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Overview

* The Hodgkin-Huxley model (review)

* Dynamical systems: Basic concepts

* Reduced one-dimensional models

* Reduced two-dimensional models

* Morris-Lecar and FitzHugh-Nagumo models
* Quadratic integrate-and-fire models

* Bifurcations: basic concepts
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Figure 2.13: Steady-state (in)activation functions (left) and voltage-dependent time
constants (right) in the Hodgkin-Huxley model.
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Hodgkin-Huxley model
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Fig. 1.11 Hodgkin—Huxley functions. Left the steady-state opening of the gates and right the time
constants
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Fig. 1.12 Response of the activation and inactivation variables m, h, and n to a step in voltage
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Fig. 1.13 Responses of the Hodgkin—Huxley model to applied currents. Leff transient responses
showing “all-or-none™ behavior and right sustained periodic response
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Fig. 1.14 Solution of the Hodgkin—Huxley equations showing an action potential. Also shown are
the NaT and K+ conductances
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Brainstem mesV cell
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10 ms
-45mV /\M’ In vitro recording of rebound
spikes of a rat’s brainstem
0pA mesencephalic V neuron in
response to a brief
-100 pA hyperpolarizing pulse of
current.

(I1zhikevich)



Dynamical System:

O set of variables that describes its state

O law that describes the evolution of the state variables with time

Dynamical systems approach to neuroscience: One can tell things
about a system without knowing all the details that govern the
system evolution
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Dynamics systems

Important concepts:

* Phase portrait (phase-plane / phase-space)
* Equilibrium (fixed-) point

* Limit cycle

e Stability

e Threshold

» Attractor

» Attraction domain (basin of attraction)

e Separatrix

* Perturbation

 Bifurcation



Bifurcations

* Qualitative change of the phase portrait of a dynamical system as
the magnitude of a control parameter changes

 Example of a control parameter: Applied (injected) current

 Example of a bifurcation: transition from a fixed-point to a limit
cycle



Bifurcations

* As the magnitude of the injected current slowly increases, the
neurons bifurcated from resting (equilibrium) to tonic spiking (limit
cycle) modes
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 Transitions between rhythmic and spiking modes result in bursting
behavior

spiking
mode ~

resting mode



e Saddle-node bifurcation

recovery

potential

N

/ saddle-node /‘




e Saddle-node on invariant cycle (SNIC) bifurcation




» Subcritical Hopf (Andronov-Hopf) bifurcation




* Supercritical Hopf (Andronov-Hopf) bifurcation

(d)
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* Frequency-current (F-I) curves of cortical pyramidal neurons and
mes V neurons
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Figure 2.13: Steady-state (in)activation functions (left) and voltage-dependent time
constants (right) in the Hodgkin-Huxley model.
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Figure 2.13: Steady-state (in)activation functions (left) and voltage-dependent time
constants (right) in the Hodgkin-Huxley model.



* The passive membrane equation

dVv
C prahak G, V-E)+1,,
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Figure 2.13: Steady-state (in)activation functions (left) and voltage-dependent time
constants (right) in the Hodgkin-Huxley model.
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Figure 2.13: Steady-state (in)activation functions (left) and voltage-dependent time
constants (right) in the Hodgkin-Huxley model.
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Figure 2.13: Steady-state (in)activation functions (left) and voltage-dependent time
constants (right) in the Hodgkin-Huxley model.
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e Persistent sodium model

CC;—I;=_ Gym, V) (V-Ey,) - G, (V-E,) gy



e Persistent sodium model

dV
CE=- GNapoo3(V) V-Ey,) - G, V-E}) +],,
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Figure 2.13: Steady-state (in)activation functions (left) and voltage-dependent time
constants (right) in the Hodgkin-Huxley model.
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Figure 2.13: Steady-state (in)activation functions (left) and voltage-dependent time
constants (right) in the Hodgkin-Huxley model.
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Figure 2.13: Steady-state (in)activation functions (left) and voltage-dependent time
constants (right) in the Hodgkin-Huxley model.



e Persistent sodium & potassium model

Cci'_rt/=- GNamoo3(V) V-Ey) - GKn4 (V-Eg) -
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e Persistent sodium & potassium model
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* Morris-Lecar model
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* Morris-Lecar model
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e FitzHugh-Nagumo (FHN) model

714 Ve

A /G A
dt 3

dw

GG - bW
7 ¢V +a )

a, b, ¢ :dimensionless & positive

¢ (<< 1): mverse of a time constant



e Quadratic integrate-and-fire model

d—V=I+V2 it V="V _, thenlV < IV

eak ° reset
dt g

Equilibria: 7, = I  and V, &= +~N1

rest resh



e Quadratic integrate-and-fire model
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e Quadratic integrate-and-fire model
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e Quadratic integrate-and-fire model
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e Saddle-node

recovery

potential



» Saddle-node on an invariant circle (SNIC)




» Subcritical Hopf (Andronov-Hopf)
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e Supercritical Hopf (Andronov-Hopf)
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