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Abstract —
a single-user ultra-wideband (UWB) communications

The information theoretic capacity of

is investigated for various modulations under spe-
cific UWB regimes: low power spectral density, large
spreading ratio, and a highly dispersive channel. We
demonstrate that biphase modulation provides the
best performance among several studied formats. The
performance loss due to a fixed low coding rate is neg-
ligible in the low signal-to-noise ratio (SNR) regime.
It is shown that capacity can be obtained by fixing
the spreading ratio and allowing the coding rate to
vary. However, little is lost by employing a distance-
dependent spreading ratio in the presence of a fixed
coding rate.

I. INTRODUCTION

Impulse radio ultra-wideband (UWB) systems operate
across a wide range of the frequency spectrum by sending
sequences of short pulses. Employing low duty cycle wave-
forms, the UWB modulated signal occupies a bandwidth sub-
stantially greater than needed, leading to a spread spectrum
system [1]. Spreading modulations, such as direct sequence
(DS) and pulse position modulation (PPM) with timing hop-
ping (TH) have been proposed for UWB [2, 3].

Due to the low power imposed by regulatory restrictions [4],
UWB communications is inherently short range. It is of inter-
est to study the information theoretic channel capacity as a
function of the distance between the transmitter and receiver.
The large bandwidth available in UWB systems enables not
only large spreading ratios, but also very low coding rates.
Our goal is to develop an understanding of coding-spreading
tradeoff, as well as the role of various parameters in determin-
ing the channel capacity of UWB communications.

Coding and bandwidth scaling for spread spectrum commu-
nications have been extensively investigated in the literature,
for example, [5-8] and references herein. Extending our previ-
ous work [9-12], we compute the UWB channel capacity as a
function of distance when specific UWB constraints are taken
into account. The constraints are the maximum power spec-
tral density (PSD), large but finite bandwidth imposed by the
FCC, and a highly dispersive multipath channel [13,14]. In
particular, an outage capacity is investigated accounting for
the fading over the multipath channel.

Using capacity expressions constrained by modulation, we
compare different modulation schemes combined with ideal
coding, and find which signaling is most suitable to UWB.
Then, the coding rate is determined at which the loss due to
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the constrained signal is negligible. For a fixed coding rate,
the achievable information rates are computed as a function
of distance. Implied from the channel capacity expressions,
the coding rate needs to be adjusted as a function of signal-
to-noise ratio (SNR) for best performance. From a practical
point of view, it is of interest to asses how much information
rate is lost by fixing the coding rate. Moreover, spectrum
spreading plays no role in single user case, but decreasing ca-
pacity [1]. Due to the low PSD limit, UWB operates in the
low SNR regime. In this regime, we seek to determine the
conditions under which the capacity loss due to spreading is
small. Finally, the outage capacity is investigated in terms of
the coding rate, spreading ratio, and delay spread.

The rest of this paper is organized as follows. The next
section introduces the system model. In Section III, channel
capacity is computed for various signaling inputs. Coding and
bandwidth scaling are discussed in Section IV. Conclusions
are drawn in Section V.

II. UWB SysTEM MODEL
An impulse radio UWB transmission system is shown in
Figure 1. The UWB pulse, denoted as ¢(t), has duration 7.
One symbol is constituted by N, pulses. The average pulse
interval is Ty. With T, < Ty, UWB pulses are transmitted
at low duty cycle. DS and PPM with TH are often used in
combination with the low duty cycle. It is apparent that UWB
is a spread spectrum technique.
A general model of the modulated UWB signal can be ex-
pressed
Np—1
si(t) =Y pi(t—34Ty), (1)
j=0
where p;(t) is the UWB waveform determined by the chosen
modulation, and s;(t) is the i-th UWB symbol in an M-ary
signal set {s1(t), s2(t),...,sm(t)}. The signal bandwidth W
is chosen from a practical UWB proposal [2] to support oper-
ation in two bands: a low-band from 3.1 to 4.85 GHz, and a
high-band from 6.2 to 9.2 GHz. In [1], such a signal bandwidth
W is called Fourier bandwidth, and it is defined as the range of
frequencies that encompasses the essential spectral bandwidth
occupied by the signal. In [1], the Shannon bandwidth, B, is
defined as one-half the minimum number of dimensions ()
per second required to represent the signal in a signal space,

N

where Ts = NpTy is the symbol duration. The ratio of the
Fourier bandwidth to its Shannon bandwidth is defined as
spreading ratio, p,

P = B (3)
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Figure 1: A single user impulse radio UWB transmission system.

By [1], a signal is defined as spread spectrum if p > 1.

As shown in Figure 1, a UWB multipath channel can be
modeled by the impulse response h (t) = ZZL:_OI aed (t — 70),
where L is the number of multipath components, ay and 7, are
the ¢-th path amplitude and delay, respectively, and Tmax =
Tr,—1 — 7o serves as the maximum delay spread. The channel
statistics are assumed Nakagami-m fading for the distribution
of the paths’ envelopes [15]. The average received power of the
(-th path is expressed Q¢ = E [o}] = Qexp [~ (7¢/7L-1) 0],
where € is chosen such that the total average received power is
unity, and dp is a constant, which determines the power decay
factor.

The receiver implements a Rake receiver with L correlators
(fingers), where each finger can extract the signal from one of
the multipath components. The outputs of the correlators are
combined coherently using maximal ratio combining (MRC).
The combiner requires knowledge of the paths’ delays and
amplitudes. In this work, we assume that the channel state
information is perfectly known.

III. UWB CHANNEL CAPACITY

One question to be answered in this section is, given the
PSD constraint, bandwidth, and multipath delay spread, how
fast and how far can the information data be transmitted re-
liably. We start our study of capacity with the additive white
Gaussian noise channel, and move on to a multipath channel.
We investigate a Gaussian signal input as well as different
modulation formats.

IIT.A GAUSSIAN SIGNAL INPUTS

The capacity of the linear Gaussian channel is obtained
with a Gaussian distribution of the input signals. The Shan-
non capacity in bits/sec at a distance d from the transmitter
is

C(d) = Blog, (1 +SNR(d)) bits/sec (4)

where SNR(d) is the average SNR per dimension at the dis-

tance d (
Ps(d) E,
SNR(d) = =2r—(d). 5
@ =G =2 (@ (5)
In (5), Ps(d) is the average received signal power per dimen-
sion at the distance d from the transmitter, Ny is one-sided
noise power spectral density, E,/No is the SNR per bit, and
r is the coding rate measured in bits per dimension

=& -i, bits/dim

T—R—s N (6)

where Ry, is the information bit rate in bits/sec, and Rs = 1/T
is the symbol rate in symbols/sec, respectively. To account for
variations across the bandwidth of the signal, Ps(d) should be

5(f)

calculated using the integral of the PSD within a frequency
Tl

region [12]
fu
ra=

where fr, and fm are the frequencies measured at the —10

dB emission points, S(f) is the PSD of the transmitted UWB

pulse, and Ls(d, f) is the wideband frequency-dependent path
(4m)*f*dg

- L= WL (4) ©

In (8), c is the speed of light, do is a close-in reference distance
to the transmitter, and n is path loss exponent. The path loss
exponent is n = 2 for line-of-sight (LOS) and n = 4 for non-
line-of-sight (NLOS) [14].

(7)

III.B  MODULATED SIGNAL INPUTS
In this section, we compute the capacity for UWB systems
when specific modulation formats are employed. Define ~v(d)
as the SNR per symbol at distance d from the transmitter

9)

For M-PPM, N = M, and for biphase and on-off keying
(OOK), N = 1. The M-PPM channel capacity in bits/sec
has been derived in [16] and given by

by
Y(d) = N - SNR(d) = 2N 32 (d).

Cwm-prm(d)
2B N
= WEU‘S]' log, < , (10)
14>, _oexp [— ’y(d)um]
where u,, is a Gaussian random variable with mean +/~(d)
and variance 2. For 2-PPM, (10) becomes [9]
Cao-prm(d)
B /°° 2 2
=— e " log dz.(11
VT o ? - ~23/7(@ a4+ D )
e

It can be verified that the channel capacity for biphase mod-
ulation is

Cbiphase(d)
2B [ 2 2
=— e " log, — 5 dz, (12)
T J_oo _ 44/ 2D
NG e sz(d)[ +/ 25 ]
and for OOK is
Cooxk(d)
_2B e log, 2 dz, (13)

VS ~2/5(@) =+

1+e



respectively, both in bits/sec.
2C5-ppm(d).

In the AWGN channel, to achieve capacity, the UWB pulses
have to be placed as close as possible, as long as the corre-
sponding spreading ratio meets the system requirement. How-
ever, this situation is not always true over a multipath channel.
Due to delay spread from the channel response, interference
occurs when the pulse frame time is less than the maximum
delay spread. Interference will reduce the capacity. Such in-
terference can be classified into two kinds. One is inter-symbol
interference (ISI), which is caused by delay spread of previous
symbols. The other interference, referred to as inter-pulse-
interference (IPI), occurs between pulses in the same symbol
when the system has N, > 1. In addition to ISI and IPI,
M-PPM is also subject to self-interference (SI), which occurs
when the orthogonality of transmitted PPM symbols is de-
stroyed by the delay spread.

The multipath fading channel parameters {ay, 7¢} are mod-
eled as random variables. Therefore the capacities are also
treated as random variables when fading is taken into account.
In this case, capacities can be characterized by complementary
cumulative distribution function (CCDF). We set a thresh-
old percentage, say, e.g., 90%, and then read from the CCDF
graphs the capacity that we can provide with 90% probability.
This 90% level amounts to 10% probability of outage [17].

To apply the results in (10)-(13) to the multipath chan-
nel, it is needed to replace the SNR in (5) with signal-to-
interference-plus-noise ratio (SINR) at the output of the Rake
combiner. In practice, Rake receivers often process only a
subset of the resolved multipath components (L. paths out of
the L resolved multipaths), and combine them using MRC.
Such a Rake receiver is referred to as selective. With perfect
knowledge of channel parameters {ag, ¢}, it can be verified
that the SINR at the output of the combiner is

Note that Coox(d) =

2
Pu(d) [Shey " of
SINR = e 5 (14)
NoB -3 /2y af + Po(d) Y250 afzp

where z; represents the interference (ISI, IPI, and/or SI) at the
¢-th path. Replacing SNR in (9) with (14), and substituting
(9) into (10), (11), (12), and (13), we obtain the instantaneous
capacity conditioned on each channel realization for M-PPM,
2-PPM, biphase, and OOK, respectively.

In Figure 2, the capacity with 10% probability of outage
for different modulations is plotted as a function of distance
d over a multipath channel. The maximum delay spread is
assumed Tmax = 50 ns. The Nakagami fading parameter is
my; = 1. Results are shown for the low-band with a spreading
ratio p = 1, and the number of selective-Rake fingers L. = 20.
The UWB capacity in AWGN for different modulations is also
shown for comparison.

It is observed that biphase achieves the capacity of Gaus-
sian signaling in AWGN when d is large (corresponding to
the low SNR regime). In multipath situations, biphase has
highest outage capacity among other modulations. For short
distances (corresponding to the high SNR regime), the outage
capacity for M-PPM is higher than for the other modulations.
This is due to the fact that for a fixed bandwidth and a fixed
spreading ratio, the symbol duration of M-PPM is larger than
that of biphase and OOK, leading to a reduced effect of the
channel delay spread. It is further observed from Figure 2
that the capacity for modulation signals is saturated at short
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Figure 2: Capacity with 10% outage probability for dif-
ferent signalings as a function of distance over a UWB
multipath channel. We assume 7,,x = 50 ns, p = 1, and
L. = 20.

distances. This is explained as follows. When the transmitter-
receiver separation d becomes small, the SNR is high enough
to neglect the effect of noise. From (14), the SINR becomes
signal-to-interference ratio (SIR), which is independent of re-
ceived power Ps, as well as the distance d. In this case, the
capacity is determined only by the employed modulations and
interference.

We have obtained the channel capacity expressions for
various modulation signals. Next, we discuss the coding-
spreading.

IV. CODING AND BANDWIDTH SCALING

In this section, using the expressions derived in the previ-
ous section, we investigate the effect of coding and spreading
on the capacity. We derive the minimum required E,/No as
a function of coding rate for different modulation schemes.
Then we determine the coding rate at which the loss due to
the constrained input is negligible, and find the coding gain
compared to uncoded modulation. Subsequently, with the
coding rate fixed, we vary the spreading gain and compute
the achievable information rates as a function of distance. Fi-
nally, we determine the conditions under which the loss due
to spreading is small.

IV.A MINIMUM Ep /Ny

We now find the relation between the coding rate and the
SNR per bit required for reliable transmission. For a Gaussian
signal in AWGN, it can be shown [18§]

B

B 22'r -1
No N '

(r) o

(15)

It is seen that Ey/No decreases monotonically with . In our
case, both Ep/No and r are implicit functions of the distance
d (both decrease when d increases, see (5) and (9)). Using
an argument similar to the one leading to (15), i.e., letting
2Br(d) = C(d), we obtain the Ej/Ny required as a function
of r for various modulation signal inputs, where C(d) is given
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Figure 3: Required E;/Ny to obtain a reliable transmis-
sion as a function of the normalized coding rate for vari-
ous signalings.

in (10)-(13). Since no simple closed expression appears to be
available, we rely on numerical computations.

In Figure 3, the required Ep/Ny to obtain a reliable trans-
mission is displayed versus the coding rate for different mod-
ulations. To compare the different modulation signals, we
define the normalized coding rate

N
log, M~

Thorm = (16)
It is observed that the Gaussian signal input provides the lower
bound for all modulation signals at (Ey/No),;, = —1.6 dB.
Among modulations, biphase requires lowest E,/No, while
OOK and 2-PPM require highest E;/No. If the number of
orthogonal symbols M is increased, the required Ey/No ap-
proaches the lower bound. It is also shown that a biphase
transmission can theoretically achieve the capacity bound at
low coding rate, such as r < 1/4. This result is very valuable
since the ultra-wideband nature of the signal enables the us-
age of channel codes with very low coding rates. From (5),
the region of » < 1/4 corresponds to the low SNR regime
for a moderate E,/Ny. Note that the required Ej/No for un-
coded signals at BER of 107° is also marked at the abscissa of
Tnorm = 1. For a code rate r = 1/4 and biphase signaling, the
required Ey /Ny is —0.79 dB, leading to 9.59 — (—0.79) ~ 10.4
dB coding gain.

IV.B INFORMATION RATE WITH FIXED CODING
RATES

In this section, we estimate the achievable information rates
in the presence of a fixed coding rate. From a practical point
of view, it is of interest to asses how much information rate is
lost by fixing the coding rate. Let the desired coding rate be
r = ro. A typical value is 7o = 1/4. As shown in Figure 3,
each modulation requires a (Ey/No),,, by which reliable com-
munication is possible. As the transmitter-receiver separation
increases beyond where the required coding rate is ro, the sym-
bol rate needs to be reduced to maintain E, /Ny = (Eb/NO)rg'
Let d,, be the distance at which the required coding rate is
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Figure 4: Bit rate and capacity versus distance for Gaus-
sian and biphase inputs at a fixed coding rate ro = 1/4.
The spreading ratio is p = 100.

ro. It can be verified that in AWGN [12]

dry = ¢ SU) g 17
(47)2No B - 2r¢ (%) TER A

70

Given the path loss exponent n and pulse waveforms, d,, is a
function of the Shannon bandwidth, B.

Turning now to the information rate as a function of dis-
tance for a given coding rate. From (5) and (6), we have

Py(d)
E .
Moo (),
A few comments are in order with respect to (18). At the
distance of d,,, we exploit the full Fourier bandwidth of the

dr,
signal, B = W. Using (18) and (6) in (2), the definition of

Shannon bandwidth, it follows
_ 1 Ps(dr)
0" No

As discussed before, at larger distances d > d,,, the trans-
mission rate needs to be reduced to maintain a desired perfor-
mance. Then the Shannon bandwidth decreases. By adjusting
the Shannon bandwidth as a function of distance, we maintain
a fixed SNR as a function of distance,
- P

(%),

Therefore, substituting (19) and (20) into (3), we obtain
a distance-dependent spreading ratio p(d) = W/B(d) =
P;(dr,)/Ps(d). In conclusion, in the presence of a fixed coding
gain, the SNR attenuation with the distance is compensated
through a buildup of processing gain.

In Figure 4, we plot the information bit rate versus dis-
tance at a fixed coding rate rg = 1/4. The spreading ratio is
assumed p = 100. For illustration, only Gaussian and biphase

Ry(d) = (18)

(19)

To

(20)
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Figure 5: Distance-dependent spreading ratio to maintain
a desired E,/Ny at a fixed coding rate ro = 1/4.

signaling inputs are shown. Capacity curves are also shown
for reference. It is shown that the distance with such a cod-
ing rate is d, = 181 m for LOS and d,, = 13 m for NLOS,
respectively. When d > d,,, the performance loss due to fixed
coding rates is negligible.

Figure 5 depicts the needed spreading ratio versus distance
for a fixed coding rate ro = 1/4. For brevity, only the result for
LOS is plotted. The SNR attenuation with the distance can be
compensated by a buildup of a distance-dependent spreading
ratio. In conclusion, capacity can be obtained by fixing the
spreading ratio and allowing the coding rate to vary. In the
presence of a fixed coding rate, capacity can also be achieved
by employing a distance-dependent spreading ratio.

It is known that spreading plays no role in single user case,
but decreasing capacity. Next, we investigate the effect of
spreading on the capacity, and determine the regime that ca-
pacity loss due to spreading is small.

IV.C CaraciTty Loss DUE TO SPREADING

When the Shannon bandwidth is substituted with W/p,
the channel capacity in (4) can be expressed as a function of
spreading ratio

P,(d)
NoW

C(d) = % log, (1 +p ) , bits/sec. (21)
Similarly, the capacity expressions in (10)-(13) can be repre-
sented in terms of p for modulation signals. For a fixed W, it
is apparent that C(d) decreases monotonically with increasing

p. The loss in capacity due to spreading is defined as

C(d)

max C(d)’ (22)

n=1-
where the maximum of C(d) is achieved when p = 1.

Figure 6 depicts the capacity loss as a function of distance
for a fixed spreading ratio p = 100. It is observed, when
d > 15 m for NLOS, or d > 200 m for LOS, the capacity loss
is less than 10%. The region of d > 15 m corresponds to the
low SNR regime. This is true for all modulated signals. This
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Figure 6: Capacity loss as a function of transmission dis-
tance for a given spreading ratio p = 100.

result clearly demonstrate that, in the low SNR regime (cor-
responding to a large distance), capacity loss due to spreading
is small.

In a multipath channel, the outage capacity is a function
of the spreading ratio and delay spread. This is shown in Fig-
ure 7. We compare the capacity with 10% outage probability
versus spreading ratio for different modulated signals. We as-
sume Tmax = D0 ns, L. = 20, and d = 100 m. It is seen that
a largest outage capacity exists when the spreading ratio in-
creases. In general, a larger p value is associated with a longer
symbol duration Ts, and less interference. Consequently, the
effective SINR is higher, leading to a higher capacity. On the
other hand, a longer T corresponds a lower transmission rate
R, resulting in a lower capacity.
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Figure 7: Capacity with 10% outage probability over a
multipath fading channel as a function of spreading ratio
for different signaling inputs. We assume Tyax = 50 ns,
d =100 m and L. = 20.



V. CONCLUSION

The channel capacity for UWB systems was investigated for
different signaling formats under specific UWB regimes: low
PSD limitation, large spreading ratio, and high delay spread.
In particular, outage capacity over a UWB multipath fading
channel was computed as a function of spreading ratio and
delay spread. Different modulation schemes using ideal cod-
ing were compared in terms of required SNR per bit. It was
shown that biphase modulation provided the best performance
among several studied modulation formats. Effects of coding
and spreading on the channel capacity were then discussed,
and the region suitable to UWB operations was determined.
It was demonstrated that, in low SNR regime (d > 13 m
at NLOS), the performance loss in the presence of a fixed
coding rate was negligible. For a fixed coding rate, the SNR
attenuations with distance was compensated using a distance-
dependent spreading ratio. In the low SNR regime (d > 15 at
NLOS), the capacity loss due to spreading was small.
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