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Hodgkin-Huxley model  
Notation:


• CM: membrane capacitance (cM: specific membrane capacitance)


• RM: membrane resistance (rM: specific membrane resistance)


• icap (= CM dVM/dt): capacitive current per unit area


• Icap: total capacitive current


• I(t): source current


• iion: ionic current per unit area


• Iion: Total ionic current 


• A: area



Hodgkin-Huxley model 



Spherical cell - passive membrane 
Assumptions:


• Membrane is passive


• Spherical cell of radius ρ


• Er = 0: VM measures the deviation of the membrane potential from rest


Notation:


• IM(t): current flowing across a unit area of the membrane (injected current  

   distributes uniformly across the surface)


• τM: time constant
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• RINP:  Input resistance of the cell

RINP is the slope of the I-V curve 
obtained by plotting the steady-state 
voltage against the injected current



The cable equation 

• Neurons are not isopotential: soma, dendrites, axon and spatial 

   extension


• Isopotential approach: appropriate for the study of signal generation 

   but not for the investigation of signal propagation.


• Axons and dendrites are better approximated by cylinders than by  

   spheres 


• Goal: understanding how geometry affects the spread of the signal



The cable equation 

Assumptions:


• Membrane is passive (applicable to dendrites rather than axons)


• Cell shaped as a long cylinder (or cable)


• Current flows along a single spatial dimension (x)


• Membrane potential depends only on x, not on the radial or angular    

   components: VM(x,t)


• Cable equation: Partial differential equation (PDE) that describes how 

   VM(x,t) depends on currents entering, leaving, and flowing within the 

   neuron.


• Extracellular space is isopotential



The cable equation 

Ilong: current along the inside of the cable

IM: current across the membrane

RL: resistance of the cytoplasm

Re: resistance of the extracellular space

CM: membrane capacitance

RM: membrane resistance

a: radius of the cable

Δx: length of the cable



The cable equation 

Axial current:


• current flowing along the neuron due to current gradients


• the total resistance of the cytoplasm grows proportionally to the length of the cable 

• the total resistance of the cytoplasm is inversely proportional to the cross-sectional area   

   of the cable



The cable equation 
Axial current:


                                                                               Ohm’s law                                           


                                                         If voltage decreases with increasing x, then the current is positive


         Δx ➝ 0     

Kirchhoff’s law

ionic current:

capacitive current:
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Δx ➝ 0

membrane time constant space (length) constant



The cable equation 

membrane time constant space (length) constant

Steady state solution (semi-infinite cable):

boundary condition

t ➝ ∞ 

solution



The cable equation 

• The thicker the cable the larger the space constant


• Thicker processes transmit signals for greater distances

Input resistance:

Rinp & λ can be measured experimentally ➝ rM & RL can be computed from experimental data



The cable equation 

Hodgkin-Huxley model:



Multiple compartments 

• Neurons are not isopotential (soma, dendrites, axon and spatial 

   extension)


• The majority of the total area of many neurons is occupied by the   

   dendritic tree


• Dendrites have a tree-like structure


• Dendrites enable neurons to connect to thousands of other cells


• Many dendrites have spines (fine structures at the ends of dendrites


• During development, animals that are raised in rich environments have

   more extensive dendritic trees and more spines



Multiple compartments 

Compartmental approach:

   

• Dendritic tree is divided into small segments or  

   compartments that are linked together


• Each compartment is assumed to be isopotential 


• Each compartment is viewed as a cylinder


• Each compartment is assumed to be spatially  

   uniform in its properties (including diameter)


• Differences in voltage and nonuniformity in 

   membrane properties occur between 

   compartments




Multiple compartments 

Two-compartment  model:
ai: radius of the compartment i (=1,2)


Li: length of the compartment i (=1,2)


Ai: area of the compartment i (=1,2)                                       (Ai = 2 π ai Li)


Vi: membrane potential of the compartment i (=1,2)

ci: specific membrane capacitance of the compartment i (=1,2)

rM,i: specific membrane resistivity of the compartment i (=1,2)

Iielectrode: Electrode current of the compartment i (=1,2)

rL: Intracellular (or longitudinal) resistivity 

iicap: capacitive current per unit area of membrane for compartment  i (=1,2)

iiion: ionic current per unit area of membrane for compartment  i (=1,2)
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Multiple compartments 
Cable equation:

Assumptions:

   

• Cable defined on the interval (0,l), l > 0


• Cable has circular cross-section and diameter d(x)

Partition:

   

• Break the cable into n pieces and define xj  = j h where h = l / n


• Call dj = d(xj)


• Surface area: Aj = h


• Cross-sectional area: π d2j / 4


• Neglect the end points
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