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We derive and analyze an efficient algorithm to incorporate the anomalously dispersive
Havriliak–Negami dielectric model of induced polarization in the Finite-difference time-
domain (FD-TD) method. Our algorithm implements this dielectric model, which in the
time-domain involves fractional derivatives and fractional differential operators, with a
preset error over the desired computational time interval [0,Tcomp] and correctly takes into
account the singularity at t = 0+ of the corresponding time-domain dielectric susceptibility.
The overall algorithm is shown to be second-order accurate in space and time, and to obey
the standard FD-TD stability condition. Numerical experiments confirm our analysis.
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1. Introduction

All of the anomalously dispersive dielectric models typically employed to fit experimentally determined frequency-
dependent permittivity data are subclasses of the 5-parameter Havriliak–Negami (H–N) dielectric model [1] for which
the complex permittivity function takes the form
�ðxÞ ¼ �0�1 þ �0
�s � �1

ð1þ ðixsÞaÞb
; ð1Þ
where 0 < a, b 6 1, s is the central relaxation time of the material model, �0 is the permittivity of vacuum, and the relative
permittivities �1 and �s satisfy �s > �1P 1. The Debye model [2] is obtained by setting a = b = 1, while the Cole–Cole (C–C)
[3] and Cole–Davidson (C–D) [4] models are obtained by setting b = 1 and a = 1, respectively. The H–N dielectric model is
the most general material model that arises from considerations [5] of the multi-scale nature of the spatial microstructure
of a broad class of dielectrics of technological and medical interest. Typical materials whose dielectric permittivity has
been represented by the H–N model include glassy materials [6], amorphous polymers near the glass-liquid transition
[7], soils [8], and biological tissues [9].

Dielectric models of permittivity are typically implemented in the FD-TD [10] method by using in Ampere’s Law,
@D
@t ¼ r�H, the constitutive relation D = �0�1E + P, where E and P are respectively the electric and induced polarization
fields. In the case 0 < a 6 1, b = 1, one approach is to determine P through an auxiliary fractional differential equation that
is forced by the electric field, E, i.e., saDa

t Pþ P ¼ �0ð�s � �1ÞE, where Da
t is the fractional time derivative of order a, and pre-

vious works have done so for the Debye (a = 1) [11] and Cole–Cole (0 < a < 1) [12] dielectric models. In the case of the H–N
model, 0 < a, b < 1, this fractional differential equation is formally a fractional pseudo-differential equation

ðsaDa
t þ 1ÞbP ¼ �0ð�s � �1ÞE, which cannot be incorporated into the FD-TD method in a straightforward manner. An alterna-

tive approach, which we adopt here as described in Section 2, is to incorporate the H–N dielectric model into Ampere’s Law
. All rights reserved.
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by determining P in the constitutive relation via a convolution in time of the electric field with the inverse transform of the
second term in (1) which represents the time-domain susceptibility, v(t). A straightforward implementation of this convo-
lution is computationally prohibitive due to the non-exponential nature of the kernel, v(t), which is singular at t = 0+ and
decays algebraically for t > 0+. The present paper offers a computationally viable approach to do this in the framework of
the FD-TD method. However, our approach can be applied to any computational electromagnetics code that solves the
time-domain Maxwell system in its differential form.

Previous research on the incorporation of the Cole–Cole dielectric model in the FD-TD method [13,14] has resulted in
schemes of unknown numerical stability and accuracy properties. Recently, a procedure to approximate the H–N dielectric
with exponentials in the time domain has been presented [15]. In this work the H–N dielectric model is approximated by
Debye functions (poles) in the frequency domain with a preset accuracy over a specified band of frequencies. Therefore
the overall scheme in [15] possesses the stability and accuracy properties of the schemes typically used to implement the
Debye dielectric model in the FD-TD scheme [16]. However, due to the band-limited nature of the approximation, the polar-
ization dynamics are not accurately represented in the time-domain with a preset accuracy over a specified (and likely long)
computational time interval t 2 [0,Tcomp]. Further, the singularity of the time-domain susceptibility that arises from dielectric
models with fractional relaxation is not taken into account. Consequently, the ability to compute the impulse or step
response of spatially complex dispersive scatterers is lost.

It appears that there would be great utility in being able to implement the H–N dielectric model in a way that offers the
modeler the ability to perform time-domain simulations over a specified time interval [0,Tcomp] while maintaining both a
preset accuracy for the polarization dynamics and the stability and accuracy attributes of the FD-TD method. Also, it would
be desirable that the implementation does not depend on the values of a and b thus eliminating the need for separate codes
when considering the H–N model’s subclasses in the FD-TD method. Although the Debye case (a ? 1�,b = 1) is a singular
limit of the H–N model, and thus our approach presented below does not include it, we offer a work-around this shortcoming
in the Summary Section 6. Finally, it should be emphasized that it is desirable that the implementation of the polarization
dynamics of the HN model be correct at t ? 0+ in order to allow the modeler to compute the impulse- or step-response
response of a spatially complex time-dispersive object directly in the time-domain for the purpose of storing the obtained
results at desired spatial locations and later using them to compute the response of the object to arbitrary incident pulses
without recomputing with the FD-TD method.

In Section 2 of the paper we present an approach that approximates the induced polarization dynamics of the H–N model
with a preset accuracy over an arbitrary (but a priori known) computational time interval Tcomp. We show our method
correctly captures both the short- and long-time behavior of the corresponding time-domain susceptibility. The conven-
tional approach to convolution requires O(N) storage, where N is the number of time steps, so that longer computations
become progressively restrictive due to memory allocation. In the development of our method we employ the efficient
numerical techniques of [17,18] to drastically reduce the required storage from O(N) to O(logN) in order to compute a con-
volution and solve the H–N model as a system of M = logN evolution equations appended to the Maxwell system which
requires only the information from the previous time step to perform an update. In Sections 3 and 4 we show our scheme
preserves the second order convergence rate and the CFL stability condition of the FD-TD method, and analyze the phase
error of our scheme. We close the paper with numerical validations and experiments in Section 5, and a short summary
and discussion in Section 6.

2. The numerical scheme

For simplicity, we present our numerical implementation of the H–N model by considering a one-dimensional half-space,
x > 0, containing a nonmagnetic material (l0 is the permeability of vacuum) whose spatially homogeneous dielectric permit-
tivity is given by (1). The proceeding methods can be trivially extended to models with additional terms (i.e. those with mul-
tiple H–N terms), and to higher dimensions. Signaling data is prescribed by setting the electric field E(0, t). We proceed by
scaling the space, time and field variables
E!
ffiffiffiffiffi
�0
p

E; P ! 1ffiffiffiffiffi
�0
p P; H !

ffiffiffiffiffiffi
l0

p
H; t ! Tpt; x! Tpffiffiffiffiffiffiffiffiffiffi

�0l0
p x
and the time scale Tp is usually (but not necessarily) chosen to be the dielectric model central relaxation time s. Maxwell’s
equations then become
@H
@t
¼ @E
@x
;

@

@t
ð�1Eþ PÞ ¼ @H

@x
; ð2Þ
where the induced polarization P is defined by the convolution
Pðx; tÞ ¼
Z t

0
vðt � t0ÞEðx; t0Þdt0; t > 0: ð3Þ
In Eq. (3) the susceptibility v(t) expresses the induced polarization dynamics and for the H–N model it is obtained as the
inverse Laplace transform
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vðtÞ ¼ L�1 �s � �1
ð1þ ðssÞaÞb

( )
¼ D�

2pi

Z fþi1

f�i1

est

ð1þ ðssÞaÞb
ds ¼ D�

ps

Z 1

0

sinðbhðyÞÞe�yt=s

ðy2a þ 2 cosðpaÞya þ 1Þb=2 dy ð4Þ
with h(y) 2 [0,pa] given by
h ¼ cos�1 ya cosðpaÞ þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2a þ 2 cosðpaÞya þ 1

p
( )

:

This definition will hold in general for 0 < a < 1, and is thus valid for both the C–C and H–N models. The C–D model requires a
slightly modified treatment; in this case the Bromwich contour used in the inverse Laplace transform is deformed onto the
branch cut which is now located along the negative real axis issuing from the branch point at s = �1/s rather than at the
origin (as in the case of the H–N and C–C models). Furthermore, h ? p, and the denominator also becomes simplified. We
thus obtain the time-domain susceptibility for the C–D model
vðtÞ ¼ D�
ps

Z 1

1

sinðpbÞ
ðy� 1Þb

e�yt=sdy ¼ D�
ps

sinðpbÞe�t=s
Z 1

0
v�be�vt=sdv ¼ D�

CðbÞs
t
s

� �b�1

e�t=s: ð5Þ
Notice that we can directly evaluate the case b = 1 in this latter expression and recover the Debye case; this could also have
been done by observing that in this case the distribution in (4) will collapse into a delta function d(t � s), which ultimately
leads to the same result. The integral in Eq. (5) provides implicitly an integral transform for the singular portion of the sus-
ceptibility tb�1; through this relation the C–D model can be similarly treated along with the general H–N model.

Specifically, Eqs. (4) and (5) comprise a continuous distribution of exponentials; in fact the Debye case is a ‘‘distribution’’
of a single exponential. The nucleus of our method is to replace the susceptibility by an approximation that makes discret-
ization simple, but for which we have an a priori error bound that is uniform over our computation window
t 2 [0,Tcomp = NDt]. For FD-TD methods, we will use a uniform grid in time that locates the E and P fields at tn = nDt,
n = 1,2, . . . ,N.

To motivate our approximation, we obtain the behavior of the susceptibility by expanding the integrand in (4) for large
and small arguments of the integration variable y. Doing so provides the leading order behavior for small and large t, respec-
tively in the H–N case; the corresponding result for the C–D model can be obtained from direct examination of the closed
form obtained from Eq. (5). The resulting behaviors for small and large time in each model are:
v �
tab�1; t ! 0; t�a�1; t !1 H—N;

ta�1; t ! 0; t�a�1; t !1 C—C;

tb�1; t ! 0; e�t=s; t !1 C—D:

8><
>: ð6Þ
Recalling that 0 < a, b < 1 it follows that v(t) 2 L1([0,c]) and v(t) 2 L1([c,1]) \ L2([c,1]) for c > 0. Due to the singularity at
t = 0+, we treat the interval [0,Dt] separately. Away from t = 0+, v(t) is a smooth algrebraically decaying function that can
be approximated efficiently with a sum of exponentials over a finite interval [Dt,Tcomp]. Therefore, we will represent the in-
duced polarization as a sum of a local and a history part [19],
Pðx; tÞ ¼
Z t

0
vðt � t0ÞEðx; t0Þdt0 ¼

Z t

0
vðt0ÞEðx; t � t0Þdt0 ¼

Z Dt

0
vðt0ÞEðx; t � t0Þdt0 þ

Z t

Dt
vðt0ÞEðx; t � t0Þdt0

¼ Plocðx; tÞ þ Phistðx; tÞ: ð7Þ
2.1. The local approximation

In order to represent the local part Ploc of the induced polarization accurately we obtain an asymptotic expansion of the
susceptibility v for the small t, of which the leading order behavior is indicated in (6). A simple scaling argument shows that
this will correspond to large values of the integration variable s in the first line of Eq. (4). The Laurent expansion of
(1 + (ss)a)�b is then integrated term by term, resulting in
vðtÞ � D�
s
XK

k¼0

ð�1Þk

Cðaðkþ bÞÞ
bþ k� 1

k

� �
t
s

� �aðkþbÞ�1

; ð8Þ
where
bþ k� 1
k

� �
¼ Cðbþ kÞ

CðbÞCðkþ 1Þ
is a generalized binomial coefficient, and the number of terms K to be included can be determined for a preset precision level.
The C–C and C–D models can be obtained by setting b and a = 1 respectively; for the C–D model, we can see that the

expansion is in fact that of the exponential obtained in (5) which is multiplied by the singular term (t/s)b�1, which means
that the expression is exact for K ?1. This is true for the H–N model, since the series in (8) can be shown to be absolutely
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convergent. Since v 2 L1([0,Dt]), if we assume that E 2 L2([0,Dt]) then the same will hold for the local approximation Ploc. We
now use linear interpolation to approximate
Eðx; t � t0Þ � Eðx; tÞ þ t0

Dt
½Eðx; t � DtÞ � Eðx; tÞ�; ð9Þ
which expresses E at the grid points and is second order accurate for t 2 [0,Dt]. The local approximation is then determined
to be
Pn
loc ¼ En

Z Dt

0
1� t0

Dt

� �
vðt0Þdt0

� �
þ En�1

Z Dt

0

t0

Dt
vðt0Þdt0

� �
¼ D�ðaEn þ bEn�1Þ;
where
a ¼
XK

k¼0

ð�1Þk

Cðaðkþ bÞ þ 2Þ
bþ k� 1

k

� �
haðkþbÞ

; ð10Þ
b ¼
XK

k¼0

ð�1Þkaðkþ bÞ
Cðaðkþ bÞ þ 2Þ

bþ k� 1
k

� �
haðkþbÞ ð11Þ
and h = Dt/s. We have used the shorthand notation En = E(x,nDt). Since we must choose Dt small enough to resolve the relax-
ation time [16], we will have h < 1. Furthermore, the coefficients a and b can be also be shown to be absolutely convergent
series. To assess the nature of the coefficients for large k we can use Sterling’s approximation generalized for the Gamma
function
CðzÞ ¼
ffiffiffiffiffiffiffi
2p
z

r
z
e

� �z

ð1þ Oðz�1ÞÞ
and the binomial coefficient
zþ k

k

� �
¼ kz

Cðzþ 1Þ 1þ zðzþ 1Þ
2k

þ Oðk�2Þ
� �

:

The terms in the coefficient b will then be of the form
bk ¼
aðkþ bÞ

Cðaðkþ bÞ þ 2Þ
bþ k� 1

k

� �
� aðkþ bÞ

Cðaðkþ bÞ þ 2Þ
kb�1

CðbÞ 1þ bðb� 1Þ
2k

� �

�ðaðkþ bÞÞ kb�1

CðbÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðkþ bÞ þ 2

2p

r
e

aðkþ bÞ þ 2

� �aðkþbÞþ2

� a1�bffiffiffiffiffiffiffi
2p
p ðakÞbþ1=2

CðbÞ
e
ak

� �aðkþbÞþ2
� Cða;bÞ e

ak

� �aðkþbÞ�bþ3=2
: ð12Þ
In this final expression, C(a,b) is independent of K, and is O(1), while the parenthetical term will exhibit exponential decay
for k > e/a; but since the terms in Eq. (11) are of the form bkha(k+b) the final term obtained by setting k = K will be sufficiently
small for K satisfying K > he/a. Upon multiplying the expression (12) by ha(K+b), we obtain the approximate form of the final
term in the sum (11), which we set equal to some user-prescribed tolerance dK. That is,
dK ¼ Cða; bÞ eh
aK

� �aðKþbÞ�bþ3=2

hb�3=2 ¼ C
eh
aK

� �aðKþbÞ�bþ3=2
and upon taking the natural log of both sides we have
log dK ¼ ½aK þ 3=2� ð1� aÞb� log
eh
aK

� �
þ log C � aK log hþ Oð1Þ:
The discarded terms involving K assuredly remain small, since we consider K > he/a. We can now solve the reduced expres-
sion for K by omitting the O(1) terms, resulting in a loose upper bound for the number of terms required for convergence,
K ¼ log dK

a log h

� �
: ð13Þ
The same bound will hold trivially for a in Eq. (10), since jakj < jbkj for each k. Generally K will be relatively small, and in prac-
tice K < 10 is sufficient to converge to double precision for any values of 0.5 < a,b 6 1 and 0.0001 < h < 0.01. It also follows
from the restriction on K that fewer terms are required for smaller values of h, and larger a. In the present context, the linear
interpolation of the electric field will introduce a second order error, so if we choose dK < h2 we are assured that the local
approximation will maintain second order accuracy.



3888 M.F. Causley et al. / Journal of Computational Physics 230 (2011) 3884–3899
2.2. The history approximation

The kernel of the history part in (7) is now approximated as follows
Fig. 1.
a = b =
vðtÞ � D�
s
XM

j¼1

wje�yjt=s

					
					 < dM ; ð14Þ
where dM is again a user-prescribed tolerance, and the norm is defined to be
k � k ¼ max
Dt6t6NDt

k � k:
The values of the weights and nodes (wj,yj) are determined using generalized Gaussian quadrature [17]. Such quadrature
weights and nodes can be obtained in several different ways; Beylkin et al. has designed a scheme for finding a sum-of-expo-
nentials approximation for a given function [18]. In that work, it is indicated that for a smooth function (which we have, on
[Dt,Tcomp]) the number of nodes can be minimized using the error tolerance, resulting in M = O(log1/dM + logN). Alternatively,
if we define v(t) by a contour integration we can use the methods originally proposed by Rokhlin et al. [20]. Finally, one can
take the Laplace transform of v(t), and use it to find a sum-of-poles approximation, then invert this latter expression.

In the present work, we proceed by making the substitution y = tanh in Eq. (4), which maps the integrand to a finite do-
main 0 < h < p/2; we then find a generalized gaussian quadrature in the variable h. Since (14) has to be satisfied for all
t 2 [Dt,NDt], we will sample the interval [Dt,NDt] by P� N points tp, p = 1, . . . ,P and force (14) to be satisfied at these P dis-
crete points. Recall now that each v(tp) is represented as a finite integral on a fixed interval with different integrand func-
tions (tp here is acting as a parameter (or index) for these P functions fp). However, the crucial observation is that these P
functions fp are not linearly independent numerically. Indeed, by performing a SVD on these P functions, there are only about
2M = O(log1/dM + logN) linearly independent basis functions gm, m = 1, . . . ,2M above the threshold dM/100 (In our actual com-
putation, P = 200,000, and 2M = 86). Finally, we apply the generalized Gaussian quadrature [18,20] on these 2M basis func-
tions and obtain a sum-of-exponential approximation with only M nodes and weights. Once the weights and nodes are
obtained, we define the history part of the induced polarization
Phist ¼
D�
s

Z t�Dt

0

XM

j¼1

wje�yjðt�t0Þ=sEðx; t0Þdt0 ¼
XM

j¼1

wj/j;
where the auxiliary functions satisfy a recurrence relation (viz. tn+1 = (n + 1)Dt),
/nþ1
j ¼ D�

s

Z nDt

0
e�yj ½ðnþ1Þh�t0=s�Eðx; t0Þdt0 ¼ D�

s
e�yjh

Z ðn�1ÞDt

0
þ
Z nDt

ðn�1ÞDt

 !
e�yjðnh�t0=sÞEðx; t0Þdt0

¼ e�yjh/n
j þ

D�
s

e�yjh
Z Dt

0
e�yjt

0=sEðx; nDt � t0Þdt0: ð15Þ
We point out here that while /j can also be described using differential equations, these equations will be stiff, since typically
yj 2 [10�3,104]. Similarly for the weights we have wj 2 [10�5,10]; Fig. 1 shows a typical distribution of weights and nodes
that arise in our problem for Tcomp = 300.
A typical distribution of Gaussian weights and nodes for the susceptibility v. The quadrature is designed using Dt = 5 � 10�4, and dM = 10�9 for
0.75.
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Conversely, this method can be equivalently derived using exponential time differencing [21]. This final integral can be
computed directly if we again approximate E with its linear interpolant across one time step (9), which results in
/nþ1
j ¼ e�yjh/n

j þ D� cjE
n þ djE

n�1
� �

;

from which, after making a substitution t0 = us, we obtain
cj ¼ e�yjh
Z h

0
1� u

h

� �
e�yjudu ¼ e�yjh

y2
j h
½ðe�yjh � 1þ yjhÞ�;

dj ¼ e�yjh
Z h

0

u
h

e�yjudu ¼ e�yjh

y2
j h
½ð1� e�yjhð1þ yjhÞÞ�:

ð16Þ
2.3. The numerical scheme

Finally, we combine the local and history parts and present the full numerical scheme using the staggered space–time
mesh of the FD-TD method. We compute E and P at the nodes (xm, tn) = (mDx,nDt), and H at the corresponding semi-nodes.
This results in the following discrete form of the equations in (2),
Hnþ1=2
mþ1=2 � Hn�1=2

mþ1=2

Dt
¼

En
mþ1 � En

m

Dx
;

�1
Enþ1

m � En
m

Dt
þ Pnþ1

m � Pn
m

Dt
¼

Hnþ1=2
mþ1=2 � Hnþ1=2

m�1=2

Dx
;

which are closed with the discretized induced polarization law (3)
Pnþ1
m ¼ D� aEnþ1

m þ bEn
m

� �
þ
XM

j¼1

wj/
nþ1
jm

/nþ1
jm ¼ e�yjh/n

jm þ D� cjE
n
m þ djE

n�1
m

� �
; j ¼ 1;2 . . . M:
3. Stability analysis

We now study the stability of the scheme by constructing the Von Neumann polynomial. Our goal is to determine
whether or not the usual CFL stability condition for the FD-TD method also holds for our scheme. Let
Hn�1=2
m ; En

m; P
m
m;/

nþ1
1m ; . . . /nþ1

Mm

� �T
¼ ~UqneikmDx:
The time index has been shifted for H and {/j} for convenience, and will not change the resulting polynomial. Upon substi-
tuting into each equation we solve for the characteristic polynomial
UðqÞ ¼
YM
k¼1

ðq� e�ykhÞ U1ðqÞ þ
D�
�1

U2ðqÞ
� �

¼ 0;
where
U1 ¼ q q2 � 2 1� 2m2 sin2 kDx
2

� �� �
qþ 1


 �
;

U2 ¼ ðq� 1Þ2 aqþ bþ
XM

j¼1

wj
cjqþ dj

q� e�yjh

" #
;

m = c1Dt/Dx is the CFL number, and c1 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffi
�1l0
p

is the maximum phase velocity in the H–N medium. While U2 is not
strictly a polynomial, the denominator terms will cancel when the product is expanded; consequently, q ¼ e�yjh;

j ¼ 1;2; . . . ;M will not be eigenvalues of the numerical scheme in general. Although compactly written, U(q) is in fact the
addition of M + 2 polynomials of degree M + 3.

Before characterizing the general behavior of the roots, we first examine a few important limiting cases. When D�? 0,
we see that U2 vanishes. Thus, the roots can be determined analytically as
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q ¼ 0; ein; e�in; e�y1h; . . . ; e�yM h
� 

; ð17Þ
where the substitution sin n
2 ¼ m sin kDx

2 is used to define the modes of interest. When m > 1, there will be a wave number k⁄ for
which m sin k	Dx

2 ¼ 1. For k > k⁄,n will become complex resulting in one of the roots leaving the unit circle; that is, instability.
For m 6 1, the roots will both traverse the unit circle from q = 1 when k = 0, and move to q ¼ e
in	 when kDx = p, where

sin n	

2 ¼ m. The remaining modes are stationary for all values of kDx, and are simple zeros that lie along the positive real axis
and will cluster at the origin for larger values of yjh. The polynomial will be a Schur polynomial [22], leading immediately to
stability.

Next we examine the ratio r = �s/�1?1; as r becomes large we may neglect U1, but must now deal with a polynomial of
degree M + 3, where the none of the roots are easily tractable, except the obvious root of multiplicity 2 at q = 1. Focusing on
the remaining polynomial, we wish to think of the roots as being perturbed from some value that is nearly a root of the poly-
nomial. This happens, for instance when the summation is expanded, and q ¼ e�y‘h is a zero of all but one of polynomials in
the summation. We thus make use of a standard result in perturbation theory [23]:

Consider a polynomial U(q) = f(q) + �g(q), where q0 is a root of f(q) but not of g(q). Then, if q(�) = q0 + �q1 + � � � is a root of
U(q), we have q1 = �g(q0)/f0(q0), which is well-behaved if f0(q0) is bounded away from 0. Now for q0 ¼ e�y‘h
f ¼ P‘ðqÞ aqþ bþ
XM

j–‘

wj
cjqþ dj

q� e�yjh

 !
ðq� e�y‘hÞ;

g ¼ P‘ðqÞðc‘qþ d‘Þ;
where
P‘ðqÞ ¼ ðq� 1Þ2
YM
k–‘

q� e�ykh
� �
and � = w‘. We can now see that indeed q0 ¼ e�y‘h is a root of f but not of g. A simple calculation gives
gðq0Þ ¼ P‘ðe�y‘hÞ c‘e�y‘h þ d‘
� �

;

f 0ðq0Þ ¼ P‘ðe�y
‘h Þ ae�y

‘h þ bþ
XM

j–‘

wj
cje�y

‘h
þdj

e�y
‘h � e�y

jh

 !
:

Thus, e�y‘h will be perturbed to first order by an amount
q ¼ q0 �w‘

gðq0Þ
f 0ðq0Þ

¼ e�y‘h 1� w‘ðc‘e�y‘h þ d‘Þ
ae�y‘h þ bþ

PM
j–‘wj

cje
�y‘hþdj

e�y‘h�e
�yjh

� �
0
B@

1
CA:
Motion of the roots for varying values of kDx. When r ¼ �s
�1

is small, the roots traverse arcs that approach the unit circle. As r increases, these arcs
e in magnitude, so the roots always remain inside the unit disk. The values along the real axis remain nearly stationary for all kDx, and will not leave
t disk.
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The second term will always be small and positive. For the weights and nodes corresponding to Fig. 1, the right term will vary
by several orders of magnitude, but remain small as O(10�6,10�2). The larger values of yj will correspond to a more pro-
nounced contraction from the value q0; for smaller yj the roots barely change. A numerical investigation has confirmed these
results; for various values of r and kDx, the roots all remain on the positive axis and are contained in the unit disk. Similarly,
one can show that a root near the origin arises from the coefficients a and b, which will remain on the negative axis, and is
bounded below by �b/a > �1; as r ? 1 (D�? 0), this root becomes the zero eigenvalue in (17).

Finally the double root at q = 1 will be perturbed and become two complex conjugate roots whose motion is contained in
the first and fourth quadrants, respectively. The motion of these roots is illustrated for several values of r in Fig. 2. Recall, as r
?1, these roots coalesce at q = 1, and they will only remain on the unit circle in the case r = 1, or equivalently D� = 0. Thus,
we have shown that all roots are contained within the unit disk for m 6 1, and stability follows immediately.

4. Phase error analysis

In general there will be two sources of error in computing a numerical solution to the system (2): the error incurred when
approximating the susceptibility v(t) for t 2 [0,Tcomp = NDt], and the typical local truncation error of the FD-TD method. The
discretization we presented in Section 2 allows full control of the first kind of error that arises from both the local and history
part of the polarization law (3). This is done by first prescribing the precisions dK and dM for the local and history portions
respectively; then choosing K according to (13) and finding the minimum number of terms M which satisfies (14). As long as
we set dK, dM < h2 then we are assured that the error introduced over the computational time interval Tcomp by the polariza-
tion will be smaller than the local truncation error in time for the FD-TD method. The results shown below will hold for the
implementation of the H–N, C–C and C–D models.

We study the phase error of our scheme by analyzing the numerical dispersion relation. The numerical wave number
kK;M

h ðxÞ satisfies
Fig. 3. The phase error decreases for smaller values of h = D t/s, which is the dominant source of error made in computing the solution; that is, the error due
to the discretizing the convolution is negligible.
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sin2 kK;M
h Dx

2

 !
¼ 1

m2 sin2 xDt
2

� �
1þ D�

�1
v̂K;M

h ðxÞ

 �

;

where
v̂K;M
h ðxÞ ¼ aþ be�ixDt þ

XM

j¼1

wj
cje�ixDt þ dje�2ixDt

1� e�ðyjhþixDtÞ

 !
is the approximate susceptibility, the CFL number is m = c1Dt/Dx. Similarly, the exact dispersion relation is
k2 ¼ x
c1

� �2

1þ D�
�1

v̂ðxÞ

 �

;

where
v̂ðxÞ ¼ 1

1þ ðixsÞa
� �b
is the scaled susceptibility (with D� = 1). The phase error Uh ¼ jkK;M
h =k� 1j is plotted for several values of h = Dt/s in Fig. 3;

the quadrature used in each case is the same, and is designed with dK = dM = 10�9 and Dt = 5 � 10�4; thus the quadrature
should maintain accuracy for Dt P 5 � 10�4. Fig. 3 validates this assertion, and shows that the error observed is comprised
predominantly of the discretization error. If Dt is decreased past the value for which the quadrature is designed, then the
quadrature error will eventually dominate the total error, and further decreasing the step size will not improve the overall
accuracy.
Fig. 4. Validation of Cole–Cole model at small (left) and large (right) depths for t 2 [0,100].
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We now show the phase error is second-order accurate in Dt and Dx. Using the definitions of a and b in Eqs. (10) and (11),
it can be easily shown that
aþ be�ixDt ¼
Z Dt

0
vðt0ÞLðe�ixDtÞdt0 þ OðdK þ Dt2Þ; ð18Þ
where v(t) is approximated using the small time expansion in (8), and
Lðe�ixDtÞ ¼ 1þ ðe�ixDt � 1Þ t0

Dt
is the linear interpolant of e�ixt over the interval [0,Dt]. Similarly, the history portion can be rearranged by invoking the def-
initions (16) of the coefficients, and making use of a geometric series to show that
XM

j¼1

wj
cje�ixDt þ dje�2ixDt

1� e�ðyjhþixDtÞ ¼
XM

j¼1

wj cje�ixDt þ dje�2ixDt
� �X1

n¼0

e�ðyjnhþixnDtÞ

¼
XM

j¼1

wj

Z h

0
1� u

h
þ u

h
e�ixDt

� �
e�ðyjuþixDtÞdu

( )X1
n¼0

e�ðyjnhþixnDtÞ

¼
Z Dt

0
L e�ixDt
� �X1

n¼0

e�ixðnþ1ÞDt
XM

j¼1

wje�yjðnhþt0=sÞdt0=s

¼
X1
n¼1

e�ixnDt
Z Dt

0
Lðe�ixDtÞvðt0 þ nDtÞdt0 þ OðdMÞ:
Fig. 5. Validation of the Havriliak–Negami model. The program requires no augmentation to run the C–C and H–N models.
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Recall that dM is the prescribed error used to define the generalized Gaussian nodes, and is therefore the error made in replac-
ing the sum with the true susceptibility. We now make use of the fact that the contribution from a and b in (18) is precisely
the n = 0 summand, which we combine to obtain
v̂K;M
h ðxÞ �

X1
n¼0

e�ixnDt
Z Dt

0
Lðe�ixDtÞvðt0 þ nDtÞdt0 þ OðdK þ dMÞ ¼

X1
n¼0

Z ðnþ1ÞDt

nDt
vðt0Þe�ixt0dt0 þ OðdK þ dM þ Dt2Þ;

¼
Z 1

0
vðt0Þe�ixt0dt0 þ OðDt2Þ;
which is immediately recognized as a second order accurate approximation to the Fourier transform v̂, as is desired. This
shows explicitly that for a given choice of dK, dM < O(D t2), we maintain the second order accuracy of the FD-TD method.

5. Numerical validation and experiments

The solution to the systems (2) and (3) was computed for signalling data comprised of short-duration pulses and for var-
ious values of (a,b). The electric field at x = 0 is a square impulse of duration td = s/100 (short pulse) or td = s (long pulse),
both with unit area. Time traces were recorded at several spatial locations in order to observe the solution. The simulations
are terminated prior to the signal reaching the right-hand boundary, so that no reflection is encountered.

We first present a validation of our scheme. In these validations, the exact electric field is calculated independent of the
FD-TD scheme, through a numerical evaluation of the inverse Laplace transform, as follows:
Eexactðx; tÞ ¼
Z t

0
Eð0; t0ÞGðx; t � t0Þdt0; ð19Þ
Fig. 6. Validation of the Cole–Davidson model at small (left) and large (right) depths for t 2 [0,100].



Fig. 7. Convergence of L2 error over the time interval [0,300] at (from left to right) x = 0.008, x = 1 and x = 10.
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where
Fig. 8.
the pro
Gðx; tÞ ¼ L�1 esðt�x=cðsÞÞ� 
; t > 0
is the Green’s function for the H–N medium, and cðsÞ ¼ c0=
ffiffiffiffiffiffiffiffiffi
�ðsÞ

p
is given in terms of the permittivity (1) with s = ix. We

must point out here that the exact solution is obtained using different methods of quadrature on the inverse Laplace trans-
form G(x, t), depending on whether a small or large depth solution is sought. The number of quadrature points are increased
until a level of accuracy that is better than the most accurate FD-TD simulation is achieved, so that for all practical purposes,
we may call these computations ‘‘exact’’. The optimal choice of the Bromwich contour, quadrature weights and nodes, as
well as the associated numerical parameters for evaluating G(x, t) will be reported elsewhere.

The solution will exhibit characteristically different behavior at short and large distances away from the left boundary,
x = 0, of the dielectric half-space; thus we show a validation for each of these spatial regions. The C–C model is validated
in Fig. 4, and the H–N model in Fig. 5. In both instances the numerical solution is computed with the same code; the only
change is in the parameters a and b. This demonstrates that our method can treat both of these dielectric models. When
computing the C–D model, we have to change the quadrature accordingly as shown in (5); this augmented scheme is val-
idated in Fig. 6. In all three cases, the agreement is very good.

We next consider the L2 error, computed over the computational time interval Tcomp = 300, with respect to the exact solu-
tion, (19), of our model problem. The convergence of this error is plotted in Fig. 7 for several values of h = Dt/s, and
a = b = 0.75, at a range of depth spanning four orders of magnitude. The values of these curves are plotted on a log–log scale,
and show second order accuracy. The observed convergence rate holds independently of a, b, and for the C–C and C–D mod-
els as well.

In Section 2, it was shown that for short times, the behavior of the susceptibility was determined as v � tab�1, t ? 0+. This
indicates that for different values of a and b we would expect similar short time behavior in the electric field if the product of
these is close; this is demonstrated in Figs. 8 and 9, for the long and short duration pulses, respectively. Despite the fact that the
A typical short-depth electric field for a Cole–Cole (left) and Havriliak–Negami (right) medium. The transient behavior is very much the same, since
duct ab is nearly the same for both media. The initial pulse duration was td = s = 1, with amplitude1.



Fig. 9. For the same two cases, the short-depth plots are shown with a pulse that is of duration td = s/100 and amplitude 100.

Fig. 10. The (x, t) location of the peak electric field value is traced for the Debye and H–N models. All modeling parameters are the same, except a and b,
(1,1) and (0.75,0.75), respectively. The Debye model undergoes a sudden transition from the ray defined by c1 to that of cs, whereas the transition is smooth
in the H–N case.
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Fig. 11. A typical large-depth, x = 10, electric field for a Cole–Cole (left) and Havriliak–Negami (right) medium. The short and long duration pulses have
nearly the same amplitudes at this point in the medium, despite initially differing in amplitude by two orders of magnitude.
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top plots depict a C–C medium, and the bottom an H–N medium, the electric field is nearly indistinguishable. The waveforms
shown here capture the transient behavior of the solution, which occurs in the so called time-domain skin-depth [24]. The ini-
tial discontinuities rapidly vanish, which can be confirmed with an asymptotic investigation of the electric field [25]. The long
pulse will remain constant for a longer duration, and so its spectrum will contain larger amplitudes in the high-frequency re-
gime. Consequently, the larger frequencies persist longer into the skin-depth for the longer pulse (note the scale of the t-axis).
The short pulse more closely approximates a delta function, and so is a good approximation to the impulse response of the
material. In this region, the waveforms will travel at the infinite frequency speed, c1 ¼ c0=

ffiffiffiffiffiffi
�1
p

; past the skin-depth we see
a transition to the static (zero-frequency) speed cs ¼ c0=

ffiffiffiffi
�s
p

, as shown in Fig. 10. While this transition is sudden and clear in
a Debye type medium, the transition is smooth in a general H–N, C–C or C–D medium due to the continuous distribution of
relaxation times. Beyond this transition region, the susceptibility will be approximated well by v � t�a�1, t ?1.

This behavior is shown in Fig. 11 for the same solutions as shown in Figs. 8 and 9, observed at a deeper spatial location for
which x = 10. Now the transient behavior has subsided, and the solution will be a material response, determined by the
dielectric parameters; thus, independent of the shape of the original signal. The amplitude and shape of the electric field
are very close between the short and long pulses, despite the disparate starting amplitudes. This is not terribly surprising,
since the spectra of the two signals will have very similar low-frequency content. We can also see the effects of a and b
as shaping parameters on these characteristic waveforms, which is illustrated in Fig. 11 by the large depth behavior of
the H–N and C–C fields. When a is increased, the asymmetry and tail of the waveform is increased; decreasing b narrows
the waveform, and raises the peak slightly.

6. Summary

In this paper we have developed a novel method to construct time-domain simulations for the family of anomalously dis-
persive dielectrics represented by the Havriliak–Negami induced polarization model. Specifically we have used the FD-TD
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method, and an efficient approximation of the induced polarization convolution using a sum of exponentials arrived at by
applying generalized Gaussian quadratures. The convolution kernel is constructed with a preset level of accuracy that is uni-
form over a predetermined computational window, and can be set below the expected truncation error, so that the overall
error is second order as in the FDTD scheme. We explicitly addressed the C–C, C–D and general H–N cases when constructing
these approximations, and note here that the Debye model can be incorporated as well, simply by omitting the local portion
of the approximation across the first time step (which is unnecessary), and updating the history portion only at the single
exponential node y = 1; this is equivalent to implementing the Debye model using exponential time differencing, or evalu-
ating the recurrence relation as shown in Section 2. We have also shown using Von Neumann analysis that the overall result-
ing numerical scheme is stable with no additional restriction placed on the time step other than the typical CFL condition.
Numerical simulations confirm the stability and accuracy results, and we validate the numerical solutions via alternate rep-
resentations of the exact solutions using Laplace transforms.
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