Formulas: F(x) =P(X <x). If X is discrete random variable taking values x;, x,,....then
n-1
X,y St<x, F(t)=Y P(X=x). E(X)=> xp(x). E[g(X)]=>_g(x)p(x).

i:1 xeA xeA

Ela0,(X) +@,09,(X) +--- 4,09, (X)] = 1 E[9, (X)] + &, E[9, (X)] +--- + &, E[g, (X)].

Var(x) = E[(X- ). [EX]?< E[XY]. m G —nr!)lrl

Binomial p(x) :[2] p*(l-p)"*,x=0,1, ...,n, p(x)=0, elsewhere. E(X) = np, Var(X)
=np(1-p).

i o (A1)
Poisson P{N(t)=n}=e T n= 0,12,...., p(x)=0, elsewhere.

E[N ()] = Var[N ()] = At.

Geometric p(x)=(1-p) " p,0< p<lLx=123,..., p(x)=0,elsewhere. E(X) :i,
p

Var(X) = 1—2p .
Y
-1

Negative Binomial p(x) :()r( J p'A-p) ", 0<p<Lx=rr+1r+2,.., p(x)=0,

or _r(1-p) . .
elsewhere. E(X) =—, Var(X) =———=. P(X € A) :J. f (x) dx. If f the density function

Y p
A

is continuous then F'(x) = f (x).

Let X is a continuous random variable with density function f, and the set of possible
values A. For the invertible function h: A —> R, let Y =h(X) be a random variable with
the set of possible values B = h(A) ={ h(a): a € A}. Suppose the inverse of

y = h(x) (y = h(x) can be uniquely solved for x) is the function, x =h™(y), which is
differentiable for all y in B. Then f, , the density function of Y is given by

f,(y) = flyI|(h*) (y)‘, yeB.

u=E(X)= T xf (x)dx. E(X) :T[l— F(t)]dt—TF(—t) dt. If X is non-negative then

E(X) = T[l— F(t)]dt and E(X") = th"l [1-F(H)]dt. E[h(X)]= T h(x) f (x)dx.
e (/’tx)rfl ,

Gamma Density f (x) = r'(r) i X>0, E[X]:%,

0, if x<0



Var(X)_— Ir'(r)= jx’le “dx, T(r) = (r —)I'(r -1), I'(n+1) =nl.

P(X =xY =y)=p(x,y). P[(X,Y) e A]=>>" p(x,y). Marginal Distributions:

px ()= D p(x,y) and py (y)= D p(x,y), E[n(X,Y)]=>> h(x,y)p(x, y),

yEB xe A xeA yeB
e 0] o0
P[(X,Y)eR] ﬁf(x y)dxdy . fx ()= [ f(xy)dyand fy(y)= [ f(xy)dx
—00 —00
The joint probablllty distribution function is given by F(t,u) =P(X <t,Y <u). If he

2

) L ] 0
artial derivatives of F exit, then f(Xx,y)=——F(X,Y).
p (X, Y) . (X, y)

E[N(X,Y)]= [ [ h(x,y) T (x, y)dxdy. If X and Y are independent random variables then

—00 —00

E[g(X)h(Y)]=E[g(X)IE[N(Y)]. pyy (X Y) = p(x, oy y))
E(X[Y =y) =D xpyy (X y). ECA(X)]Y = y) =D h(x)pyy (X]Y). oy (X Y) = ff(x(,y>;)_

E(X|Y =y)= T Xfx|Y (X| y)dx. E(h(X)|Y =Yy)= T h(x) fX|Y (X| y)dx.

FX|><>5 1) =P(X St| X >s). 1Ex|><>s = F)'(|X>s (t).

Let X and Y be continuous random variables with joint density f (x y). Let hy and h; be real-
valued functions of two variables, U =h (X,Y)andV =h,(X,Y). Suppose that
u=nh(x,y)andv=nh,(x,y) define a one-to-one transformation of a set R in the xy-plane onto

a set Q in the uv-plane. That is for (u, v) € Q the system of two equations in two unknowns
u=h(x,y)and v=nh,(x,y) has a unique solution x=w,(u,v), y=w,(u,v) for all xandy

in terms of u and v; and the functions w, and w, have continuous partial derivatives, and
the Jacobian of the transformation x =w,(u,v), y =w,(u,v) is nonzero on Q:

an a\Nl

J:a_u o _ow ow, ow ow, | o
w, ow,| ou v ov éu
ou ov

Then the random variables U and V are jointly continuous with the joint density function g(u, v)
f (W, (u,v), w,(u,v))|3].(u,v) eQ

iven b u,v)=
° v gty) {0, elsewhere.



Convolution Theorem: g(t) = j:’o f (0F,E-xdx Gt)= j: f_(0F,(t-x)dx and
p(z) = z pl(X) pz(z = X).

M, (1) =E@€%). M, ()= e"p(x). M (t)_je“f(x)dx E(X")=M{(0).

xeA

M X1, X5 (t]_,tz) = E(etlxlﬂzxz).
PO, X2, ... Xn) = P(X =X, X2 =Xp,..., X = Xp). zxie,*‘mgn P(X, Xpreee X, ) =1,

zZ
E[N(Xy, X 0o X)1= D e Y 00X X000 X, ) P(X, X, X, ). LEE R bE @NY region in R" =

X €A, XEA
RXRX..XR, P (%, X0 X,) €R) = [ e 0, %1000, X, )X, U .., X
[ O"F (X, Xy ey X,
j. J.f(xl Xy yoriy X YAX, A%y ooy OX =10 F (X, Xy, X ) = 8)(1(21)( 2 = )
, 0%,y ... O,

ELN(Xy, Koot X )1= [ o [ 0G0 X, ) F 0 X010 X, U U, O, Lt X, TEpIeSENE the
k™ order statistics then its distribution can be described

by F, (x) = Z( j[F(X)] [1-F )T f(x) = mf(x)[F(x)]‘[l FOOI™

Let X, represent the i™ order statistics and X (j represent the j™ order statistics (i < j)then
their joint density function can be described by

n! i1 j-i-1 n-j
G0 = oSy | O WIFCT W) -FRIP B x<y,

0, otherwise. The joint denisty of all the n order statistics { X ), X ,,, ..., X} isgiven
by f, (X, ... %)=nf(x)fF(X)...T(X,), X <X ...<X,,0,otherwise.
Multinomial Distributions:

P(X, .. X ) =P(X; =X, X, =%X,,..., X, =X,) = X1I+[pl]x1[p2]x2_,[ p.1".

Let N be a discrete random variable with set of possible values {1,2,...}. Then

D p(N >i). Cauchy-Schwarz Inequality:

i=1

[E(XY)|< ,/E(xz)E(YZ). cov(X,Y) =E[(X —E(X))(Y —E(Y))].

Var (aX +bY ) =a’Var(X) +b*Var(Y) +2abCov(X,Y). Cov(X,Y) = E[XY]— s, 14,



Cov(aX +b,cY +d) =acCov(X,Y). Cov[ZaX Zb j anzm:aibjCov(Xi,Yj).

=1 i=1l j=1
Cov(X Y)

Oy Oy

Var(ZaiX j ZaZVar(X )+222aa Cov(X;, X,). p

E[E(X|Y)]=E(X). E[ f(Y) X]Y ]= f(Y)E(X]|Y).Let X;, X,,... be independent and

identically distributed random variables (r.v.s) with finite mean E(X) and Var(X)
independent of N, which is an integer-valued r.v. with E(N) < oo and Var(N). Then

E(i Xi]= E(N)E(X)and Var(i xij: E(N)Var(X)+[E(X)]’ Var(N).

i=1

P(B) =) P(BJX =x)P(X =x). P(B) = T P(B|X =x) f (x)dx.

Var(x|t)=E[(x—E(x|Y))2‘Y]Var_(wx|Y) e[ x?¥ ]-(EX[V))'.

Var(X) = E[ Var(X|Y) |+ Var(E(X]Y)).

Normal Density: f(x) =

1
o\2x

Bivariate Normal Density:

1 1
i =2 ppg- f(xy)= exp{_
SO y— i WP

(5 {5

1 22, 202
ity + 1t +— (01 tf +o5ty +2 ptityor0, )

My x, (G t)=¢
1 [y- Hy — p(O-Y/O-x)(X /ux)]
fux (Y[X) = eXI{
e | o N27m\1- p? 207 (1~ p%)
Markov Chain:
P( Xy =X, =1, X, o Xy =iy, X =10 ) =P (X, = J|X, =i)=p, -

Chapman Kolmogorov Equations: p{"™ = Z pi pim. PM™ = pOpm,
The n™ time X_distribution is given by P(X_ = j)= Z Py, () p;”.
Note that Z p!" < woif and only if state ‘i' is transient.

Note that Z p™ = oo then state “i' is recurrent.
n=1



