} to be constant and equal to the value at the middle of the range of

integration in equation (15) (with ζ_1 = ζ_2 = 0) as in [10], we can evaluate^{∂W}_{∂I} using

Table 1 for various values of I_M . This assumptions yields a value for pressure P to within

10% [10]. Then, we use this data to obtain the best fit for^{∂W}_{∂I} of the form ∂W ∂I = A + Be^{CI} (19)

The best fit is obtained (using least squares) as ∂W ∂I = −3.28 + 0.132e^{1.108 I} (20)

Now, from the pulse rate, which we take to be 110 beats per minute, we approximate

the volume function V (t) based on experimental data [34, 35] as sinusoidal, i.e. we let

V (t) = V_{min} + V_{max} 2 + V_{max} − V_{min} 2 cos(2πω t/60) (21) where ω is the pulse rate in beats per minute and t is in seconds. V_{max} denotes the

maximum volume (i.e., end diastole) and V_{min} demotes the minimum volume (i.e. end

systole). In our sample computations described below, we take V_{max} to be 75 ml and

V_{min} to be 37.5 ml. The end of diastole occurs at t = 0. Taking derivatives and using V =^{4π}_3 R^3 yields the following expressions for R, Ṙ and R̈. R = [ 3V 4π ]1/3 ; Ṙ = dV dt 1 4πR^2 ; R̈ = d^2V dt^2 1 4πR^2 − 2 Ṙ2 R (22)

Substituting (21) into (22) and the result into equation (10) gives ζ, and therefore ζ_1 and ζ_2. Using ζ, ζ_2 and^{∂W}_{∂I} (from (20)) in (14), we calculate the stresses in the ventricular wall at any time, t. Equations (6), (7) and (35) yield the strains, while (37) gives the stretch ratios and (22) is used to calculate the wall thickness.

4 Conclusion

Computations were performed to determine the effect of inertial forces on stresses, strains, myocardial elastic stiffness, stretch ratios and wall thickness. In addition, the time dependent behavior of stress, wall thickness and stretch ratios were studied. For the static computations, the volume is set to V_{max}, whereas, in the dynamic computations the volume in equation (21) is used.

In Fig. 1, we present the nonlinear (circumferential) stress-strain relation through the left ventricular wall at the end of diastole for the dynamic and static cases. The curves are almost identical. Because the lowest stresses and strains occur at the epicardial surface and the highest stresses and strains occur at the endocardial surface, the curve goes from the epicardial to the endocardial surface from left to right. The elastic stiffness is defined as the slope of the stress-strain relation. Elastic stiffness versus stress is plotted in Fig. 2. The myocardial stiffness constant, k_m, can be determined as the slope of the relation between elastic stiffness and stress [3]. In Fig. 3, we present a plot of the stretch ratios λ_r and λ_θ in the radial and circumferential directions, respectively, through the wall at the end of diastole. Stretch ratio is defined as the stretched length divided by the unstretched length.

In Fig. 4, the time course of circumferential stress at the endocardial surface is presented through one period (one heartbeat). For the dynamic case, it is a minimum at the end of systole and a maximum at the end of diastole. For the static case, of course, this stress does not vary. In Fig. 5, the time course of wall thickness is shown for one period. The result is in qualitative agreement with experiment [36]. For the static case the wall thickness does not vary.

The variation of circumferential stress through the wall of the ventricle at the end of diastole is presented in Fig. 6 for the dynamic case. This reduces to the results of Mirsky [10] for the static case. The high stress concentration at the endocardial surface may be reduced by considering residual stresses in the “reference” (zero pressure but intact) ventricle [37], [38]. However, experimental data that would make possible calculation of an appropriate strain energy function for the residual stress model is not available. The difference between the circumferential dynamic and static stress through the ventricular wall is presented in Fig. 7. The difference (although small, about 1%, compared to the total stresses shown in Fig. 6) is a maximum at the endocardial surface and vanishes at the epicardial surface. Finally, in Fig. 8, we present the time course of stretch ratios λ_r and λ_θ. For the static case (V = V_{max}) the stretch ratios remain constant while in the dynamic case the circumferential stretch ratio is a minimum at the end of systole, the radial stretch ratio is minimized at the end of diastole and maximized at the end of systole.

5 Discussion

We have presented a method for the computation of time dependent parameters in the heart including dynamic stresses and strains, stretch ratios and wall thickness in the left ventricle by including inertial forces and applying large deformation theory. Although we have included results for both the diastolic and systolic phases of the heart beat, we note that the activation strain present during systole has not been taken into account in our analysis. In addition, the data used includes pressures up to only 30 mm-Hg so results at higher pressures may not be valid. The present analysis does not assume that the wall of the ventricle is thin. Spherical geometry was assumed in order to reduce the mathematical complexity. It is found that the influence of inertial forces is small. The dynamic analysis presented in this paper models the time dependence of wall thickness, stretch ratios and stress at the inner wall during a cardiac cycle.

It is hoped that the dynamic stress and strain model presented in this paper will form a basis for future studies of diastolic and systolic function by clinical cardiologists for normal and diseased humans. This work can be further extended by considering the left ventricle as a conical shell, which of course greatly increases the mathematical complexity. We hope to address this issue in our future work.

6 Appendix

We adopt the notation and method of Green and Zerna [31], wherein we suppose a body of perfectly elastic material is deformed such that a point initially at x_i with respect to a fixed rectrangular Cartesian coordinate system moves to y_i in the same coordinate system. The curvilinear convected coordinates θ_i are related to x_i and y_i by

x_i = x_i(θ_1, θ_2, θ_3); y_i = y_i(θ_1, θ_2, θ_3) (23)

The metric tensors g_{ij} and G_{ij} in the undeformed and deformed states, respectively, are

given by g_{ij} = ∂x^r ∂θ^i · ∂x^r ∂θ^j ; G_{ij} = ∂y^r ∂θ^i · ∂y^r ∂θ^j ; g^{ij} = ∂θ^i ∂x^r · ∂θ^j ∂x^r ; G^{ij} = ∂θ^i ∂y^r · ∂θ^j ∂y^r ; (24)

For a homogeneous, isotropic, elastic material, the strain invariants, I_1, I_2 and I_3 are

otianed from

I_1 = g^{rs}G_{rs}, I_2 = g_{rs}G^{rs}, I_3 = G g ; G = |G_{ij} |, g = |g_{ij}|. (25) When the body is incompressible,

I_3 = 1, W = W (I_1, I_2) (26)

where W is the strain energy function.

The stress-strain relation is

τ^{ij} = Φg^{ij} + ΨB^{ij} + pG^{ij} (27)

where

Φ = 2 ∂W ∂I_1 , Ψ = 2 ∂W ∂I_2 (28) B^{ij} = (g^{ij}g^{rs} − g^{ir}g^{js})G_{rs}, (29) where p is the hydrostatic pressure and τ^{ij} is the contravariant stress tensor with respect

to the θ^i coordinate system.

The equations of motion are given by τ^{ij}||_i + ρF^i = ρf^j (30) where the double line denotes covariant differentiation with respect to θ^i. F^j denotes the contravariant components of the body force vector F per unit mass, ρ is the density of the material and f^j represent the contravariant components of the acceleration vector f.

τ^{ij}||_i is given by τ^{ij}||_r = τ^{ij}_{,r} + Γ^i_{rm}τ^{mj} + Γ^j_{rm}τ^{im} (31) Γ^r_{ij} = g^{rs}Γ_{ijs} = 1 2 g^{rs}(g_{is,j} + g_{js,i} − g_{ij,s}) (32) where the subscript “,” denotes partial differentiation.

The boundary conditions are τ^{ij}n_i = P^j (33) where P^j are the contravariant components of the surface force vector and n_i are the covariant components of the unit outward drawn normal vector to the deformed surface.

The physical components σ_{ij} are given by σ_{ij} = [ G_{jj} /G^{ii} ]1/2 τ^{ij} (34)

The strain tensor E^i_j (also known as the physical components, e_{ij}) is given by e_{ij} = E^i_j = 1 2 (g^{ik}G_{kj} − δ^i_j) (35) where δ^i_j = 1 when i = j and δ^i_j = 0 when i ≠ j.

The principal stretch ratios, λ_i, are given by E_i = 1 2 (λ^2_i − 1) (i = R, θ) (36)

Thus, λ_i = √ 2E_i + 1 (37)

References

[1] H. Suga, Total Mechanical Energy of a Ventricle Model and Cardiac Oxygen Consumption. American Journal of Physiology 236, H498 (1979).

[2] J. I. E. Hoffman, R. W. Baer, F. L. Hanley and L. M. Messina, Regulation of Transmural Myocardial Blood Flow. ASME Journal of Biomechanical Engineering 107, 2 (1985).

[3] J-C. Stauffer and W. H. Gaasch, Recognition and Treatment of Left Ventricular Diastolic Dysfunction. Progress in Cardiovascular Diseases 32, No. 5, 319 (1990).

[4] D. E. Mohrman, and L. J. Heller, Cardiovascular Physiology, 3rd. edition. McGraw- Hill, New York, (1991).

[5] A. Y. K. Wong, and P. M. Rautaharju, Stress distribution within the left ventricular wall approximated as a thick ellipsoidal shell. American Heart Journal, 75, No. 5, 649 (1968).

[6] H. Sandler, and H. T. Dodge, Left Ventricular Tension and Stress in Man. Circulation Research 13, No. 2, 91 (1963).

[7] R. M. Huisman, P. Sipkema, N. Westerhof, and G. Elzinga, Comparison of models used to calculate left ventricular wall force. Med. Biol. Eng. Comput. 18, 133 (1980).

[8] I. Mirsky, Left ventricular stresses in the intact human heart. Biophysical Journal, 9, 189 (1969).

[9] F. C. P. Yin, Ventricular Wall Stresses. Circulation Research, 49, No. 4, 829 (1981).

[10] I. Mirsky, Ventricular and Arterial Wall Stresses based on Large Deformation Analyses. Biophysical Journal, 13, 1141 (1973).

[11] R. F. Janz, Estimation of local myocardial stress. American Journal of Physiology, 242, H875 (1982).

[12] L. A. Taber, On a Nonlinear Theory for Muscle Shells: Part II – Application to the Beating Left Ventricle. Journal of Biomechanical Engineering, 113, 63 (1991).

[13] J. M. Guccione, A. D. McCulloch and L. K. Waldman, Passive Material Properties of Intact Ventricular Myocardium Determined for a Cylindrical Model. J. Biomech. Eng.. 113, 42 (1991).

[14] E. L. Ritman, R. M. Heethaar, R. A. Robb and Y. C. Pao, Finite Element Analysis of Myocardial Diastolic Stress and Strain Relationships in the Intact Heart. Eur. J. Cardiol. 7, 105 (1978).

[15] J. M. Guccione and A. D. McCulloch, Finite Element Modeling of Ventricular Mechanics. In Theory of Heart: Biomechanics, Biophysics and Nonlinear Dynamics of Cardiac Function. L. Glass, P. J. Hunter and A. D. McCulloch, editors. Springer, New York, (1991) pp. 121-144.

[16] D. D. McPherson, D. J. Skorton, S. Kodiyalam, L. Petree, M. P. Noel, R. Kieso, R.

E. Kerber, S. M. Collins and K. B. Chandran, Finite element analysis of myocardial diastolic function using three dimensional echocardiographic reconstructions: Application of a new method for study of acute ischemia in dogs. Circ. Res. 60, 647 (1987).

[17] M. S. Hamid, H. N. Sabbah and P. D. Stein, Determination of the left ventricular wall stress during isometric contraction using finite elements. Comput. Structures. 24, 589 (1986).

[18] P. J. Hunter, A. D. McCulloch, P. M. F. Nielsen and D. H. Smaill, A finite element model of passive ventricular mechanics. em In Computational Methods in Bioengineering. R. L. Spilker, and B. R. Simon, editors. vol. BED-9, ASME, Chicago, (1988) pp. 387-397.

[19] A. D. McCulloch, J. M. Guccione, J. M. Rogers and P. J. Hunter, Three-dimensional finite element analysis of stress and activation in the heart. In Mechanics Computing in 1990’s and Beyond: Proceedings of the ASCE Engineering Mechanics Specialty Conference. ASCE, New York, (1991) pp. 514-581.

[20] A. D. McCulloch and P. J. Hunter, Finite element modeling of left ventricular mechanics. In Proceedings of the First World Congress of Biomechanics. La Jolla, California, (1990) p. 32.

[21] J. D. Humphrey and Y. C. P. Yin, A New Constitutive Formulation in Characterizing the Mechanical Behavior of Soft Tissues. Biophysical J. 52, 563 (1987).

[22] A. D. McCulloch and J. H. Omens, Nonhomogeneous analysis of three-dimensional transmural finite deformations in canine ventricular myocardium. J. Biomechanics. 24, 539 (1991).

[23] J. M. Guccione and A. D. McCulloch, Mechanics of active contraction in cardiac muscle, I. Constitutive relations for fiber stress that describe deactivation. ASME J. Biomech. Eng. 115, No. 1 72 (1993).

[24] J. M. Guccione and A. D. McCulloch, Mechanics of active contraction in cardiac muscle, II. Cylindrical models of the systolic left ventricle. ASME J. Biomech. Eng. 115, No. 1, 82 (1993).

[25] D. I. Brutsaert and E. H. Sonnenblick, Force-velocity-length-time relations of the contractile elements in heart muscle of the cat. Circulation Research. 24, 137 (1969).

[26] A. J. Brady, Time and displacement dependence of cardiac contractility: Problems in defining the active state and force-velocity relations. Federation Proceedings. 24, 1410 (1965).

[27] J. G. Pinto, A constitutive description of contracting papillary muscle and its implication to the dynamics of intact heart. Journal of Biomechanical Engineering. 109, 181 (1987).

[28] A. V. Hill, The abrupt transition from rest to activity in muscle. Proceedings of the Royal Society London B. 136, 399 1949.

[29] L. K. Waldman, Y. C. Fung, and J. W. Covell, Transmural myocardial deformation in the canine left ventricle: Normal in vivo three-dimensional finite strains. Circulation Research. 57, 152 (1985).

[30] I. Mirsky, Elastic properties of the myocardium: a quantitative approach with physiological and clinical application. In Handbook of Physiology. The Cardiovascular System. Bethesda, MD, Sect. 2, Vol. 1, Chapter 14, pp. 497-531, (1979).

[31] A. E. Green and W. Zerna, Theoretical Elasticity. Clarendon Press, Oxford, England, (1968) pp. 53-78.

[32] A. C. Eringen, and E. S. Suhubi, Elastodynamics: Finite Motions. Vol. 1, Academic Press, New York, (1974).

[33] H. M. Spotnitz, E. H. Sonnenblick, and D. Spiro, Relation of Ultrastructure to Function in the Intact Heart: Sarcomere Structure Relative to Pressure-Volume Curves of Intact Left Ventricles of Dog and Cat. Circulation Research. 18 49, (1966).

[34] C. E. Rackley, V. S. Behar, R. E. Whalen, and H. D. McIntosh, Biplane cineangiographic determinations of left ventricular function: Pressure-volume relationships. American Heart Journal. 74, No. 6., 766 (1967).

[35] I. L. Bunnell, C. Grant, and D. G. Greene, Left Ventricular Function Derived from the Pressure-Volume Diagram. American Journal of Medicine. 39, 881 (1965).

[36] D. N. Ghista, and H. Sandler, An Analytic Elastic-Viscoelastic Model for the Shape and the Forces in the Left Ventricle. J. Biomechanics. 2, 35 (1969).

[37] C. J. Chuong, and Y. C. Fung, Residual Stresses in Arteries, In Frontiers of Biomechanics, Springer-Verlag, New York, (1992), pp. 117-129.

[38] J. H. Omens and Y. C. Fung, Residual Stress in the Left Ventricle. In Advances in Bioengineering. A. G. Erdman, editor. BED-Vol. 3, ASME, (1987) pp. 37-38.

Figure Captions

Fig. 1 The non-linear stress-strain relation at the endocardial surface at the end of diastole in the dynamic (dashed curve) and static (dotted curve) cases.

Fig. 2 Circumferential elastic stiffness vs. stress for the dynamic (dashed) and static (dotted) cases.

Fig. 3 Variation of stretch ratios λ_r (lower curve) and λ_θ (upper curve) through the ventricular wall at end diastole.

Fig. 4 Time course of stress through one heartbeat at the endocardial surface for the dynamic (dashed) and static (dotted) ventricle. Time = 0 corresponds to the end of diastole. Stress is a minimum at the end of systole. The shape of the curve resembles the one found experimentally between dynamic tension and time ([30], p. 510) for papillary muscle. The units are 10^6 dynes/cm^2.

Fig. 5 Wall thickness vs. time for the dynamic (dashed) and static (dotted) ventricle. Time = 0 corresponds to the end of diastole.

Fig. 6 Variation of circumferential stress through the ventricular wall at end diastole.

Fig. 7 Difference between dynamic and static circumferential stress through the ventricular wall. The difference, which is small compared to the total circumferential stress, is a maximum at the endocardial surface and vanishes at the epicardial surface.

Fig. 8 Time course of stretch ratios λ_r (lower curves) and λ_θ (upper curves) at the endocardial surface for the dynamic (dashed) and static (dotted) cases. Time = 0 corresponds to the end of diastole.