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Abstract

New expressionsare derived for the exact symbolerror probability and bit error probability for
OC with multiple phase-shifkeying. The expressionarefor any numbersof equalpower co-channel
interferersandreceie brancheslt is assumedhatthe aggreyateinterferenceandnoiseis Gaussiarand
thatboththe desiredsignalandinterferencearesubjectto at Rayleighfading. The new expressions
have low computationatompleity asthey containonly a singleintegral form with nite limits and

nite integrand.

Index Terms

Receve diversity, optimumcombining,interferencesuppressiorfadingchannelserrorprobability

performance.

. INTRODUCTION

Optimumcombining(OC)is awell-known methodto combatfadingandsuppresso-channel
interferencein wirelesscommunicationsystemswith receve diversity It combinesthe out-
putsof the receve branchesn an optimumway and achievesthe maximumoutputsignal-to-
interferenceplusnoiseratio (SINR).

Performanceanalysisof OC hasbeenanactiveresearctarea.Analysisfor thecaseof asingle
interferencesourcewith binary phase-shifkeying (BPSK) modulationcanbefoundin [1], [2]
and[3]. Theperformancef systemavith morethanoneinterfererhasbeenstudiedextensvely
throughthe useof Monte Carlo simulations[1], upperbounds[4], approximateexpressions
[5], andexactexpressionsvith integral forms[6], [7]. Closed-formexpression®f BEPfor the
numberof interferersno lessthanthe numberof receve branchesandnegligible thermalnoise
with BPSKmodulationweredevelopedin [8]. For arbitrarynumbersof interferersandreceve
branchesc¢losed-formexpression®f BEPwerederivedin [9] and[10] for BPSKmodulation.

An expressionfor symbolerror probability (SEP)for multiple phase-shifkeying (M -PSK)
wasderivedin [7]. The expressionwasexactandit appliedto any numberof interferersand
receve brancheslt involved multiple-fold integration. A simplerandelegantSEPexpression
wasderivedin recentwork [11] for thesamecase.The expressiorcontainedntegrationoveran
integrand,which includedtheincompleteGammafunction,itself anintegral form.

In this paper we derive expressiongor both SEPandBEP for M -PSK, with any numberof

receve branchesndinterferers.The expressionsnvolve only asingleintegrationover elemen-
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tary functions.With theseexpressionsit takesmuchlesstime to evaluatethe SEPandBEPthan
it would take to carryout Monte Carlo simulationsor to evaluatemultiple-fold integrals.

The paperis organizedasfollows. Following the systemmodelin Sectionll, we develop
theexpressiongor SEPandBEP in Sectionlll. Numericalresultsareshowvn in SectionlV and

nally , conclusionsaredravn in SectionV.

Il. SYSTEM MODEL

Considera wirelesscommunicatiorsystemwith N independenteceve branchesandL + 1
users. Of the users,oneis the desireduserandit transmitssignalswith power Ps: The other
L sourcesareconsiderednterferencesourcesAssumingperfectcarrierdemodulatiorandsyn-
chronizationthe sampledutputof the matchedlIter for thej -th branchis

p X p__
rp= Psgs+ Pigisi+n;j=212  N; (1)

i=1
wherec; ands arerespectiely, the channelgainand M -PSK symbol of the desireduser;c;;
ands; arerespectrely, the i-th interferers channelgain and symbol; P, is the interference
power (assumeeaqualfor all interferencesources)Thetermn; representadditive white Gaus-
siannoise(AWGN). The channelgainsc; andc;; areassumedo beindependentlyndidenti-
cally distributed(i.i.d.), zero-meancircularly symmetric,complex Gaussiarrandomvariables

(Rayleighfading),with variancel=2 perdimension.Thesignalmodelin vectornotationis

_ _ X
r= Pscs+ P CiS + n; (2)
i=1

wherer = [rq;ro; ;rN]T ; C; ¢; andn arede ned similarly, andthe superscripfl denotes
vectortransposition.

De ne theinterferenceplusnoisevectorasz = P P_|P iLzl CiS + n: Assumeheinterference
signals; is Gaussiardistributedwith zero-mearand unit variance. Then conditionedon the
vectorsc;'s, z hasa multivariatecomplex-Gaussiaristribution with zero-mearandcovariance

matrix
X

R=E zz" =P, ccl'+ Z2y; 3)
i=1
wherethe superscriptH denoteshe Hermitiantransposition, 2 is the power of the additive

white Gaussiamoise,andl y is anidentity matrix of rankN:
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De ne Npmax = max(N; L) andNpi, = min(N;L): We sortthe N eigervaluesof the inter-

ferenceplus noisecovariancematrix R in descendingrderas ; 2 N 2: 1t
iswell knovnthat ; = 2fori = Nmin+ 1;Npmin + 2; : N: For notationalcorveniencewe
denotethe otherN i, non-trivial eigervaluesas = [ 1; »; X Nmm]T : Thejoint probability
densityfunctionof the N ,;, randomeigervaluesis [7]
" #ll #
N’min i 2 i 2 N max I\|min Y 2
= K ex . . 4
p ( ) 0 . p PI PI N ( i J) ( )
=1 1 i< N min
forl > ; 5 N 2- where
1 1

N )
(Nmax i)!\(il\l:T" (Nmin i)!pIN%in

With the OC detectoy the receved signal vectorr is weightedand combinedto obtainthe

(5)

= 0O
Ko \(Nmin
i=1

outputsignal. The weightvectorthatyieldsthe maximumSINR s ([1], [12]) w = R 'c: The

outputof thecombineris

H

p__
wir=" Psc"R lcs+ c"R 'z (6)

The rst term P PscHR lcs correspondso the desiredsignal,while thesecondermc” R 1z
corresponddgo interferenceplus noise. The latter is Gaussiardistributed conditionedon the
channelvectorsc ar}]dci. The signalmodelof (6) is similar to thatof an AWGN channelwith
noisevarianceEg ., c"R !z 2 ; with the expectationtakenover theinterferingsignals; and
AWGN n. TheinstantaneousutputSINR  is

= PR e (7)

I1l. EXPRESSIONS FOR SEP AND BEP

In this and the next section,we carry out the theoreticalanalysisof the SEPand BEP for
OCwith M -PSKmodulationin the presencef any numberof interferencesourcesandreceve

branchesvhenboththedesiredsignalandinterferencearesubjectto Rayleighfading.

A. Expressionfor SEP

For M -PSK,the SEPconditionedon the outputSINR  canbewrittenas[12, Eq. (8.22)]

12 m 1w Sir? ( =M)
exp t————5

Psym(Ej t) = - 0 S|n2 d ; (8)
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whereM is the numberof symbolsof the M -PSK modulation. The SEPis conditionedon
channerealizationghrough :: In orderto getthe ensembleverageSEPPy, (E) for OC,we

needto averagePsym(E] () overthedistributionof ;

Z 1
Psym(E) = Psym(Ej )P, ()d (9)
0
wherep , ( ) is the probability densityfunction (PDF) of the SINR : Letp,; ( j ) repre-
sentthe PDFof ; conditionedonthe non-trivial eigervalues = [ 1; »; ;' Nno)- ThePDF
p. ( ) canbeobtainedoy averagingp ,; ( ¢j ) over :
z Z
P (0= pj (d)p()d: (10)

Since is avectot theaboveintegrationis multiple-fold.

Substituting(8) and(10)in (9), aftersomemanipulationsimilar to thosein [12], we have
" #
Z Z Z
1 (M 1) =M Sirt (=M
Pom(E) = = vy M g p s ay
0 sir?

whereM ,; () isthemomentgeneratingunction(MGF) of theSINR ; conditionedon eigen-

values : For theRayleighfadingchannelthe MGF givenby [12, Eq. 10.52]for L < N canbe

generalizeckasilyto ary numbersof L andN as

|
* N Nnin f
1 N’mln 1

1 Bs 1 Bsg

M N (s) = (12)

B. Expressionfor BEP

The expressionsof BEP for M -PSK modulationwith Gray codebit mappingover AWGN
channetanbefoundin ([13], [12, Eq. (8.30)]). Fromthese=xpressiorfor AWGN, andsimilarly

to thederivationsfrom (8) to (11), we canobtainthe BEPfor OC as

8

% Po M=2
1 =

Poit (E) = 2 (P1+ 2Pz Po) =

§ (Py+ 2P+ P3+ 2P, + 3P+ 2Pg+ P;) M = 8

1
P

1 8 I 5
5 k:1Pk+ k:2Pk+ p5+ 2p6+ p7 M = 16
where

P = %c [1 2k 1)=M]:sirf[(2k 1) =M]
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%c [1 (2k+ 1)=M];sirP[(2k+ 1) =M] ; (14)

and 7 Z Z

c(; y=1 My -5 d p()d: (15)

0 sir?
Notethatthe SEPIn (11) canbeexpresseads

Pym(E)=C (M 1) =M;sirf( =M) : (16)

In AppendixA we shaw thatC (; ) canbeevaluatedas

1 N min 1N)@n 1 pN)@n 1
. —_ Nmin 1+ .
C )= — — (1 Hpg o 17)
p=0 =0
where = Ps= 2 is the symbolsignal-to-noiseatio (SNR),and = P¢=P, is the signal-to-

interferenceatio (SIR); Hp,q and 4 arede ned below:

Ho.q is asequencéendexedby pandg: ForO  p;q  Nmin 1

i=1 (Nmax i)! i=1 (Nmin i)!
X
detW ; (18)
mi+ +my 1=Nmin 1p nat +ny 0 1=Nmin 1@
m; 2f 0;1g n; 2f 0;1g

wherefor Ni,in = 1;detW =1; for Ny,in > 1; detW is thedeterminanof an(Npi, 1)

(Nmin 1) matrixwhosei-th row andj -th columnelements
Wij = (Nmax Nmin+ mj+nj+i+j 2)

q IS asequencgivenby

0 1 " #
Xmin N ‘ NNn k
q = @ A( 1) I:Nmin k ixq;i 1t Yq;Nmin k
k=0 k 0 1 i=1
N k Xmin 1 #
+ @ A( Gk N iXq (+1) + YoNun k 5(19)
k=N min+1 Kk i=0
where ; = : Otherterms(F; X ;Y andG) in (19)arede ned as(m is aninteger)
0 1
X m
Fn = } @ A :an I
=0 |
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2 0 1 0o 1 3
| 1 .
sl@2da ¢ 1) X ( 1)k@2|AS|n(2I ) & 20)
k

2 22 1 2l 2k
k=0
0 1
NoX 2™ Npin 1 m '
Xgm= T @ ™ A — (Nmxt+q | 1) (21)
1=0 l
Nmin m S !
TR B 1
Ygm = —{ — g———arctg — tg + + - (g
0 tg' + + -
exp( tg ) (tg )" Nt I sed d (22)
0 10 1
X 1 1 21 1!
Gn = 12t " @M ‘he’a L
1 1+ 11 m 2 1=0 | |
q q

X 4

(]
=

. (23)
j=1 @2_1 Aj 1+ 1+ L g !
J

By inspectionof thetermsthatmake upC (; ) in (17),it followsthattheintegrationin (22)
is theonly onerequiredto evaluateC (; ). With (16)and(17),we cancalculatethe SER With
(13),(14)and(17),we cancalculatethe BER Although(17) andtherelatedexpressionappear
involved, they consistof elementaryfunctionsanda singleintegral form, which canbe readily
computechumericallyusingMatlab or similar software.

Theseexpressionsireexact. But sincethe calculationof Y, in (22) involvesintegration,the

actualaccurag of the nal resultwill dependontheaccurag of the numericalintegration.

IV. NUMERICAL RESULTS

In this section,we use numericalresultsto demonstratéhe newv exact SEP and BEP ex-
pressions.To facilitatethe comparisonijn all gures we represenboth simulationresultsand
analysisresults.Analytical resultswerecalculatedusing(16) (for SEP)and(13) (for BEP)and

relatedexpressionsuchas(14) and(17).
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Fig. 1 shavsthe SEPversussymbolSNR= Ps= 2 for N = 6 branchesL = 4 interferers,
andSIR= Ps=P, = 10dB. Fig. 2 shavs the BEP versusthe numberof receve branches\
for L = 4 interferersbit SNR= 10dB, andSIR = 15dB. We canseelog,,(BEP) decreases
linearly asthe numberof receve branchesncreasesin both gures, the interferencesignals;
is generatedis Gaussiardistributedasassumedn Sectionll. It canbe obsered thatanalysis
resultsmatchsimulationresults.

Fig. 3 shavs BEPversusSIR for N = 4 branchesyariousnumbersof interferersandSNR
= 10dB. Both the desiredsignalandthe interferencesignalare quadraturgohase-shifkeying
(QPSK)symbols. It shaws thatthoughthe interferencesignalis not Gaussiardistributed,the
analysisresultsarestill very closeto simulationresultsregardlessof the numberof interferers

andthe SIR levels. Similar conclusiorwasdrawn in [10].

V. CONCLUSIONS

In this paper we derived expression®f the exact SEPandBEP for OC with M -PSK modu-
lation over a diversitychannelwith Rayleighfading,with any numberof diversitybranchesand
interferencesourcesTheinterferencesourcesvereassumedo have equalpowerandthe Gaus-
sianassumptiorwasinvoked for the aggreateof interferenceplus noise. The computational
complity of the new expressionds relatively low asthey containonly a single integration

form. Thetheoreticakesultsin the paperareamply demonstratetdy simulations.

APPENDIX A

EVALUATION OFC (; )

In this appendix,we evaluateC (; ) de nedin (15) to prove therelationin (17). We will
presenthe procedureof the derivationbut omit somedetails.

We startby substituting(12) in (15),

z z(z . N N N . o)
1 sir? o N sir?
- ———5, d p()d;

o SiF + ., s + B

C(; )=
(24)

where = Pg= 2 is the symbol SNR. The direct evaluationof (24) is computationallyinten-
sive even for small N, sinceit involvesa (N, + 1)-fold integration. We will shav thatan

expressiorfor C (; ) canbeobtainedwhichinvolvesonly a singleintegrationform.
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Corvertingthe productin (24) into a summationwe have

. (7 )
Xy &0 2 st NN N
o= oM G szt PO
(25)
where
N min ZQ_Nmin _'Yl 1 N’min 1
An( )= - =1 (26)

( PS)Nmin ! i=1 n i n i
Startingwith (25) andfollowing similar proceduredetailedin [10] and[9], we canexpress

C(; )as

i=n+l

1 Nen 1Ny 1 pNygn 1 _—
min + .
C(; )= — - (1 qu;q o (27)
p=0 ¢=0

where = Ps=P, isthesignal-to-interferenceatio (SIR), H.q is de ned by (18). And 4 isa

sequencele ned by Z,
q = D (ZNmin) fq (ZNmin) dZNmin; (28)
0
where
Z . N  Npmi . N mi
1 Sir? mn - gjipg
D(zy.) = = - —d 29
( len) 0 Slnz + 1 S|n2 + ) ( )
1= (30)
Ps
= 57T 1
? PI ZNmin + 2 (3 )
2 Nmin 1
fa(znn) = zume "™ zy,,+ B e “Nmn: (32)

A. EvaluationofD (zy,,,)

We rst evaluateD (zy,,,), whichinvolvestheintegrationovervariable . We wantto express
D (zn,,,) Withoutintegration.

From(29), 7
1 si? + 5, . 1
D(zy. )= — d: 33
(len) o s + . N Nmin gjrg + ) (33)

Usingthe binomialexpansionwe get

0o 1 ,
N\ N _
D)= @  A( I 1 g4 Nwkg. (3
min o k 0 SInZ + 5
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Separatéhesummatiorinto two partsaccordingo whethemMN i, k is non-ngativeor negative.
Then

0 1 0 1
Xmin N )(\| N
D (zn,) = @ A( )En,, k(1 2+ @ A( DU (1 2);
k=0 k k=Nmint+l
(35)
where
Z
. 1 1 . m
Em(1 2 = _Zo S|n27+2 sinP + . d (36)
Un( 1 2) = = : L d: 37)
mib 2 OSin2+28in2+1m'
1) EvaluationofE, ( 1; 2): Form = 0;
Z
1 1
Eo(2 = -  ——
o SIF + 5 S |
2( 2+ 1) 2
wherewe usetheresultfrom [14, Eq. 2.562].Form 1, it canbeshaowvn that
Em( 1 2)=Fm 1(2)+ (1 2Em 1(1 2); (39)
where 7
Fm(1)=1 si? + 5 'd: (40)

0
Usingthebinomialexpansiorand[14, Eq. 2.513.1] we obtaintheexpressiorfor F,, ( 1) shavn

in (20). Expanding(39) further, we have

xn .
En( 1 2)= (1 2)' 'Fn i(1)+ (1 2)"Eo( 2); (41)

i=1
whichshavsE, ( 1; ») canbeevaluatedromF,, i ( 1) andEq( 2):
2) Evaluationof U, ( 1; »): Similarly to theevaluationof E, ( 1; »2); we have

w1 1 i+1 1 m

Un( 1 2)= Gm i(1)+ B Eo( 2); (42)

i=0
where 7

G (1) = - L d: (43)

0 Sit + 1
UsingEq. (29) and(40) in [15], we gettheexpressiorfor G, ( 1) shovnin (23).
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3) Summaryfor D (zy,,,): Substituting(41) and(42)in (35), we obtainthe expressiorfor
D (z,,) as

0 1 " #
X NA kNN"k i1 Nmn K
D (zn,,) = @ ( 1) (1 2 "Fumki(D+ (1 2"™ “Eo(2)
k=o K i=1
0 1 "
){\l N k Xmin 1 1 i+1
+ @ A( - Gk Ny i (1)
k= Nmin+1 i=0 1 2
#
1 k I\|min
+ 5 Eo(2) (44)
which doesnot containary integralforms.
B. Evaluationof |
Substitutg44) into (28), then
0 1 "
Xmin N ‘ NNn k Z 1 -
q = @ A ( 1) FNmin k i( 1) ( 1 Z)I fCI(ZNmin) dZI\|min
k=0 K i=1 0 0 1
1 Nmn K X N k
+ ( 1 2) " EO( 2) fq (ZNmin) dZI\lmin + @ A ( 1)
n 0 k=Nmint+l
k Xmin 1 Z 1 1 i+1
Gk Nmin i ( 1) fq (ZNmin) dZNmin
Z 1 1 k  Nmin
+ — Eo( 2) fq(zny,) dzn,,, (45)
0

Substituting 4 (zn,,,) (from (32)),Eo ( 2) (from(38))and , (from (31))into (45), aftersome

straightforvardmanipulationsyve obtain 4 asshavnin (19).
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