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Abstract—A new expression is derived for the exact average
symbol error probability for optimum combining with M -ary
phase-shift keying. The expression adds to the significant body of
work in this field by handling interferers with arbitrary power
levels. The expression involves a single integral with finite limits
and finite integrand. A closed-form expression is also derived
for the average symbol error probability for binary phase-shift
keying.

Index Terms—Error probability, fading channels, interference
suppression, optimum combining (OC).

I. INTRODUCTION

OR communications systems with receive diversity,

optimum combining (OC) is a well-known technique to
combat fading and suppress cochannel interference. Perfor-
mance analysis of OC is challenging due to the multiple random
processes involved in the signal model. Analysis for the case
of a single interference source with binary phase-shift keying
(BPSK) modulation can be found in [1], [2]. The performance
of systems with more than one interferer has been studied
extensively through the use of Monte Carlo simulations [1],
upper bounds and approximation [3], exact expressions with
integral forms [4], and closed-form expressions [5]-[7]. In
previous work, the power levels of the interferers were assumed
uniform.

In this letter, we consider the general case where the inter-
ferers may have unequal power levels. We derive an expres-
sion for the exact symbol error probability (SEP) for M -ary
phase-shift keying (M -PSK) modulation. The final expression
involves only a single integral with finite limits and a finite in-
tegrand. We also derive a close-form expression for the error
probability of BPSK modulation. As far as we know, the new
expressions for both M/-PSK and BPSK are the first that can be
used to evaluate the exact SEP of systems with interferers of ar-
bitrary power levels. They are easy and fast to evaluate and their
validity has been demonstrated by simulations.

The paper is organized as follows: following the system
model in Section II, the SEP expressions for M -PSK and BPSK
are developed in Section III. Numerical results are shown in
Section IV. Finally, conclusions are drawn in Section V.
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II. SYSTEM MODEL

Consider a wireless communications system with N inde-
pendent receive branches and L + 1 users. Of the users, one
is the desired user and it transmits M -PSK signals with power
Ps; the other are considered interferers with arbitrary powers
P,(n =1,2,...,L). The white Gaussian noise variance is 2.
The channel gains of the desired user and interferers are as-
sumed to be independently and identically distributed (i.i.d.),
zero-mean, complex Gaussian random variables (flat Rayleigh
fading), with variance 1/2 per dimension. It is also assumed that
conditioned on the channel of the interferers, the summation of
interference and noise has a multivariate complex Gaussian dis-
tribution with zero mean.

Define the signal-to-noise ratio (SNR) v = P /02, and
the signal to interference ratio (SIR) for the n-th interferer
Bn = Ps/P,. The reliability function R (7) is defined as the
probability that the output signal-to-interference-plus-noise
ratio (SINR) of OC is greater than a threshold 7. It can be
written [8]
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where C; is the coefficient of 7¢ in the product H£=1 (T4 Bn)-
By mathematical induction it can be proved that

2.

n1+no+-+np=L—i, n;€{0,1}

Ci = B @)

III. SEP ANALYSIS

In this section, we carry out the theoretical analysis of the
average SEP for OC with M-PSK and BPSK modulation.

A. SEP for M-PSK

For OC with M-PSK modulation and Gaussian distributed
interference plus noise, the SEP conditioned on the output SINR
7 can be written as [9]
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where M is the cardinality of the modulation. The en-
semble average SEP, Ps ar-psk(E) is obtained by averaging
Ps vr-psk (E|T) over the PDF p-(7),

P vrpsk (B) = / P rvi-psk (E|7) pr(T)dr. (4)
0
Substituting the PDF p, (7) = —dR (7) /d7 in (4) and using

the method of integration by parts, after some straightforward

manipulations, we have
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where erfc(+) is the complementary error function. Changing
the variable 7 = tan? (, we obtain the final expression for the
M—-1 sin (%)

average SEP
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Notice that even though the argument of R could be infinite,
the range of R and the integrand are finite. The SEP can be
evaluated fast and accurately.

P, pr-psk(E) =

P rr-psk(E) =

B. SEP for BPSK Modulation

A closed-form expression of the SEP can be derived for the
special case of BPSK modulation. The following is the outline
of the derivation.

In this case, M = 2. Substituting (1) in (5), we have
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anda =1+ 1/v. By using [10, eq. 3.381.4 and 8.339], T; can
be expressed in the following closed form:

N—-L—-1

=i 2 Cn) e

Next Yo will be expressed in closed form.

The L SIR terms §,(n = 1,2,..., L) are separated into O
sets, with the SIR’s in the same set equal to each other. The
SIR’s from different sets are distinct. More specifically, assume
the first set contains n; SIR (3,,’s with each equaling 7; the
second set contains ny SIR (3,’s with each equaling 5, ...,
the O-th set contains no [, s with each equaling 5;,. Then

(10)
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In deriving (18), [10, eqgs. 3.381.4 and 8.339] are used. From
(16), it can be shown that
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for p > 2. The above equation shows that the value of G, ,, for
p > 2 can be evaluated recursively from the values of G 1
and G, ,_». Since (21) is a second order difference equation
with initial values G, ¢ and G, 1, it can be solved by the method
detailed in [11]. The solution is omitted here for brevity.



228

:| A 16-PSK (Simulation) |

o| = - 16-PSK (Analysis)

-| © 8-PSK (Simulation)
-+ 8-PSK (Analysis)
QPSK (Simulation)

- — QPSK (Analysis)

©| v BPSK (Simulation)

- | = BPSK (Analysis)

SNR (dB)

Fig. 1. SEP versus SNR for N = 8 branches and L = 6 interferers.

By combining (7) and the related expressions (10), (13), (14),
and (18), the closed-form expression for the error probability of
BPSK can be obtained
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For all the cases we tried, (22) yields the same numerical results
as (6). It can be easily proved that for the special case of one
interferer, (22) simplifies to (16) in [2].

IV. NUMERICAL RESULTS

Figures shown present both analysis results and simulation
results. The analysis results were calculated using (6).

Fig. 1 shows the SEP versus SNR for N = 8 receive branches
and L = 6 interferers. The SIRs for the six interferers were 10,
10, 2, 2, 0, and 0 dB, respectively. Fig. 2 shows the SEP versus
the number of receive branches NN for 32 interferers at fixed
SNR = 10 dB. The SIRs for 16 interferers were 0 dB, while the
SIRs for the other 16 interferers were 2 dB.
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Fig. 2. SEP versus the number of branches for L = 32 interferers and

SNR = 10 dB.

The analysis results match the simulation results in both fig-
ures. That demonstrates we can use the analytical expression to
evaluate the SEP.

REFERENCES

[1] J. H. Winters, “Optimum combining in digital mobile radio with
cochannel interference,” IEEE Trans. Veh. Technol., vol. 33, pp.
144-155, Aug. 1984.

[2] V. A. Aalo and J. Zhang, “Performance of antenna array systems with
optimum combining in a Rayleigh fading environment,” IEEE Commun.
Lett., vol. 4, pp. 125-127, Apr. 2000.

[3] M. Chiani, M. Z. Win, A. Zanella, R. K. Mallik, and J. H. Winters,
“Bounds and approximations for optimum combining of signals in the
presence of multiple cochannel interferers and thermal noise,” IEEE
Trans. Commun., vol. 51, pp. 296-307, Feb. 2003.

[4] M.Z.Win, M. Chiani, and A. Zanella, “An analytical frame work for the
performance evaluation of optimum combining for M -ary signals,” in
Proc. 2002 Conf. on Information Sciences and Systems, 2002, CD-ROM.

[5] A. Shah and A. M. Haimovich, “Performance analysis of optimum com-
bining in wireless communications with Rayleigh fading and cochannel
interference,” IEEE Trans. Commun., vol. 46, pp. 473-479, Apr. 1998.

[6] R. K. Mallik, M. Z. Win, and M. Chiani, “Exact analysis of optimum
combining in interference and noise over a Rayleigh fading channel,”
in IEEE Int. Conf. on Communications (ICC’02), vol. 3, Apr. 2002, pp.
1954-1958.

[7]1 D. Lao and A. Haimovich, “Exact closed-form performance analysis of
optimum combining with multiple co-channel interferers and Rayleigh
fading,” IEEE Trans. Commun., vol. 51, pp. 995-1003, June 2003.

[8] H. Gao, P.J. Smith, and M. V. Clark, “Theoretical reliability of MMSE
linear diversity combining in Rayleigh-fading additive interference
channels,” IEEE Trans. Commun., vol. 46, pp. 666—-672, May 1998.

[9] M. K. Simon and M.-S. Alouini, Digital Communication over Fading
Channel: A Unified Approach to Performance Analysis. New York:
Wiley, 2000.

[10] I.S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Prod-
ucts. San Diego, CA: Academic, 1994.

[11] R. K. Mallik, “Solutions of linear difference equations with variable co-
efficients,” J. Math. Anal. Applicat., vol. 222, pp. 79-91, June 1998.



