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Abstract

New expressionsarederived for the exact symbolerror probability andbit error probability for

OC with multiple phase-shiftkeying. Theexpressionsarefor any numbersof equalpower co-channel

interferersandreceivebranches.It is assumedthattheaggregateinterferenceandnoiseis Gaussianand

thatboth thedesiredsignalandinterferencearesubjectto �at Rayleighfading. Thenew expressions

have low computationalcomplexity asthey containonly a singleintegral form with �nite limits and

�nite integrand.

Index Terms

Receivediversity, optimumcombining,interferencesuppression,fadingchannels,errorprobability

performance.

I . INTRODUCTION

Optimumcombining(OC) is awell-known methodto combatfadingandsuppressco-channel

interferencein wirelesscommunicationsystemswith receive diversity. It combinesthe out-

putsof the receive branchesin an optimumway andachievesthe maximumoutputsignal-to-

interferenceplusnoiseratio (SINR).

Performanceanalysisof OChasbeenanactiveresearcharea.Analysisfor thecaseof asingle

interferencesourcewith binaryphase-shiftkeying (BPSK)modulationcanbefoundin [1], [2]

and[3]. Theperformanceof systemswith morethanoneinterfererhasbeenstudiedextensively

throughthe useof Monte Carlo simulations[1], upperbounds[4], approximateexpressions

[5], andexactexpressionswith integral forms[6], [7]. Closed-formexpressionsof BEPfor the

numberof interferersno lessthanthenumberof receive branchesandnegligible thermalnoise

with BPSKmodulationweredevelopedin [8]. For arbitrarynumbersof interferersandreceive

branches,closed-formexpressionsof BEPwerederivedin [9] and[10] for BPSKmodulation.

An expressionfor symbolerrorprobability (SEP)for multiple phase-shiftkeying (M -PSK)

wasderived in [7]. The expressionwasexact andit appliedto any numberof interferersand

receive branches.It involvedmultiple-fold integration. A simplerandelegantSEPexpression

wasderivedin recentwork [11] for thesamecase.Theexpressioncontainedintegrationoveran

integrand,which includedtheincompleteGammafunction,itself anintegral form.

In this paper, we derive expressionsfor bothSEPandBEPfor M -PSK,with any numberof

receivebranchesandinterferers.Theexpressionsinvolveonly asingleintegrationoverelemen-
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tary functions.With theseexpressions,it takesmuchlesstimeto evaluatetheSEPandBEPthan

it would take to carryoutMonteCarlosimulationsor to evaluatemultiple-fold integrals.

The paperis organizedas follows. Following the systemmodel in SectionII, we develop

theexpressionsfor SEPandBEPin SectionIII. Numericalresultsareshown in SectionIV and

�nally , conclusionsaredrawn in SectionV.

II . SYSTEM MODEL

Considera wirelesscommunicationsystemwith N independentreceive branchesandL + 1

users.Of the users,oneis the desireduserandit transmitssignalswith power Ps: The other

L sourcesareconsideredinterferencesources.Assumingperfectcarrierdemodulationandsyn-

chronization,thesampledoutputof thematched�lter for thej -th branchis

r j =
p

Pscj s +
LX

i =1

p
PI ci;j si + nj ; j = 1; 2; � � � ; N; (1)

wherecj ands arerespectively, the channelgainandM -PSK symbolof the desireduser;ci;j

and si are respectively, the i -th interferer's channelgain and symbol; PI is the interference

power(assumedequalfor all interferencesources).Thetermn j representsadditivewhiteGaus-

siannoise(AWGN). Thechannelgainscj andci;j areassumedto beindependentlyandidenti-

cally distributed(i.i.d.), zero-mean,circularly symmetric,complex Gaussianrandomvariables

(Rayleighfading),with variance1=2 perdimension.Thesignalmodelin vectornotationis

r =
p

Pscs +
p

PI

LX

i =1

ci si + n; (2)

wherer = [r 1; r2; � � � ; rN ]T ; c; ci andn arede�ned similarly, andthe superscriptT denotes

vectortransposition.

De�ne theinterferenceplusnoisevectorasz =
p

PI
P L

i=1 ci si + n: Assumetheinterference

signalsi is Gaussiandistributedwith zero-meanandunit variance. Thenconditionedon the

vectorsci 's,z hasa multivariatecomplex-Gaussiandistributionwith zero-meanandcovariance

matrix

R = E
�
zzH

�
= PI

LX

i =1

ci cH
i + � 2I N ; (3)

wherethe superscriptH denotesthe Hermitian transposition,� 2 is the power of the additive

whiteGaussiannoise,andI N is anidentity matrixof rankN:
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De�ne Nmax = max(N; L) andNmin = min(N; L) : We sort the N eigenvaluesof the inter-

ferenceplusnoisecovariancematrix R in descendingorderas� 1 � � 2 � � � � � � N � � 2: It

is well known that� i = � 2 for i = Nmin + 1; Nmin + 2; � � � ; N: For notationalconvenience,we

denotetheotherNmin non-trivial eigenvaluesas� = [� 1; � 2; � � � ; � Nmin]
T : The joint probability

densityfunctionof theNmin randomeigenvaluesis [7]

p� (� ) = K 0

"
NminY

i =1

exp
�

�
� i � � 2

PI

� �
� i � � 2

PI

� Nmax� Nmin
# "

Y

1� i<j � N min

(� i � � j )
2

#

(4)

for 1 > � 1 � � 2 � � � � � � Nmin � � 2; where

K 0 =
1

Q Nmin
i =1 (Nmax � i )!

Q Nmin
i =1 (Nmin � i )!

1

P
N 2

min
I

: (5)

With the OC detector, the received signalvectorr is weightedandcombinedto obtainthe

outputsignal.TheweightvectorthatyieldsthemaximumSINR is ([1], [12]) w = R � 1c: The

outputof thecombineris

wH r =
p

PscH R � 1cs + cH R � 1z: (6)

The�rst term
p

PscH R � 1cs correspondsto thedesiredsignal,while thesecondtermcH R � 1z

correspondsto interferenceplus noise. The latter is Gaussiandistributedconditionedon the

channelvectorsc andci . Thesignalmodelof (6) is similar to thatof anAWGN channelwith

noisevarianceEsi ;n

h�
�cH R � 1z

�
�2

i
; with theexpectationtakenover theinterferingsignalsi and

AWGN n. TheinstantaneousoutputSINR 
 t is


 t = PscH R � 1c: (7)

I I I . EXPRESSIONS FOR SEP AND BEP

In this and the next section,we carry out the theoreticalanalysisof the SEPandBEP for

OCwith M -PSKmodulationin thepresenceof any numberof interferencesourcesandreceive

brancheswhenboththedesiredsignalandinterferencearesubjectto Rayleighfading.

A. Expressionfor SEP

For M -PSK,theSEPconditionedon theoutputSINR 
 t canbewrittenas[12, Eq. (8.22)]

Psym(E j
 t ) =
1
�

Z (M � 1)� =M

0
exp

�
� 
 t

sin2 (� =M )
sin2�

�
d� ; (8)
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whereM is the numberof symbolsof the M -PSK modulation. The SEPis conditionedon

channelrealizationsthrough
 t : In orderto get theensembleaverageSEPPsym (E) for OC,we

needto averagePsym(E j
 t ) over thedistributionof 
 t ;

Psym(E) =
Z 1

0
Psym(E j
 t ) p
 t (
 t ) d
 t ; (9)

wherep
 t (
 t ) is theprobabilitydensityfunction (PDF)of theSINR 
 t : Let p
 t j � (
 t j� ) repre-

sentthePDFof 
 t conditionedon thenon-trivial eigenvalues� = [� 1; � 2; � � � ; � Nmin]. ThePDF

p
 t (
 t ) canbeobtainedby averagingp
 t j � (
 t j� ) over � :

p
 t (
 t ) =
Z

� � �
Z

p
 t j � (
 t j� ) p� (� )d� : (10)

Since� is a vector, theabove integrationis multiple-fold.

Substituting(8) and(10) in (9), aftersomemanipulationssimilar to thosein [12], wehave

Psym(E) =
1
�

Z
� � �

Z " Z (M � 1)� =M

0
M 
 t j �

�
�

sin2 (� =M )
sin2�

�
d�

#

p� (� )d� ; (11)

whereM 
 t j � (�) is themomentgeneratingfunction(MGF) of theSINR
 t conditionedoneigen-

values� : For theRayleighfadingchannel,theMGF givenby [12, Eq. 10.52]for L < N canbe

generalizedeasilyto any numbersof L andN as

M 
 t j � (s) =

 
1

1 � Ps
� 2 s

! N � Nmin NminY

i =1

1
1 � Ps

� i
s

: (12)

B. Expressionfor BEP

The expressionsof BEP for M -PSK modulationwith Gray codebit mappingover AWGN

channelcanbefoundin ([13], [12,Eq. (8.30)]).Fromtheseexpressionfor AWGN,andsimilarly

to thederivationsfrom (8) to (11),wecanobtaintheBEPfor OCas

Pbit (E) =

8
>>>>><

>>>>>:

P0 M = 2
1
2 (P1 + 2P2 + P3) M = 4

1
3 (P1 + 2P2 + P3 + 2P4 + 3P5 + 2P6 + P7) M = 8
1
2

� P 8
k=1 Pk +

P 5
k=2 Pk + P5 + 2P6 + P7

�
M = 16

; (13)

where

Pk =
1
2

C
�
� [1 � (2k � 1)=M ] ; sin2 [(2k � 1) � =M ]

�
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�
1
2

C
�
� [1 � (2k + 1)=M ] ; sin2 [(2k + 1) � =M ]

�
; (14)

and

C (�; � ) =
1
�

Z
� � �

Z � Z �

0
M 
 t j �

�
�

�
sin2�

�
d�

�
p� (� ) d� : (15)

NotethattheSEPin (11)canbeexpressedas

Psym (E) = C
�
(M � 1) � =M ; sin2 (� =M )

�
: (16)

In AppendixA weshow thatC (�; � ) canbeevaluatedas

C (�; � ) =
�

1
� �

� Nmin� 1 Nmin� 1X

p=0

�
�



� p Nmin� 1X

q=0

(� 1)Nmin� 1+ q Hp;q� q; (17)

where
 = Ps=� 2 is the symbolsignal-to-noiseratio (SNR),and� = Ps=PI is the signal-to-

interferenceratio (SIR);Hp;q and� q arede�ned below:

� Hp;q is asequenceindexedby p andq: For 0 � p;q � Nmin � 1;

Hp;q =
1

hQ Nmin
i =1 (Nmax � i )!

i hQ Nmin
i =1 (Nmin � i )!

i

�
X

m1+ ��� + mN min� 1= Nmin� 1� p
m i 2f 0;1g

X

n1+ ���+ nN min� 1= Nmin� 1� q
n i 2f 0;1g

detW ; (18)

wherefor Nmin = 1; detW =1; for Nmin > 1; detW is thedeterminantof an(Nmin � 1)

� (Nmin � 1) matrixwhosei -th row andj -th columnelementis

Wi;j = (Nmax � Nmin + mj + nj + i + j � 2)!:

� � q is asequencegivenby

� q =
NminX

k=0

0

@ N

k

1

A (� � 1)
k

"
Nmin� kX

i =1

FNmin� k� i X q;i � 1 + Yq;N min� k

#

+
NX

k= Nmin+1

0

@ N

k

1

A (� � 1)
k

"

�
k� Nmin� 1X

i =0

Gk� Nmin� i X q;� (i +1) + Yq;N min� k

#

; (19)

where� 1 = � 
 : Otherterms(F; X ; Y andG) in (19)arede�ned as(m is aninteger)

Fm =
1
�

mX

l=0

0

@ m

l

1

A � m� l
1
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�

2

4 1
22l

0

@ 2l

l

1

A � +
(� 1)l

22l � 1

l � 1X

k=0

(� 1)k

0

@ 2l

k

1

A sin(2l � 2k) �
2l � 2k

3

5 (20)

X q;m = � m
1

Nmin� 1� mX

l=0

0

@ Nmin � 1 � m

l

1

A
�

�



� l

(Nmax + q � l � 1)! (21)

Yq;m =
1
�

� m
1

r
1

� �

Z �
2

0

�
tg' + �




� Nmin� m

q
tg' + � � + �




arctg

 s
1

� �

�
tg' + � � +

�



�
tg�

!

� exp(� tg' ) (tg' )Nmax� Nmin+ q+ m sec2 'd' (22)

Gm =
1
�

1
� m

1

1
�
1 + � � 1

1

� m� 1
2

m� 1X

l=0

0

@ m � 1

l

1

A

0

@ 2l

l

1

A
�

� � 1
1

4

� l

�
�
tg� 1

� q
1 + � � 1

1 tg�
�

+
q

1 + � � 1
1

tg�
2

�
lX

j =1

4j

0

@ 2j

j

1

A j
�
1 +

�
1 + � � 1

1

�
tg2�

� j

3

7
7
7
7
7
7
5

: (23)

By inspectionof thetermsthatmakeupC (�; � ) in (17), it follows thattheintegrationin (22)

is theonly onerequiredto evaluateC (�; � ). With (16)and(17),wecancalculatetheSEP. With

(13), (14)and(17),wecancalculatetheBEP. Although(17)andtherelatedexpressionsappear

involved,they consistof elementaryfunctionsanda singleintegral form, which canbereadily

computednumericallyusingMatlabor similar software.

Theseexpressionsareexact.But sincethecalculationof Yq;m in (22) involvesintegration,the

actualaccuracy of the�nal resultwill dependon theaccuracy of thenumericalintegration.

IV. NUMERICAL RESULTS

In this section,we usenumericalresultsto demonstratethe new exact SEPand BEP ex-

pressions.To facilitatethe comparison,in all �gures we representboth simulationresultsand

analysisresults.Analytical resultswerecalculatedusing(16) (for SEP)and(13) (for BEP)and

relatedexpressionssuchas(14)and(17).
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Fig. 1 shows theSEPversussymbolSNR= Ps=� 2 for N = 6 branches,L = 4 interferers,

andSIR = Ps=PI = 10 dB. Fig. 2 shows the BEP versusthe numberof receive branchesN

for L = 4 interferers,bit SNR= 10 dB, andSIR = 15 dB. We canseelog10(BEP) decreases

linearly asthenumberof receive branchesincreases.In both �gures, the interferencesignalsi

is generatedasGaussiandistributedasassumedin SectionII. It canbe observed thatanalysis

resultsmatchsimulationresults.

Fig. 3 shows BEPversusSIR for N = 4 branches,variousnumbersof interferers,andSNR

= 10 dB. Both thedesiredsignalandthe interferencesignalarequadraturephase-shiftkeying

(QPSK)symbols. It shows that thoughthe interferencesignalis not Gaussiandistributed,the

analysisresultsarestill very closeto simulationresultsregardlessof thenumberof interferers

andtheSIR levels.Similar conclusionwasdrawn in [10].

V. CONCLUSIONS

In this paper, we derivedexpressionsof theexactSEPandBEPfor OC with M -PSKmodu-

lationoveradiversitychannelwith Rayleighfading,with any numberof diversitybranchesand

interferencesources.Theinterferencesourceswereassumedto haveequalpowerandtheGaus-

sianassumptionwasinvoked for the aggregateof interferenceplus noise. The computational

complexity of the new expressionsis relatively low as they containonly a single integration

form. Thetheoreticalresultsin thepaperareamplydemonstratedby simulations.

APPENDIX A

EVALUATION OF C (�; � )

In this appendix,we evaluateC (�; � ) de�ned in (15) to prove the relationin (17). We will

presenttheprocedureof thederivationbut omit somedetails.

Westartby substituting(12) in (15),

C (�; � ) =
1
�

Z
� � �

Z ( Z �

0

�
sin2�

sin2� + � 


� N � Nmin
"

NminY

i =1

 
sin2�

sin2� + � Ps
� i

!#

d�

)

p� (� ) d� ;

(24)

where
 = Ps=� 2 is the symbolSNR.The direct evaluationof (24) is computationallyinten-

sive even for small Nmin sinceit involvesa (Nmin + 1)-fold integration. We will show that an

expressionfor C (�; � ) canbeobtainedwhich involvesonly a singleintegrationform.
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Convertingtheproductin (24) into a summation,wehave

C (�; � ) =
NminX

n=1

1
�

Z
� � �

Z ( Z �

0
An (� )

�
sin2�

sin2� + � 


� N � Nmin
�
sin2�

� Nmin

sin2� + � Ps
� n

d�

)

p� (� ) d�

(25)

where

An (� ) =
� Nmin� 2

n

Q Nmin
i =1 � i

(� Ps)
Nmin� 1

n� 1Y

i =1

�
1

� n � � i

� NminY

i = n+1

�
1

� n � � i

�
: (26)

Startingwith (25) andfollowing similar proceduredetailedin [10] and[9], we canexpress

C (�; � ) as

C (�; � ) =
�

1
� �

� Nmin� 1 Nmin� 1X

p=0

�
�



� p Nmin� 1X

q=0

(� 1)Nmin� 1+ q Hp;q� q; (27)

where� = Ps=PI is thesignal-to-interferenceratio (SIR),Hp;q is de�ned by (18). And � q is a

sequencede�ned by

� q =
Z 1

0
D (zNmin) f q (zNmin) dzNmin; (28)

where

D (zNmin) =
1
�

Z �

0

�
sin2�

sin2� + � 1

� N � Nmin
�
sin2�

� Nmin

sin2� + � 2
d� (29)

� 1 = � 
 (30)

� 2 = �
Ps

PI zNmin + � 2
(31)

f q (zNmin) = zNmax� Nmin+ q
Nmin

�
zNmin +

� 2

PI

� Nmin� 1

e� zN min : (32)

A. Evaluationof D (zNmin)

We�rst evaluateD (zNmin), whichinvolvestheintegrationovervariable� . Wewantto express

D (zNmin) without integration.

From(29),

D (zNmin) =
1
�

Z �

0

�
sin2� + � 1 � � 1

� N

�
sin2� + � 1

� N � Nmin

1
sin2� + � 2

d� : (33)

Usingthebinomialexpansion,weget

D (zNmin) =
NX

k=0

0

@ N

k

1

A (� � 1)k 1
�

Z �

0

1
sin2� + � 2

�
sin2� + � 1

� Nmin� k
d� : (34)
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Separatethesummationinto two partsaccordingto whetherNmin� k is non-negativeor negative.

Then

D (zNmin) =
NminX

k=0

0

@ N

k

1

A (� � 1)
k ENmin� k (� 1; � 2) +

NX

k= Nmin+1

0

@ N

k

1

A (� � 1)
k Uk� Nmin (� 1; � 2) ;

(35)

where

Em (� 1; � 2) =
1
�

Z �

0

1
sin2� + � 2

�
sin2� + � 1

� m
d� (36)

Um (� 1; � 2) =
1
�

Z �

0

1
sin2� + � 2

1
�
sin2� + � 1

� m d� : (37)

1) Evaluationof Em (� 1; � 2): For m = 0;

E0 (� 2) =
1
�

Z �

0

1
sin2� + � 2

d�

=
1
�

1
p

� 2 (� 2 + 1)
arctg

 s
� 2 + 1

� 2
tg�

!

; (38)

whereweusetheresultfrom [14, Eq. 2.562].For m � 1; it canbeshown that

Em (� 1; � 2) = Fm� 1 (� 1) + (� 1 � � 2) Em� 1 (� 1; � 2) ; (39)

where

Fm (� 1) =
1
�

Z �

0

�
sin2� + � 1

� m
d� : (40)

Usingthebinomialexpansionand[14,Eq. 2.513.1],weobtaintheexpressionfor Fm (� 1) shown

in (20). Expanding(39) further, wehave

Em (� 1; � 2) =
mX

i =1

(� 1 � � 2)
i � 1 Fm� i (� 1) + (� 1 � � 2)

m E0 (� 2) ; (41)

whichshowsEm (� 1; � 2) canbeevaluatedfrom Fm� i (� 1) andE0 (� 2) :

2) Evaluationof Um (� 1; � 2): Similarly to theevaluationof Em (� 1; � 2) ; wehave

Um (� 1; � 2) = �
m� 1X

i =0

�
1

� 1 � � 2

� i +1

Gm� i (� 1) +
�

1
� 1 � � 2

� m

E0 (� 2) ; (42)

where

Gm (� 1) =
1
�

Z �

0

1
�
sin2� + � 1

� m d� : (43)

UsingEq. (29)and(40) in [15], wegettheexpressionfor Gm (� 1) shown in (23).
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3) Summaryfor D (zNmin): Substituting(41) and(42) in (35), we obtaintheexpressionfor

D (zNmin) as

D (zNmin) =
NminX

k=0

0

@ N

k

1

A (� � 1)k

"
Nmin� kX

i =1

(� 1 � � 2)
i � 1 FNmin� k� i (� 1) + (� 1 � � 2)

Nmin� k E0 (� 2)

#

+
NX

k= Nmin+1

0

@ N

k

1

A (� � 1)k

"

�
k� Nmin� 1X

i =0

�
1

� 1 � � 2

� i +1

Gk� Nmin� i (� 1)

+
�

1
� 1 � � 2

� k� Nmin

E0 (� 2)

#

; (44)

whichdoesnotcontainany integral forms.

B. Evaluationof � q

Substitute(44) into (28), then

� q =
NminX

k=0

0

@ N

k

1

A (� � 1)k

"
Nmin� kX

i =1

FNmin� k� i (� 1)
Z 1

0
(� 1 � � 2)

i � 1 f q (zNmin) dzNmin

+
Z 1

0
(� 1 � � 2)

Nmin� k E0 (� 2) f q (zNmin) dzNmin

�
+

NX

k= Nmin+1

0

@ N

k

1

A (� � 1)k

�

"

�
k� Nmin� 1X

i =0

Gk� Nmin� i (� 1)
Z 1

0

�
1

� 1 � � 2

� i +1

f q (zNmin) dzNmin

+
Z 1

0

�
1

� 1 � � 2

� k� Nmin

E0 (� 2) f q (zNmin) dzNmin

#

: (45)

Substitutingf q (zNmin) (from (32)),E0 (� 2) (from (38))and� 2 (from (31)) into (45),aftersome

straightforwardmanipulations,we obtain� q asshown in (19).
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Fig. 1. SEPversussymbolSNRfor N = 6 branches,L = 4 interferers,andSIR= 10 dB.
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Fig. 2. BEPversusthenumberof receive branchesN , L = 4 interferers,bit SNR= 10 dB, andSIR= 15 dB.
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Fig. 3. BEPversusSIR for QPSKmodulation,N = 4 branches,andSNR= 10 dB.
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