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Abstract— We discuss in this publication the power spectral den-
sity (PSD) of some common time hopping impulse radio signals.
Both analytical expressions and simulation results for the PSD are
provided. The impact of the PSD on the transmitted power is an-
alyzed in respect to the Federal Committee on Communications
regulations on UWB emissions.

I. I NTRODUCTION

Ultra-wideband (UWB) communication is a promising ap-
proach to reuse from other systems occupied frequencies. The
basic principle is to maintain a very low power spectral den-
sity by spreading the necessary signal power over a wide band-
width. This can be achieved by any modulation approach that
provides processing gain, e.g. DS-CDMA. However, we focus
here on impulse radio, which was the first approach proposed
for UWB. As impulse radio uses very short pulses, in the ideal
case the transmitted power is equally distributed over a very
large bandwidth. The signal has a low duty cycle and the spec-
tral density of such a signal is low enough to reuse frequencies
used by other systems [1]. The information can be transmit-
ted , for example, by pulse position modulation (PPM) or pulse
amplitude modulation (PAM), both of which we will discuss in
this publication.
Although one pulse per symbol can be sufficient to represent the
information, we assume here that one pulse modulated by the
same data is repeated several times with different time shifts de-
fined by a time hopping (TH) sequence. This can be motivated
by the following arguments:
� The signal would be too peaky otherwise.
� The time shifted pulses are more difficult to detect and to

intercept.
� The mutual interference of two impulse radios transmit-

ting at the same time is limited by the time hopped pulse
repetitions, [2].

� The stability of the clocks in the receiver and the transmit-
ter can limit the time between two pulses, as the synchro-
nization has to be maintained.

The FCC has published emission regulations for the PSD of
UWB devices to limit the interference with narrowband sys-
tems operating in the same spectrum [3]. Therefore, the PSD is
an important part of the system design.
In this paper, general analytical expressions for different kinds
of time hopping are presented. Numerical simulation results are
presented to illustrate the analysis. As described in Appendix
A these simulations are based on both a realistic signal model
and a procedure to estimate the PSD according to the FCC rec-
ommendations for measurements. The paper is organized as

follows: In SectionII we discuss the PSD of PPM and PAM
modulated signals with finite deterministic time hopping pat-
terns. In SectionIII we cover random time hopping and in Sec-
tion IV we extend the analysis to signals with timing jitter. We
conclude the paper by interpreting and comparing those results.

II. A NALYSIS OF THE POWER SPECTRAL DENSITY FOR

FINITE TIME HOPPINGSEQUENCES

The time hopping impulse radio signal here considered is a
stream of narrow pulses, which are either shifted in time (PPM)
or amplitude modulated (PAM) or both by the data. The same
modulated pulse is repeatedR times at different time shifts,
which are determined by a time hopping sequence described by
the vector~c = (c0; : : : ; cP�1). The elementsci are positive
integers smaller thanq, and the time hopping sequence is re-
peated several times during the transmission. The transmitted
signalS(t) can be written as:

S(t) =
1X

l=�1
1p
R

R�1X
i=0

Al � gPulse�t� l � TS �Bl � TPPM
�i � TF � c(l�R+i)P � TTH�; (1)

where(l � R + i)P � (l � R + i) mod P , andgPulse(t) is
the basic transmitted pulse.Al andBl represent the data mod-
ulation, which takes place once per symbol timeTS . ThusAl
andBl are stochastic processes. In each frame of the dura-
tion TF , only one pulse is transmitted. The PPM modulation
index isTPPM , andTTH is the time hopping index. When
M;N is the smallest pair of integers for whichN �R = M � P
is valid, the periodic repeated sequence can be represented by
N subsequences. So it is possible to describe the time hop-
ping as a filter with a deterministic, varying discrete impulse
responsegl(t). For convenience, the pulse excitation process
M(t), which includes both the time hopping and the data mod-
ulation, is introduced here. The radiated signal is then given by
S(t) = M(t) � gPulse(t), where the operation is convolution,
and the total PSD bySSS(f) = jGPulse(f)j2 � SMM (f). All
definitions are summarized below:

M(t) =
1X

k=�1

N�1X
l=0

D(t� l � TS � k �N � TS) � gl(t)
D(t� l � TS) = Al � �(t� l � TS �Bl � TPPM )

gl(t) =
1p
R

R�1X
i=0

�(t� c(l�R+i)P � TTH):

To derive now the PSD of the excitation processM(t), it must
be realized that its autocorrelation function (ACF)'MM (t +



�; t) is periodic in time withNTS . Thus the time-average auto-
correlation function has to be derived [4]:

'̂MM (�) =
1

NTS

Z NTS

0
EfM(t)M(t+ �)gdt: (2)

The power spectral densitySMM (f) is then obtained by the
Fourier transform of the time-average autocorrelation function.
The authors of this publication presented a derivation of this
expression in [5] and a similar expression can be found in [6],
too.

SMM (f) =
1

NTS
�
 
N�1X
l=0

G�l (f)Gl(f)El=l0fAlAl0g (3)

+ El 6=l0fAlAl0gEl 6=l0�e�j2�fTPPM (Bl0�Bl)	
� � 1
NTS

1X
k=�1

N�1X
l=0

N�1X
l0=0

�
G�l (f)Gl0(f)

� e�j2�fTS(l�l0) �(f � k
NTS

)
�� N�1X

l=0

G�l (f)Gl(f)
�!
;

whereGl(f) is the Fourier transform of thel-th time hopping
filter gl(t). The different expectation values describe the prop-
erties of the modulation. The data is assumed to be uncor-
related, thusEfAlAl0g andEfe�j2�fTPPM (Bl0�Bl)g depend
only if l equalsl0 or not. We now consider two special cases:

A. The PSD of a Binary PPM Signal

In a binary PPM signal,Bl is either0 or 1, andAl is identical
1. The PSD of a 2PPM signal can be derived by the general
expression (3), if the expectation values are evaluated:

El=l0fAlAl0g=El 6=l0fAlAl0g=1 8l; l0
El 6=l0fe�j2�fTPPM (Bl0�Bl)g=

1
2

(1+cos(2�fTPPM )) 8l 6= l0

The PSD has then the following analytical expression:

S2PPM(f) =
1

NTS
� 1

2
(1� cos(2�fTPPM ))

N�1X
l=0

��Gl(f)
��2

+
1

(NTS)2 � 1
2

(1 + cos(2�fTPPM ))

�
1X

k=�1

N�1X
l=0

N�1X
l0=0

�
G�l (f) �Gl0(f)

� e�j2�fTS(l0�l) �(f � k
NTS

)
�
: (4)

It contains two terms: the first, continuous, and the second, dis-
crete (so called spectral lines). Figure1 contains two plots ob-
tained by a simulation as described in AppendixA. The first
plot shows the PSD of such a signal and the FCC emission lim-
its for outdoor or hand-held devices. The here presented expres-
sions are not limited to any particular pulse shape. However, the
plots have been generated by signals with the7th derivative of
the Gaussian pulse and the parameter� = 64ps. This shape is
optimized in respect to the FCC regulation for outdoor devices
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Fig. 1: PSD of a 2PPM UWB Signal
[7] and a plot of the shape can be found in Figure6.
One is able to distinguish between the discrete part and the con-
tinuous, if an extract of the signal bandwidth is considered as
the second plot illustrates. The spectral lines appear at dis-
tances of 1

NTS . As the FCC requires a measurement resolu-
tion of 1MHz, [3], the discrete part of the PSD (represented
by Dirac pulses) has a finite ordinate value instead of infinity.
Obviously, the average power must be decreased to prevent vio-
lations of the regulations by the discrete part. TableI in section
V illustrates this convincingly.

B. The PSD of a Binary PAM Signal

In an antipodal 2PAM signal,Al is either�1 or 1 and,Bl is
identical0. The expectation values for 2PAM modulated pulses
are:

El=l0fAlAl0g = 1 8l = l0
El 6=l0fAlAl0g = 0 8l 6= l0

El 6=l0fe�j2�fTPPM (Bl0�Bl)g = 1 8l; l0
Inserting them in the general expression (3) yields the PSD of a
PAM modulated UWB signal:

S2PAM(f) =
1

NTS
�
N�1X
l=0

��Gl(f)
��2: (5)

The PSD of a 2PAM signal is continuous, because the autocor-
relation function equals0 for j� j > TS . But the PSD is still in-
fluenced by the time hopping sequence, as Figure2 illustrates.
Comparing the second plot of this figure with the one for binary
PPM, illustrates that the continuous part of the PSD is basically
the same for both modulations, except that in the PPM scheme
it is multiplied by 1

2 (1 � cos(2�fTPPM )) and additionally at-
tenuated to prevent violations of the FCC regulations.
It has to be emphasized here, that this analysis is based on
the repetition of the same data modulated pulse. As the time
hopped repetition causes fluctuations of transmission power
from some narrow frequency bands to other frequency bands,
the total transmitted power has to be reduced to not violate the
FCC regulations.
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Fig. 2: PSD of a 2PAM UWB Signal

III. A NALYSIS OF THE POWER SPECTRAL DENSITY OF

TIME HOPPINGSEQUENCES WITH INFINITE LENGTH

In the preceeding section we have realized that for PPM the
spectral lines of the discrete part appear at distances of1

NTS .
Any kind of spectral analyzer has only a finite resolution in the
frequency domain; for example the FCC recommends a reso-
lution of 1 MHz. It is appealing to try to reduce the effect of
the time hopped repetitions by increasing the sequence length
P , because the spectral lines in the PSD of a pure PPM sig-
nal are then separated by a decreasing distance. If this distance
becomes smaller than the resolution, one would be unable to
distinguish between the spectral lines and the continuous part.
Furthermore, the continuous part of the spectrum is the aver-
age over an increasing amount of different frequency responses
Gl(f), so this part could get close to a flat frequency response.
We note, that the time hopping sequence has to be known by the
receiver. Thus, the desired receiver has to acquire the sequence
at the beginning of the transmission. It is important to simplify
the acquisition process. That limits the length of the time hop-
ping sequence.
But, more important is the fact, that even for very long se-
quences, the time hopping still influences the PSD in a dom-
inant way. To illustrate this, sequences of infinite length are
considered in the following. Thus the time hoppingCi in the
i-th frame of a symbol is treated as a random variable. So the
filter excitation signalM(t) can be written as:

M(t) =
1X

l=�1
1p
R

R�1X
k=0

Al � �(t� l � TS �Bl � TPPM
�k � TF � ClR+k � TTH): (6)

In contrast to equation (1), Ci 2 f0; : : : ; q � 1g is not an ele-
ment of a determined sequence, but a realization of a stochastic
process.
The autocorrelation function of the process'MM (t + �; t) is
now periodic withTS . The derivation of the PSD of this exci-
tation process is provided in [5]. Alternatively, the expression
can be obtained by setting the jitterI of the PSD–expression
in the next Section to zero. The derivation of this expression is

provided in AppendixB of this article.

SMM (f) = (7)

1
TS
El=l0fAlAl0g

�
1 +

1X
l=�1

sinc2(�qTTH(f � l
TTH

))

� �R 1X
k=�1

sinc2(�RTF (f � k
TF

)) � 1
��

+
R
TS
El 6=l0fAlAl0gEl 6=l0fe�j2�f(Bl0�Bl)TPPM g

�
1X

l=�1
sinc2(�qTTH(f � l

TTH
))

1X
k=�1

sinc2(�RTF (f � k
TF

))

� � 1
TS

1X
j=�1

�(f � j
TS

)� 1
�
:

The sinc function, sinc(x) = sin(x)
x , is used in this and the fol-

lowing expressions. The general PSD has still continuous and
discrete parts. The time hopping index, the frame duration and
the symbol time are parameters of this PSD. In particular, we
find spectral lines at distances of1TS , and undesired concentra-
tions of transmission power at distances of1

TF and 1
TTH .

Moreover, those concentrations in some narrow bands are lin-
ear with the number of repetitionsR. In fact the subbands get
narrower but higher, with an increasing number of repetitions.

A. PSD of a PPM Signal with Random Time Hopping

By substituting the expectation values in the general PSD (7) in
the same way as for the finite sequence in SectionII , the PSD
of binary PPM with infinite time hopping is given by:

S2PPM (f) = (8)

1
TS
�
 

1 +
1X

l=�1
sinc2(q�TTH(f � l

TTH
))

� �1
2

(1�cos(2�TPPMf))�R�
1X

k=�1
sinc2(R�TF (f � k

TF
))� 1

�
+

1
2

(1+cos(2�TPPMf)) � R
TS
�
1X

j=�1
�(f � j

TS
)

�
1X

l=�1
sinc2(q�TTH(f � l

TTH
))�
1X

k=�1
sinc2(R�TF (f � k

TF
))

!
:

The PSD still contains a discrete part. Figure3 is again a re-
sult of the simulation model described in AppendixA. Note
that this results are also valid if the time hopping is determinis-
tic, but the sequence length longer than the observation interval
used to derive the spectral expectation. The distances between
the discrete lines equals in this particular case1

TF , as the sym-
bol timeTS is a multiple of the frame durationTF . Sinc func-
tions at multiples of 1

TF and 1
TTH are clearly noticeable in the

plot covering the complete spectrum and the one covering the
extract.
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Fig. 3: PSD of a 2PPM Signal with random Time Hopping

B. PSD of a PAM Signal with Random Time Hopping

The PSD of a 2PAM signal can be derived similarly to the PPM
case. The analytical expression is:

S2PAM (f) =
1
TS
�
 

1 +
1X

l=�1
sinc2(q�TTH(f � l

TTH
))

� �R 1X
m=�1

sinc2(R�TF (f � m
TF

))� 1
�!
: (9)

The PSD is continuous but has still significant concentrations
of power at multiples of 1

TTH , which are linear in the number of
repetitions as mentioned before. Figure4 illustrates this.
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Fig. 4: PSD of a 2PAM Signal with random Time Hopping

In conclusion, we find that increasing the length of the TH–
sequence is not a sufficient method for achieving a “smooth”
PSD. TableI especially illustrates that the length of the se-
quence is of limited impact with respect to available transmis-
sion power when the FCC–regulations have to be met. That is
in contrast to the conclusions of [8].
The PSD still has undesired concentrations of transmission
power, which are due to the sinc–functions, at distances of1

TF
and 1

TTH . To avoid this effect, one could choose those param-
eters in such a manner that those concentrations are positioned

at frequencies where the frequency response of the considered
pulse are close to zero. However, as the bandwidth of the pulse
is roughly given by 1

TPulse , with TPulse describing the pulse
duration, the time hopping indexTTH has then to be smaller
than the pulse durationTPulse. This should be difficult to im-
plement, in particular for UWB approaches.

IV. T HE PSDOF TIME HOPPING SIGNALS WITH INFINITE

SEQUENCE LENGTH AND TIMING JITTER

In this section we want to extend our discussion of the PSD
of TH impulse radio to include timing jitter. We consider here
for each pulse independent timing jitter, which is uniformly dis-
tributed over the interval[� I2 ; I2 ]. Therefore, the excitation pro-
cess is described by the following expression:

M(t) =
1X

l=�1
1p
R

R�1X
k=0

Al � �(t� l � TS �Bl � TPPM
� k � TF�Ck �TTH��k): (10)

Here,�k represents the timing jitter process. In [9] is stated
that such a timing jitter would help to “smooth” out the PSD.
To discuss this we consider the PSD of this signal. The deriva-
tion of the appropriate analytical expression can be found in
AppendixB.

SMM (f) =
1
TS
El=l0fAlAl0g

�
1 + sinc2(�fI) (11)

�
1X

l=�1
sinc2(qTTH�(f� l

TTH
))

��R 1X
k=�1

sinc2(RTF�(f� k
TF

))�1
��

+
R
TS
El 6=l0fAlAl0gEl 6=l0�e�j2�(Bl0�Bl)TPPM	sinc2(�fI)

�
1X

l=�1
sinc2(qTTH�(f� l

TTH
))

1X
k=�1

sinc2(RTF�(f� k
TF

))

� � 1
TS

1X
j=�1

�(f � j
TS

)� 1
�

Expression (11) is similar to the one without jitter (7). The jitter
introduces a multiplication of the undesired power concentra-
tions and the spectral lines with another sinc function. The term
sinc2(�fI) concentrates those troubling parts of the spectrum
at low frequencies. As the expressions are similar to the ones
of sectionIII , apart of the additional sinc function, and for con-
ciseness, we do not consider the expression for PAM or PPM in
detail, and continue directly with discussing the results.
The upper plot of Figure5 shows the PSD of a PPM signal,
and the lower one of a PAM signal with timing jitter. In both
cases the interval of the timing jitter equals92 ps. Comparing
those plots with the ones of Figure3 and4 we realize that the
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Fig. 5: PSD of a PPM Signal and a PAM Signal with random Time
Hopping and independent Timing Jitter

sinc2(�fI) makes the PSD “smooth” at high frequencies. In
this sense the jitter helps achieving a good PSD. An increasing
timing jitter concentrates the spectral lines etc. more and more
at low frequencies, where the frequency response of the pulse
vanishes, anyway.
However, as the considered jitter is independent uniformly dis-
tributed, it increases the BER performance due to clocking er-
rors between the transmitted pulses and the receiver. Figure6
shows the considered pulse shape (upper plot) and its autocor-
relation function. As we consider real signals, the ACF of the
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Fig. 6: Considered Pulse shape and its Autocorrelation Function
pulse shape is identical with the output of a matched filter at
the receiver with the timing error� . Therefore, the ACF plot
enables us to estimate the effect of the timing error on the BER
performance. We can infer from this plot that a timing error
of say�50 ps will have a serious impact on the BER. Thus,
the jitter interval of92 ps considered in Figure5 will signifi-
cantly increase the BER. A larger jitter interval, which would
lead to a PSD without noticeable undesired effects, would in-
crease the BER even more or even make data transmission im-
possible. The same observation can be made for TH impulse
radio with finite TH–sequences. Therefore, the idea of time jit-
ter improving the spectrum has to be considered with care.

V. CONCLUSION

Scheme total power in dBm

PAM finite,P = 5 -13.08
infinite -13.16
infinite, jitter -9.28

PPM finite,P = 5 -21.01
infinite -20.99
infinite, jitter -14.60

optimal case -6.81
Table I: List of total available Transmission Power for the Signals

under consideration

TableI lists the total available transmission power of the TH–
signals under the constraint of meeting the FCC regulations.
The “optimal case” is the situation in which the PSD is deter-
mined just by the Fourier transform of the single pulse. That
is true for example for binary PAM and one pulse per symbol,
R = 1. Thus we can infer from the table above that the time
hopped repetitions make necessary to attenuate the transmitted
power. Let us note that we based our discussion on a particular
set of parameters, which can be found in AppendixA, and a
time hopping scheme as described for example in [1], [2], [6],
[8]. We have presented analytical expressions for impulse ra-
dio with finite TH–sequences and infinite TH–sequences with
and without timing jitter. Further, those expressions have been
illustrated with PSD–plots based on realistic simulations.
We have demonstrated that increasing the length of the TH–
sequence without choosing the other parameters in a particu-
larly advantageous way does not yield a better PSD. Moreover,
we have discussed that a timing jitter, which helps to “smooth”
the PSD, increases the BER of the impulse radio link. How-
ever, the work presented here should allow to discuss the spec-
tral properties of different impulse radios in the UWB context.

APPENDIX

A. Simulation Model and Parameters of the Signal

The PSD plots presented here are all obtained using the Bartlett
periodogram method, [10]. The resolution in the frequency
domain is1MHz and the number of the single FFTs that are
used for the spectrum estimation is chosen such that the dura-
tion of the total considered signal is1ms (corresponding to a
video bandwidth of roughly1kHz). Therefore the parameters
are chosen to yield spectral estimations realistic with respect
to the FCC recommendations. The parameters of the signals
considered in the plots are listed in the TableII .

Parameter Value

PPM-Modulation index,TPPM 0.504 ns
TH-index,TTH 2.03 ns
Frame duration,TF 20.28 ns
Symbol time,TS 101.29 ns
Hopping alphabet size,q 5
Number of repetitions,R 5
Timing jitter interval,I 0.92 ns

Table II: List of the Parameters of the Simulated Signals



B. PSD of a TH Signal with Infinite Sequence Length and Tim-
ing Jitter

Here we want to derive the PSD of the modulation process of
a time hopping signal with infinite sequence length and inde-
pendent uniformly distributed timing jitter. Let us start with the
ACF of this process:

'MM (t+ �; t) = (12)

E
n 1
R

1X
l=�1

Al
R�1X
k=0

�(t�lTS�BlTPPM�kTF�CkTTH��k)

�
1X

l0=�1
Al0

R�1X
k0=0

�(t+��l0TS�Bl0TPPM�k0TF�Ck0TTH��k0)
o

Now we realize that this ACF is periodic withTS . Thus, we
have to evaluate the time–average autocorrelation function by
averaging over[0; TS ]. Therefore, we have to take onlyl = 0
into account:

'̂MM (�) = 1
TS

Z TS

0
'MM (t+ �; t)dt (13)

= E
n 1
R � TS

1X
l0=�1

AlAl0
R�1X
k=0

R�1X
k0=0

�(� � l0TS
� (Bl0 �Bl)TPPM � (Ck0 � Ck)TTH � (�k0 ��k))g

Let us note that hereAl, Bl, Ck and�k are stochastic pro-
cesses. Now, we distinguish the parts of the sums in which
l = l0 = 0 and k = k0 from the ones in whichl0 6= l or
k0 6= k. Furthermore, we explicitly evaluate the expectations
overCk and�k taking into account that they are independent
and uniformly distributed fork 6= k0 or l 6= l0:

'̂MM (�) = 1
TS
El=l0fAlAl0g

 
�(�) (14)

+ 1
Rq2I2

R�1X
k=0

R�1X
k0=0

q�1X
ck=0

q�1X
ck0=0

Z I
2

� I2

Z I
2

� I2
El=l0

n
�
�
��(Bl0�Bl)TPPM

�(k0�k)TF�(ck0�ck)TTH�(�k0��k)
�o
d�k0d�k

� 1
q2I2

q�1X
ck=0

q�1X
ck0=0

Z I
2

� I2

Z I
2

� I2
El=l0

n
�
�
��(Bl0�Bl)TPPM

�(ck0�ck)TTH�(�k0��k)
�o
d�k0d�k

!
+ 1
TSRI2q2El6=l0fAlAl0g

 1X
l0=�1

R�1X
k=0

R�1X
k0=0

q�1X
ck=0

q�1X
ck0=0

Z I
2

� I2

Z I
2

� I2

El=l0
n
�
�
� �l0TS�(Bl0�Bl)TPPM�(k0�k)TF�(ck0�ck)TTH

�(�k0��k)
�o
d�k0d�k

�
R�1X
k=0

R�1X
k0=0

q�1X
ck=0

q�1X
ck0=0

Z I
2

� I2

Z I
2

� I2
El=l0

n
�
�
� �(Bl0�Bl)TPPM

�(k0�k)TF�(ck0�ck)TTH�(�k0��k)
�o
d�k0d�k

!

The Fourier transform of the expression (14) is the PSD of the
considered signal.

SMM (f) = 1
TS
El=l0fAlAl0g

�
1 + sinc2(�fI) (15)

�
1X

l=�1
sinc2(qTTH�(f� l

TTH
))��R 1X

k=�1
sinc2(RTF�(f� k

TF
))�1

��
+ R
TS
El6=l0fAlAl0gEl6=l0�e�j2�(Bl0�Bl)TPPM	sinc2(�fI)

�
1X

l=�1
sinc2(qTTH�(f� l

TTH
))

1X
k=�1

sinc2(RTF�(f� k
TF

))

� � 1
TS

1X
j=�1

�(f � j
TS

)� 1
�

To evaluate the Fourier transform of the expression (14) the
following relations have been used:

Ff
1X

l=�1
�(t� lT )g = 1

T

1X
l=�1

�(f � l
T

)

Ff 1
q2

R�1X
k=0

R�1X
k0=0

�(t� (k0 � k)T )g =
1X

k=�1
sinc2(RT�(f � k

T
))

Ff 1
I2

Z I
2

� I2

Z I
2

I
2

�(t� (�k0 ��k))d�k0d�k0g = sinc2(I�f)
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