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A system of Fredholm second kind integral equations (SKIEs) is constructed for the modi-
fied biharmonic equation in two dimensions with gradient boundary conditions. Such
boundary value problem arises naturally when the incompressible Navier–Stokes equa-
tions are solved via a semi-implicit discretization scheme and the resulting boundary value
problem at each time step is then solved using the pure stream-function formulation. The
advantages of such an approach (Greengard and Kropinski, 1998) [14] are two fold: first,
the velocity is automatically divergence free, and second, complicated (nonlocal) boundary
conditions for the vorticity are avoided. Our construction, though similar to that of Farkas
(1989) [10] for the biharmonic equation, is modified such that the SKIE formulation has
low condition numbers for large values of the parameter. We illustrate the performance
of our numerical scheme with several numerical examples. Finally, the scheme can be eas-
ily coupled with standard fast algorithms such as FFT, fast multipole methods (Greengard
and Rokhlin, 1987) [15], or fast direct solvers (Ho and Greengard, 2012; Martinsson and
Rokhlin, 2005) [17,25] to achieve optimal complexity, bringing accurate large-scale long-
time fluid simulations within practical reach.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

In [14], it was demonstrated that integral equation methods have the potential to be developed into fast and accurate
tools for solving the incompressible Navier–Stokes equations in two dimensions. The solution procedure suggested in
[14] is to first apply a semi-implicit temporal discretization to the pure stream function formulation of the Navier–Stokes
equations. This gives rise to a sequence of elliptic boundary value problems that are solved at each time step (this standard
semidiscretization method is also called Rothe’s method [28] in some literature [6,7]). These elliptic boundary value problems
are reformulated as Fredholm second kind integral equations (SKIEs), and fast algorithms are used to accelerate the solution.
The most significant advantages of this approach are twofold: first, the velocity is automatically divergence free, and second,
complicated, nonlocal boundary conditions for the vorticity in a vorticity-streamfunction formulation are avoided. In addi-
tion, this approach shares some common advantages of SKIE formulations in general: complex physical boundaries are easily
dealt with; the ill-conditioning associated with direct discretization of the governing partial differential equations is
avoided; there is no need to impose artificial boundary conditions for exterior problems; and it is relatively easier to design
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high-order discretization schemes since the order of accuracy of the scheme is simply the order of accuracy of the underlying
quadrature rule. The results presented in [14] for flows interior to a unit disk were very promising: accurate solutions were
efficiently computed for Reynolds numbers up to Oð1000Þ.

To date, however, the methodology presented in [14] has yet to be fully realized in more general geometric settings.
While stable SKIE formulations are readily available for the biharmonic [16], the Lapace [9,13], and the modified Helmholtz
[8,23] equations, no such formulation yet exists for the modified biharmonic equation
Fig. 1.
curves
ðD� k2ÞDwðxÞ ¼ 0; x 2 D;

rwðxÞ ¼ g; x 2 C;
ð1Þ
where D is a domain in R2 and C is its boundary. In this paper, we construct a system of Fredholm second kind integral equa-
tions (SKIEs) to solve (1). Our construction is based on that of [10,19] for the biharmonic equation. But we have modified the
construction so that the SKIE formulation has low condition numbers for large values of k, which is suitable for fluid dynamic
applications since k2, being the ratio of the Reynolds number to the time step size, tends to be large even with moderate
Reynolds numbers. A stable SKIE formulation is also particularly advantageous in the case of solving fourth-order PDEs.
Indeed, standard finite difference approximations result in a linear system with condition number proportional to OðN4Þ,
where N is the number of the discretization points in each dimension. Thus, even a relatively small N causes a catastrophic
loss of precision, rendering the numerical computation meaningless. Furthermore, we have shown that our formulation pro-
duces correct physical solutions when it is used to solve the unsteady Stokes flow (or linearized Navier–Stokes equations),
even in the case of multiply-connected regions. Finally, SKIEs are highly amenable to exploitation by fast algorithms such as
tree codes, the fast multipole methods [5,11,12,15,26,30–32], or fast direct solvers [17,25]. Typically, the overall computa-
tional complexity for solving SKIEs with a suitable fast algorithm is optimal or near-optimal: either OðNÞ or OðN log NÞ,
where N is the total number of discretization points. However, because the analytic machinery to derive the SKIEs for the
modified biharmonic is significant, we present only our formulation and discretization here, and save acceleration consid-
erations for a future paper.

We would like to remark here that there have been increasing interests in integral equation methods for incompressible
fluid dynamics, although primarily in the linear case of Stokes flow. In [4], Biros et al. developed an embedded boundary inte-
gral method for the incompressible Navier–Stokes equations, using a double-layer potential operator of the velocity field to
construct the boundary integral equations. Chapko presented a boundary-only integral equation formulation for Rothe’s
method applied to the Dirichlet boundary value problems of the unsteady Stokes equations with zero initial data in [6], with
the drawback being the computational complexity proportional to OðN2

TÞ for NT number of time steps. Jiang et al. presented
integral equation formulations for the unsteady Stokes equation in [20] using the unsteady Stokeslet directly as the kernel. It
appears that the combination of the semidiscretization scheme and the stream function formulation, which results in the
boundary value problem (1) of the modified biharmonic equation at each time step, has received little attention in the
literature.

This paper is organized as follows. In Section 2, we present the unsteady Stokes equations in both the primitive variable
and pure stream function formulations. We discuss how implicit semidiscretization schemes yield boundary value problems
of the modified biharmonic equation at each time step. In Section 3, we present the SKIE formulation for the modified bihar-
monic equation. In Section 4, we construct a simple 16th-order discretization scheme for the SKIE formulation. In Section 5,
we demonstrate the performance of our method via several numerical examples. And finally, we state our conclusions in
Section 6.
2. Motivation and application background

To fix notation, let us consider a bounded or unbounded domain D with boundary C which is M- or ðM þ 1Þ-ply connected
(Fig. 1). We assume each component of the boundary, Ck, is a sufficiently smooth regular curve. We use x ¼ ðx1; x2Þ and
y ¼ ðy1; y2Þ to denote points in R2. The unit normal vector and the unit tangent vector at a point x on C are denoted by mx
A bounded multiply-connected domain D. The outer boundary is denoted by C0 (which is absent in unbounded domains) and the interior component
by C1; . . . ;CM . The unit normal m points out of D on each component curve.
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and sx, respectively (see Fig. 1 for orientation). We will drop the subscript x when the context is clear. We consider the un-
steady Stokes equations:
@uðx; tÞ
@t

¼ �rpðx; tÞ þ 1
Re

Duðx; tÞ þ Fðx; tÞ; ðx; tÞ 2 D� ð0; T�; ð2Þ

r � uðx; tÞ ¼ 0; ðx; tÞ 2 D� ð0; T�;
where u ¼ ðu1;u2Þ is the fluid velocity, p the pressure, F is an applied force, and Re is the Reynolds number. In addition to
satisfying some initial condition uðx;0Þ ¼ u0ðxÞ, the velocity satisfies the usual no-slip boundary conditions on C specified by
uðx; tÞ ¼ fðx; tÞ; ðx; tÞ 2 C� ð0; T�; ð3Þ
where f ¼ ðf1; f2Þ satisfies the compatibility condition
Z
C

f � mds ¼ 0:
In addition, if D is unbounded, the velocity in the far field must be specified:
u! u1; as jxj ! 1:
We can reduce the number of unknowns from three to one by introducing the scalar stream function wðxÞ, where
u ¼ r� ðkwÞ and k is the unit vector perpendicular to the plane in R2. Hence,
u1 ¼
@w
@x2

; u2 ¼ �
@w
@x1

:

Pressure is eliminated from (2) by taking the curl, thereby obtaining
@

@t
� 1

Re
D

� �
Dwðx; tÞ ¼ �ðr� FÞ � k: ð4Þ
The boundary conditions (3) become
rwðx; tÞ ¼ f?ðx; tÞ;
where f? ¼ ð�f2; f1Þ. Similarly, if D is unbounded,
rwðx; tÞ ! rw1ðx; tÞ; as jxj ! 1;
where u1 ¼ r� ðkw1Þ. Since we can always subtract off the far field velocity by appropriately modifying the velocity
boundary conditions on C, we will assume without loss of generality that the far field boundary condition, if needed, is in
the form
rwðx; tÞ ! 0; as jxj ! 1:
We take the approach of first discretizing (4) in time. In order to avoid a severe time-step restriction, the biharmonic term
is treated implicitly. One class of suitable time-integration schemes is the linearly implicit or IMEX schemes [3]. Higher-
order time-stepping can be achieved by using Krylov deferred correction methods [18]. Regardless of the selection of
time-stepping scheme, the temporal discretization of (4) yields the modified biharmonic equation
ðD� k2ÞDwNþ1ðxÞ ¼ bðx; tN ; tN�1; . . . ;wN;wN�1; . . .Þ; x 2 D; ð5Þ
where t ¼ ðN þ 1ÞDt is the current time, and k2 ¼ OðRe=DtÞ. For instance, the simplest such scheme is the first-order back-
wards Euler method, which is in the form of (5) with
k2 ¼ Re
Dt
; b ¼ �k2DwN þ Reðr � FNÞ � k:
At each time step, we represent the solution as wNþ1 ¼ wP þ wH , where wP is any solution to (5) and wH satisfies
ðD� k2ÞDwHðxÞ ¼ 0; x 2 D; ð6Þ
with boundary conditions
rwHðxÞ ¼ f?ðxÞ � rwPðxÞ; x 2 C: ð7Þ
Note that in the setting of integral equations wP is simply the volume integral of the nonhomogeneous term with the Green’s
function and thus can be evaluated directly, i.e., no solve is required.
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3. Second kind integral equation formulation for the modified biharmonic equation

The remainder of this paper is concerned with solving the homogeneous equation (6) satisfying the boundary condition
(7). To be more precise, we consider the following boundary value problem of the modified biharmonic equation:
DðD� k2Þw ¼ 0 in D;
@w
@m
¼ g1 on C;

@w
@s
¼ g2 on C:

ð8Þ
We observe first that the boundary data g2 must satisfy the compatibility condition
R
C g2 ds ¼ 0 since w is a single-valued

function on C (this also follows from the fact that the velocity field is divergence free in D). In this section, we discuss an
integral representation for w that gives rise to an integral equation of the second kind.

3.1. The fundamental solution

The fundamental solution or free space Green’s function, Gðx; yÞ, for the modified biharmonic equation satisfies
DðD� k2ÞGðx; yÞ ¼ dðx� yÞ
and is given by the formula
Gðx; yÞ ¼ � 1
2pk2 ðln r þ K0ðkrÞÞ: ð9Þ
Here k is assumed to be real and positive, r ¼ jx� yj, and K0 is the modified Bessel function of the second kind of order zero
(see, for example, [1]). This formula has been derived by various researchers (see, for example, [27]). We also note that
ðD� k2ÞGðx; yÞ ¼ 1
2p

ln r; ð10Þ
in which the right hand side of the above is the Green’s function for the Laplace equation in two dimensions.

3.2. Integral representation

In this section, we consider the selection of a suitable integral representation for w satisfying (8). Here, we base our argu-
ments on those presented in [10] for various boundary value problems for the biharmonic equation, and we refer the reader
to this work for more detailed explanations.

We begin by representing the solution via a sum of two multiple-layer potentials
wðxÞ ¼
Z

C
½G1ðx; yÞr1ðyÞ þ G2ðx; yÞr2ðyÞ�dsy; x 2 D: ð11Þ
Since w has to satisfy the modified biharmonic equation in D, the kernels G1 and G2 are naturally chosen to be a linear com-
bination of G and its partial derivatives. Integration is with respect to arclength, and the unknown layer densities, ri

(i ¼ 1;2), will be determined through satisfying the boundary conditions.
Ideally, one would like to choose the kernels G1 and G2 such that the resulting boundary integral equations are second

kind Fredholm equations. However, since one of the boundary conditions is the specification of the tangential derivative
instead of the function value itself, the direct second kind integral equation (SKIE) formulation seems impossible due to cer-
tain regularity constraint. Nevertherless, we will construct an integral equation formulation for (8) which is easily converted
to SKIEs by a simple preconditioner.

Obviously, the selection of a suitable representation and the derivation of the corresponding integral equations rely on
knowledge of the behaviour of multiple-layer potentials. Lemma 3.1 establishes that asymptotically, the Green’s functions
for the modified biharmonic and the biharmonic equations are similar. This allows us to use the arguments presented in
[10] instead of rederiving them here.

Lemma 3.1. The multiple-layer potentials of the modified biharmonic equation satisfy exactly the same jump relations as those of
the biharmonic equation up to order 4.
Proof. First, we obtain the asymptotic behaviour of K0 from identities 9.6.11 and 9.6.10 in [1]:
K0ðzÞ ¼ � ln
z
2

X1
k¼0

z2k

4kðk!Þ2
þ
X1
k¼0

Wðkþ 1Þz2k

4kðk!Þ2
¼ � ln

z
2
þ c

� �
1þ z2

4
þ z4

64
þOðz6Þ

� �
þ z2

4
þ 3z4

128
þOðz6Þ; ð12Þ
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where WðxÞ is the psi function (see p. 258 of [1]), and c ¼ 0:5772156649 � � � is Euler’s constant [1]. Combining (12) and (9)
when r is small, we obtain
Gðx; yÞ ¼ 1
8p ln r r2 þ 1

16
k2r4 þOðr6Þ

� �
þ 1

8pk2 fc1 þ c2k
2r2 þ c3k

4r4 þOðr6Þg; ð13Þ
where
c1 ¼ 4ðln kþ c� ln 2Þ;

c2 ¼ ln kþ c� ln 2� 1;

c3 ¼
1

16
ln kþ c� ln 2� 3

2

� �
:

The proof of the lemma is now straightforward. First, the leading singular term in (13) is exactly the Green’s function for the
two dimensional biharmonic equation Gb ¼ 1

8p r2 ln r. Second, the smooth part in (13) has no contribution to the jump for all
multiple-layer potentials. Third, the remaining singular terms starting with the Oðr4 ln rÞ term are at most weakly singular
(i.e., Oðln rÞ) even after four derivatives and thus result in no jumps. h

With the above lemma, it is easy to see that in principle we can use exactly the same linear combinations used for solving
boundary value problems for the biharmonic equation as in [10]. However, we will add a lower order term to G2 and choose
the kernels G1 and G2 as follows:
G1ðx; yÞ ¼ �Gmm þ Gss ¼ �2Gmm þ DG;

G2ðx; yÞ ¼ Gmmm þ 3Gmss � k2Gm ¼ �2Gmmm þ 3ðD� k2ÞGm þ 2k2Gm;
ð14Þ
where the derivatives are all respect to the source point y.

Remark 3.1. The choice of [10] is as follows:
G1ðx; yÞ ¼ �Gmm þ Gss ¼ �2Gmm þ DG;

G2ðx; yÞ ¼ Gmmm þ 3Gmss;
ð15Þ
with G ¼ 1
8p r2 ln r the Green’s function for the biharmonic equation. It is easy to see that we have added �k2Gm to G2 in our

construction for the modified biharmonic equation.
Remark 3.2. Though adding lower order terms will not change the second-kind property of the integral equations (after pre-
conditioning), there are two reasons why we would like to select the kernels as in (14). First, it is much easier to discuss the
nullspace of the resulting integral equations (see Lemmas 3.3 and 3.4 for details). Second, and more importantly, our numer-
ical experiments show that this particular choice of kernels lead to low condition numbers for large values of k, while other
choices may increase condition numbers as k increases.
3.3. Explicit expressions of the kernels

We now write down the explicit expressions for the kernels. We use r to denote the vector x� y and r to denote its length
jx� yj. The vectors m and s are the unit outward normal and tangential vectors at y, respectively. We use r � m to denote the
dot product between r and m. We note that normal derivatives are simply directional derivatives, i.e., @f

@m ¼ rf � m and
@f
@mx
¼ rxf � mx (and similarly for tangential derivatives). Thus, we have
@r
@m
¼ � r � m

r
;

@r
@mx
¼ r � mx

r
;

@r
@sx
¼ r � sx

r
; ð16Þ
and
@r � m
@m

¼ �1;
@r � m
@mx

¼ m � mx;
@r � m
@sx

¼ m � sx: ð17Þ
Using (14)–(17), the chain rule, and then simplifying the resulting expressions, we readily have
G1ðx; yÞ ¼ �
1
p

1
2
� ðr � mÞ

2

r2

 !
C0ðkrÞ; ð18Þ

G2ðx; yÞ ¼ �
r � m
pr2 C1ðkrÞ þ ðr � mÞ

3

pr4 C2ðkrÞ: ð19Þ
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And the kernels of the boundary integral equations are given by the formulae
G11ðx; yÞ ¼
@G1ðx; yÞ
@mx

¼ 2
ðr � mÞðm � mxÞ

pr2 C0ðkrÞ þ ðr � mxÞ
2pr2 C5ðkrÞ � ðr � mxÞðr � mÞ2

pr4 C2ðkrÞ; ð20Þ

G21ðx; yÞ ¼
@G1ðx; yÞ
@sx

¼ 2
ðr � mÞðm � sxÞ

pr2 C0ðkrÞ þ ðr � sxÞ
2pr2 C5ðkrÞ � ðr � sxÞðr � mÞ2

pr4 C2ðkrÞ; ð21Þ

G12ðx; yÞ ¼
@G2ðx; yÞ
@mx

¼ �ðm � mxÞ
pr2 C1ðkrÞ þ 3

ðm � mxÞðr � mÞ2

pr4 C2ðkrÞ þ ðr � mxÞðr � mÞ
pr4 C3ðkrÞ � ðr � mxÞðr � mÞ3

pr6 C4ðkrÞ; ð22Þ

G22ðx; yÞ ¼
@G2ðx; yÞ
@sx

¼ �ðm � sxÞ
pr2 C1ðkrÞ þ 3

ðm � sxÞðr � mÞ2

pr4 C2ðkrÞ þ ðr � sxÞðr � mÞ
pr4 C3ðkrÞ � ðr � sxÞðr � mÞ3

pr6 C4ðkrÞ: ð23Þ
Here the functions Cj (j ¼ 0; . . . ;5) are defined by the formulae
C0ðzÞ ¼ K0ðzÞ þ
2
z

K1ðzÞ �
2
z2 ;
C1ðzÞ ¼ 3C0ðzÞ þ zK1ðzÞ þ
1
2
;

C2ðzÞ ¼ 4C0ðzÞ þ zK1ðzÞ;

C3ðzÞ ¼ 12C0ðzÞ þ 5zK1ðzÞ þ z2K0ðzÞ þ 1;

C4ðzÞ ¼ 24C0ðzÞ þ 8zK1ðzÞ þ z2K0ðzÞ;

C5ðzÞ ¼ 2C0ðzÞ þ zK1ðzÞ:
Remark 3.3. When z is small, say less than 10�2, one should use the asymptotic expansions for Cj’s to avoid cancellation
errors. In order for the reader to be able to implement our scheme easily, we record them below.
C0ðzÞ ¼ �
1
2
þ 1

8
ln

2
z

� �
þ 3

4
� c

� �
z2 þ 1

96
ln

2
z

� �
þ 17

12
� c

� �
z4 þOðz6 ln zÞ;

C1ðzÞ ¼ �
1
8

ln
2
z

� �
� 1

4
� c

� �
z2 � 1

32
ln

2
z

� �
þ 13

12
� c

� �
z4 þOðz6 ln zÞ;

C2ðzÞ ¼ �1þ 1
8

z2 � 1
48

ln
2
z

� �
þ 11

12
� c

� �
z4 þOðz6 ln zÞ;

C3ðzÞ ¼ �
1
8

z2 þ 1
16

ln
2
z

� �
þ 7

12
� c

� �
z4 þOðz6 ln zÞ;

C4ðzÞ ¼ �4þ 1
4

z2 � 1
48

z4 þOðz6 ln zÞ;

C5ðzÞ ¼ �
1
4

ln
2
z

� �
þ 1

4
� c

� �
z2 � 1

24
ln

2
z

� �
þ 7

6
� c

� �
z4 þOðz6 ln zÞ:
3.4. Integral equations

Due to Lemma 3.1, all four kernels Gij (i; j ¼ 1;2) satisfy exactly the same jump relations as the biharmonic case presented
in [10]. The same reasoning also shows that all six kernels Gi and Gij (i; j ¼ 1;2) differ from their counterparts in the bihar-
monic case by at most weakly singular terms. Thus, we have the following theorem.
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Theorem 3.2. Let D be a bounded domain in R2 with boundary C and wðxÞ be defined by the formula (11), where the integral
operators G1 and G2 are given in (14) (see also (18) and (19) for explicit expressions). Then w is a solution to boundary value
problem (8) of the modified biharmonic equation if the unknown density rj satisfies
DðxÞrðxÞ þ
Z

C
Aðx; yÞrðyÞdsy ¼ gðxÞ; x 2 C; ð24Þ
where
DðxÞ ¼
1
2 �jðxÞ
0 1

2
d
ds

 !
; x 2 C; ð25Þ
where jðxÞ is the curvature, d
ds is the arclength differential operator, and
rðxÞ ¼
r1ðxÞ
r2ðxÞ

� �
; gðxÞ ¼

g1ðxÞ
g2ðxÞ

� �
; Aðx; yÞ ¼

G11ðx; yÞ G12ðx; yÞ
G21ðx; yÞ G22ðx; yÞ

� �
:

The explicit expressions of Gij (i; j ¼ 1;2) are given by (20)–(23). Moreover, the integral operators with kernels Gi;Gij (i; j ¼ 1;2)
are all compact.
3.5. Preconditioning

We observe that (24) is not exactly of the second kind due to the arclength derivative appearing in the diagonal part D.
However, it can easily be preconditioned using the same technique as in [10, p. 60]. Let P be an ‘‘indefinite integral operator’’
along the curve C in the sense that P is the right inverse of the arclength differential operator d

ds. We consider the following
preconditioner
E ¼
2I 4jP

0 2P

� �
;

where I is the identity operator, j : L2ðCÞ ! L2ðCÞ is the diagonal operator defined by the formula j � f ðxÞ ¼ jðxÞf ðxÞ with
jðxÞ the curvature at point x. Obviously, D � E ¼ I, where D is the operator defined by (25).

Thus, if we precondition the integral equation (24) by setting r ¼ E � a, then we have
ðI þ AEÞa ¼ g: ð26Þ
Since A is compact and E is bounded, (26) is a system of second-kind integral equations.

Remark 3.4. By writing D � E ¼ I, we have used the fact that P is the right inverse of the arclength differential operator d
ds.

That is, d
ds � P � f ¼ f for any f 2 L2ðCÞ with

R
C f ðyÞdsy ¼ 0. This essentially imposes the implicit condition

R
C a2ðyÞdsy ¼ 0 on

the new unknown a. The rank one deficiency of the unpreconditioned system is removed by this additional constraint on a.
3.6. Nullspace of integral equations

We first extend several key Propositions in [10] to the modified biharmonic case. Lemma 3.3 extends part of Proposition
4.1 in [10]. Note that [10] used particular knowledge of the kernels and complex analysis, while our proof is based only on
geometric identities and thus is much more general.

Lemma 3.3. Suppose that f is a function defined in a neighbourhood of a closed curve C and its third derivatives are integrable on
C and j is the curvature function. Then
Z

C
fmss þ j½�fmm þ fss�ds ¼ 0: ð27Þ
Proof. From elementary Riemannian geometry, we have
fss ¼ fss þ jfm:
Thus,
fmss ¼ m � ðrf Þss ¼ m � ðrf Þss þ jm � ðrf Þm ¼ m � ðrf Þss þ jfmm ¼
d
ds
ðm � ðrf ÞsÞ �

dm
ds
� ðrf Þs þ jfmm

¼ d
ds
ðm � ðrf ÞsÞ � js � ðrf Þs þ jfmm ¼

d
ds
ðm � ðrf ÞsÞ � jfss þ jfmm: ð28Þ
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Substituting (28) into the left side of (27) and simplifying the resulting expressions, we obtain
Z
C

fmss þ j½�fmm þ fss�ds ¼
Z

C

d
ds
ðm � ðrf ÞsÞds ¼ 0: �
Proposition 3.4. Suppose that D is a bounded domain in R2 with boundary C. Suppose further that r1 ¼ 2j, r2 ¼ 1 on C, and
that the function u is defined by the formula
uðxÞ ¼
Z

C
G1ðx; yÞr1ðyÞ þ G2ðx; yÞr2ðyÞdsy ¼

Z
C

2jðyÞG1ðx; yÞ þ G2ðx; yÞdsy; ð29Þ
with G1, G2 defined in (14). Then
uðxÞ ¼
1 x 2 D;
1
2 x 2 C;

0 x 2 �D:

8><
>: ð30Þ
Proof. Substituting the definitions of G1, G2 (14) into (29), we obtain
uðxÞ ¼
Z

C
ðD� k2ÞGm þ 2Gmss þ 2jð�Gmm þ GssÞds ¼

Z
C
ðD� k2ÞGm ds ¼ 1

2p

Z
C
ðln jx� yjÞm ds;
where the first equality follows from Lemma 3.3 and the second equality follows from (10). Then, (30) follows from the clas-
sical Gauss theorem (see, for example, p. 79 in [22]). h

The following proposition simply follows from Proposition 4.4 in [10] and Green’s identities.

Proposition 3.5. Let u and v be two C4 functions on �D. Then
Z
D

DuðD� k2Þv ¼
Z

D
uDðD� k2Þv �

Z
C

uðD� k2Þvm � umðD� k2Þv ;
and
 Z
D

bigrad u � bigrad v þ k2ru � rv ¼
Z

D
uDðD� k2Þv �

Z
C

uðvmmm þ 3vmss � k2vmÞ þ umð�vmm þ vssÞ;
where the bigradient operator is defined by the formula
bigrad ¼ ið@xx � @yyÞ þ j2@xy;
with i and j the unit vectors along x and y axes, respectively.
With Propositions 3.4 and 3.5, we have the following theorem regarding the nullspace of the boundary integral equation

(24) and the preconditioned one (26).

Theorem 3.6. The nullspace of the original boundary integral equation (24) is spanned by r1 ¼ 2j and r2 ¼ 1 when D is a
simply-connected domain. The preconditioned Eq. (26) has no nontrivial nullspace for both simply- and multiply-connected
domains.

The proof of the above theorem is almost identical to that of Theorem 4.10 and Proposition 5.1 in [10] and we omit it here.

3.7. The multiply-connected case

We now discuss the multiply-connected case. We assume that the boundary C ¼ C0 [ C1 [ � � � [ Cn, where Ci (i ¼ 0; . . . ;n)

is a sufficiently smooth closed curve. We need to ensure that the pressure field is single valued. Sincerp ¼ ðD� k2Þ @w
@x2
;� @w

@x1

� �
,

we need to show that the right hand side is a conservative vector field. We have the following lemma.

Lemma 3.7. Suppose that C is any closed curve in D. Then
Z
C
rp � dr ¼

Z
C
ðD� k2Þ @w

@mx
dsx ¼ 0:
Proof. Since C lies inside the domain D, Gðx; yÞ and its partial derivatives are all smooth. Thus, we can interchange the order
of integration and differentiation without any difficulty. We then have



Fig. 2. The solution to Example 1 with k ¼ 1. The red star shows the location of x� . The blue stars show the locations at which the error is sampled for the
results in Table 2. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 1
Perform
sampled
the resu

N

127

255

511

1023

127

255

511

1023

127

255

511

1023

S. Jiang et al. / Journal of Computational Physics 249 (2013) 113–126 121
Z
C
rp � dr ¼

Z
C
ðD� k2Þ @w

@mx
dsx ¼

Z
C
ðD� k2Þ

Z
C
ðG1ðx; yÞr1ðyÞ þ G2ðx; yÞr2ðyÞÞdsy

� �
mx

dsx

¼
Z

C
½�2ImmðyÞr1ðyÞ þ ð�2ImmmðyÞ � k2ImðyÞÞr2ðyÞ�dsy; ð31Þ
where
IðyÞ ¼
Z

C
ðD� k2ÞGmx ðx; yÞdsx:
In deriving (31), we have interchanged the order of integration, used the definitions of G1;G2 (14), and used the fact that
DðD� k2ÞGðx; yÞ ¼ 0 since y is on the boundary and x is inside the domain. Since ðD� k2ÞGðx; yÞ ¼ 1

2p ln jx� yj, classical Gauss
theorem shows that IðyÞ is either 0 if y is outside C or 1 is y is inside C. In any case, its normal derivatives is identically zero
for y 2 C and the lemma is proved. h

By the standard continuity argument, we can easily show that
R

Ci
rp � dr is also zero. Therefore, the pressure field p is well

defined in �D.
In the case where D is unbounded, we must ensure that the velocity decays to zero as r !1, or equivalently, the stream-

function approaches a constant value. Since, with the exception of K0ðzÞ, the modified Bessel functions decay exponentially
in this limit, we have
G1ðx; yÞ �
1

2p
ln jxj; G2ðx; yÞ � 0:
ance of unpreconditioned system (24) on Example 1 using the Oðh16 log hÞ quadrature rule. The error is the maximum relative error in the gradient
at the points shown in Fig. 2, K is the condition number of the system matrix. Here N is chosen to be odd to avoid the superficial additional nullspace of

lting linear system due to aliasing. Furthermore, the linear system is solved directly since GMRES will take too many iterations to converge.

k ¼ 0:1 k ¼ 1:0

K Error K Error

6.82e+3 2:44� 10�1 6.78e+3 2:81� 10�1

6.30e+3 9:84� 10�3 6.09e+3 1:16� 10�2

1.25e+4 1:50� 10�5 1.21e+4 1:74� 10�5

2.51e+4 3:02� 10�11 2.43e+4 3:50� 10�11

k ¼ 10:0 k ¼ 100:0

K Error K Error

3.80e+3 2:60� 10�1 2.48e+3 3:20� 10�2

4.50e+3 1:53� 10�2 3.80e+3 1:22� 10�3

8.97e+3 2:18� 10�5 7.56e+3 1:84� 10�6

1.80e+4 2:78� 10�11 1.51e+4 3:84� 10�11

k ¼ 1000:0

K Error

2.99e+3 2:11� 10�2

4.57e+3 8:00� 10�4

8.10e+3 4:68� 10�7

1.48e+4 2:74� 10�10



Table 2
Performance of the algorithm on Example 1 using theOðh16 log hÞ quadrature rule. The error is the maximum relative error in the gradient sampled at the points
shown in Fig. 2, K is the condition number of the system matrix, and # is the number of GMRES iterations required for convergence.

N k ¼ 0:1 k ¼ 1:0

# K Error # K Error

128 33 22.18 8:364� 10�2 33 20.92 7:669� 10�2

256 27 21.58 5:195� 10�5 29 20.49 5:018� 10�5

512 24 21.58 9:100� 10�11 25 20.49 8:472� 10�11

1024 24 21.58 8:615� 10�11 25 20.49 8:017� 10�11

k ¼ 10:0 k ¼ 100:0

# K Error # K Error

128 30 12.20 5:825� 10�2 24 8.09 3:451� 10�3

256 26 11.94 4:668� 10�5 22 7.75 3:075� 10�6

512 24 11.94 5:074� 10�11 22 7.75 1:322� 10�10

1024 24 11.94 8:140� 10�11 22 7.75 1:254� 10�11

k ¼ 1000:0

# K Error

128 20 6.94 1:806� 10�3

256 19 6.89 1:976� 10�6

512 19 6.88 3:842� 10�8

1024 19 6.88 8:448� 10�11
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We then note from (11) that
wðxÞ � ln jxj
2p

Z
C
r1ðyÞdsy; as jxj ! 1:
It is clear that for w to approach a constant,
R
C r1ðyÞdsy ¼ 0. A conservation of mass argument and the natural compatibility

condition
R

C g2 ds ¼ 0 ensures this is the case.
4. Numerical Algorithm

We now consider the discretization of (26). We assume each component curve Ck, k ¼ 0 or 1; . . . ;M, is parametrized by
ykðbÞ, where b 2 ½0;2pÞ. Similarly, rkðbÞ ¼ rðykðbÞÞ refers to the restriction of the density r on Ck. On each contour Ck, we are
given N points equispaced with respect to b. Thus, the mesh spacing is h ¼ 2p=N, and the total number of discretization
points is NM if D is unbounded, or NðM þ 1Þ if D is bounded. Associated with each such point, denoted by
yk

j ¼ ykððj� 1ÞhÞ, is an unknown preconditioned density ak
j (and which implicitly has two components ða1Þkj , ða2Þkj ), and dif-

ferential arclength, Dsk
j ¼ jdykððj� 1ÞhÞ=dbj. The density rk

j ¼ E � ak
j is computed as follows. The curvature part is simply

pointwise multiplication. While for the action of the operator P on a, it can be computed by first taking the FFT of a, then
multiplying each component by an appropriate coefficient, and taking an inverse FFT. The whole procedure is similar to
the Fourier spectral differentiation presented on p. 23 of [29].

Since all four kernels have at most logarithmic singularity, we use the quadrature rules by Alpert [2] to discretize those
four integrals (the quadrature developed by Kapur and Rokhlin [21] would also be suitable). These quadratures are of order
hp log h. The order p determines a set of nodes vn and weights un, n ¼ 1; . . . ; l. These nodes and weights are used for the quad-
rature within the interval b 2 ½bj � ha; bj þ ha�, on Ck (a and l are also determined by p). Outside of this interval, the trapezoid
rule is used. Applying this quadrature to (26) yields
ak
j þ

h
p

XM

m ¼ 0
m–k

XN

n¼1

Aðym
n ; y

k
j ÞDsm

n rm
n þ

XNþj�a

n¼jþa

Aðyk
n; y

k
j ÞDsk

n r
k
n

8>>>><
>>>>:

9>>>>=
>>>>;
þ 1

p
Xl

n ¼ �l
n–0

ujnjAðyk
jþ n
jnjv jnj

; yk
j ÞDsk

jþ n
jnjv jnj

rk
jþ n
jnjv jnj
¼ gk

j : ð32Þ
In the second sum, we invoke periodicity of all functions on Ck, or equivalently, jþ N ¼ j. In the final sum, we are required to
know values of r intermediate to the nodal values at a ¼ aj 	 hv jnj. In these cases, we use Fourier interpolation. The resulting
system (32) is solved iteratively, using GMRES.



Fig. 3. The solution to Example 2 with k ¼ 1. The red star shows the location of x� . The blue stars show the locations at which the error is sampled for the
results in Table 3. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 3
Performance of the algorithm on Example 2 using theOðh16 log hÞ quadrature rule. The error is the maximum relative error in the gradient sampled at the points
shown in Fig. 3, K is the condition number of the system matrix, and # is the number of GMRES iterations required for convergence.

N k ¼ 1:0 k ¼ 10:0

# K Error # K Error

32 127 1:033� 105 1:758� 10�1 92 187.49 3:201� 10�4

64 123 1:635� 104 2:870� 10�7 92 184.80 1:056� 10�7

128 123 1:635� 104 2:303� 10�9 92 184.80 2:010� 10�11

256 123 1:635� 104 4:315� 10�9 92 184.80 1:441� 10�10

k ¼ 100:0

# K Error

32 50 42.34 6:087� 10�5

64 50 42.23 2:239� 10�7

128 50 42.23 7:126� 10�10

256 50 42.23 2:882� 10�11

Table 4
Performance of the algorithm on Example 3 using the Oðh16 log hÞ quadrature rule. The error is maximum absolute error in the gradient sampled at a collection
of points interior to the domain.

N k ¼ 1:0 k ¼ 10:0

# K Error # K Error

32 12 430.65 8:657� 10�4 4 11.83 9:633� 10�4

64 12 430.65 6:097� 10�8 4 11.83 7:405� 10�8

128 12 430.65 2:096� 10�10 4 11.83 6:501� 10�13

256 12 430.65 2:970� 10�10 4 11.83 3:217� 10�11

k ¼ 100:0

# K Error

32 4 7.37 3:898� 10�5

64 4 7.37 5:212� 10�9

128 4 7.37 7:016� 10�14

256 4 7.37 2:506� 10�13

S. Jiang et al. / Journal of Computational Physics 249 (2013) 113–126 123
5. Numerical results

The algorithms described above have been implemented in Fortran. The tolerance for convergence of GMRES is set to
10�12. Here, we illustrate the performance on a variety of examples.



Fig. 4. The solution to Example 3 for different values of k.
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Example 1. SIMPLY-CONNECTED DOMAIN. We first consider the problem of solving (8) with various values of k in the domain
shown in Fig. 2. We generate the boundary conditions from the solution
wðxÞ ¼ �1
2
½log jx� x�j þ K0ðkjx� x�jÞ�;
where the location of the source point x� is outside of the domain. We test the performance of our methods using the
Oðh16 log hÞ quadrature rule. The results are shown in Table 2 and they confirm that the expected accuracy is achieved
and that the number of GMRES iterations required for convergence is independent of N. For the purpose of comparison,
we have also presented the numerical results of the unpreconditioned system (24) in Table 1. It is easy to see that the con-
dition number of the unpreconditioned system is large and increases when N increases due to the presence of the arclength
differentiation operator in (24).
Example 2. BOUNDED MULTIPLY-CONNECTED DOMAIN. We now consider the problem of solving (8) in a bounded, circular domain
with four interior elliptic contours (see Fig. 3). We generate the Dirichlet boundary conditions from
wðxÞ ¼ �1
2
½log jx� x�j þ K0ðkjx� x�jÞ� þ 1

100

X4

k¼1

K0ðkjx� x�kjÞ;
where x� is again a point selected outside the domain and x�k is the geometric centre of Ck. We test the performance of our
methods using the Oðh16 log hÞ quadrature rule with different values of k. The results are shown in Table 3. It is interesting to
note that the linear system appears to become better conditioned as k increases. Our anticipated application will have rel-
atively large values of k since k2 ¼ OðRe=DtÞ.



λ = 1 λ = 10

λ = 100

Fig. 5. The solution to Example 4 with k ¼ 1, 10, and 100. Each component curve is discretized with 1024 points. The condition numbers of the resulting
linear systems are 267.8, 28.7, and 17.4, respectively.
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Example 3. ROTATING CONCENTRIC CYLINDERS. In this example, we consider the case of a domain bounded by two concentric cylin-
ders, r1 6 jxj 6 r2, each rotating with a different speed, V1 and V2. The exact solution is in the form
wðxÞ ¼ AK0ðkjxjÞ þ BI0ðkjxjÞ, where A and B are found according to
�AK1ðkr1Þ þ BI1ðkr1Þ ¼ �V1=k;
�AK1ðkr2Þ þ BI1ðkr2Þ ¼ �V2=k;
and In is the modified Bessel functions of the first kind of order n. Fig. 4 shows plots of the solution for different values of k.
The appearance of boundary layers is clear for k ¼ 100. Errors in the computed solution are shown in Table 4.
Example 4. UNIFORM FLOW PAST SOLID BODIES. In this final example, we calculate the solution to (8) in a domain exterior to four
obstacles (see Fig. 5) with ‘‘no-slip’’ (zero-gradient) boundary conditions prescribed on each of the four component bound-
aries and with the asymptotic far-field condition that rw! ð0;1Þ as jxj ! 1 (or alternatively, rw ¼ ð0;�1Þ on C and
rw! ð0;0Þ as jxj ! 1).
6. Conclusions and further discussions

We have constructed a stable SKIE formulation for the modified biharmonic equation with gradient boundary conditions.
Such formulation will be useful when the unsteady Stokes flow is solved via some semidiscretization scheme using the
stream function. Our numerical experiments show that the SKIE formulation has very good condition numbers for large val-
ues of the parameter k, which is important for the applications to solving the unsteady Stokes flow since k2 ¼ OðRe=DtÞ in
that case. More importantly, since many Navier–Stokes solvers often treat the nonlinear term explicitly and the semidiscret-
ization schemes result in the same type of boundary value problems, our SKIE formulation is an important ingredient in solv-
ing the fully nonlinear Navier–Stokes equations as well.
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Our formulation can be coupled with various fast algorithms such as fast multipole methods or fast direct solvers to
achieve optimal complexity when solving a pure boundary value problem. Furthermore, when the PDE involves a nonhomo-
geneous term, as in the case of unsteady Stokes or Navier–Stokes solvers, the nonhomogeneous term can be dealt with using
fast algorithms similar to [24]. Finally, we observe that the condition number of our SKIE formulation tends to increase when
the parameter k decreases, especially in the multiply-connected cases. Though this is not of our primary interest from the
viewpoint of applications, the conditioning of our SKIE formulation may be improved significantly in such cases by using
similar techniques in [14]. These issues are currently under investigation and the results will be reported on a later date.
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