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CONVERGENCE AND STABILITY
IN THE NUMERICAL INTEGRATION OF ORDINARY
DIFFERENTIAL EQUATIONS

GERMUND DAHLQUIST

1. Introduction and summary

1.1. Statement of the problem. Consider a class of difference equations

(LY) pYnir + Sp1¥Ynin—1 + -+ + &¥n = B Bifuiic + - + Bofa)s

where % is a parameter and

Jos s for - -

are the values of a given function f(x,y) at equidistant arguments
x,=a+nh, ie.
" fn =f(xn’?/n)'

We shall investigate the use of such equations for the numerical solution
of the initial value problem for an ordinary differential equation

(1.2) ¥y =f@y), y@)=y.

The behaviour of the solutions of (1.1) when A is small and = is large,
is then of particular interest.

Some particular formulas of this class have been in practical use for
a long time, the simplest example being the point-slope formula

(1'3) Yat1 — Yn = hfn .

It is well known in this case that y, tends to the solution y(x) of (1.2)
when % — 0 and n — oo, so that'a +nh=z, provided that f(z, y) is con-
tinuous and satisfies a Lipschitz condition.

Two slightly more sophisticated formulas which have been utilized are

(1.4) Ynit = Yn = 2P (fosr + fa)»
(1.5) Yniz = Yn = 3P (frso + 4fnis + f1) -
Equation (1.4) is based on a quadrature formula, known as the trape-
zoidal rule, and similarly (1.5) is based on Simpson’s rule. We may note
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that (1.3) defines a straightforward computational scheme, whereas in
(1.4) y,,,, is found implicitly on the right hand side so that there arises
in each step an algebraic (or transcendental) equation, which is usually
solved approximately by some iterative method. For brevity, this equa-
tion will always be called ‘‘algebraic’ in accordance with the practice of
Hartree and others. Such a formula is called a closed formula, while a
formula like (1.3) (where ¥, ., is not found on the right hand side) is
open. Formula (1.5) is also closed. Note that it is a second order difference
equation. A special procedure is therefore required in the beginning to
give the value ;. Such complications are accepted because of the greater
accuracy of (1.4) or (1.5) when compared with (1.3).

One special feature is common to these particular cases: they contain
the variable y, explicitly in two points only. This is the case for almost
all practically used methods of this kind. More general formulas of the
type (1.1) have recently been studied by Frei [4] and Quade [9]. How-
ever one may ask whether it would not be possible to make use of the
information from the preceding points in a much more efficient manner
by choosing a more complicated formula of the type (1.1). This question
was the starting point of the writer’s investigations. The main result
is rather negative (Theorem 4), but there are new formulas of this general
class which are at least comparable to the classical numerical methods
when high accuracy is wanted, e.g. (1.10) and (1.11).

In order that the difference equation (1.1) should be useful for numer-
ical integration, it is necessary that (1.1) be satisfied with good accuracy
by the solution of (1.2), when 4 is small, for an arbitrary funection f(z, ¥).
The exact definition of the word ‘“‘arbitrary’ will be given in Section 2.1.
It follows from this that the value of the expression L[y(x)] defined by

k
(1.6) Liy@)] = ;(:“’y(x + k) — b,y (@ + vh)

should be small when %4 is small, for all sufficiently regular functions
y(x). This imposes restrictions on the coefficients «,, g, in (1.1). By
expanding the terms in L[y(«)] into powers of h, we see that

L[y(z)] = O(h?+')

for arbitrary y(x) if and only if the following p+ 1 linear relations hold:
k

(1'7) 20&, =0 ’

»=0

(1.8) Zk’(zx,v’/s! - By Ys—1)1)=0 (s=1,2,...,p).
=0
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The largest value of p for which this holds will be called the degree
of the operator L, whereas the integer k (i.e. the number of preceding
points occurring, explicitly or implicitly, in (1.1)) will be called the order
of the operator L or the order of the difference equation (1.1). Since the
number of coefficients is equal to 2k + 2, one may expect that they can
be chosen so that (1.7) and 2k relations of the type (1.8) are satisfied, in
which case p is equal to 2k. A proof of this and an explicit expression
for the corresponding operator will be found in Section 2.4.

By the expansion of (1.6) into powers of %, we see that, if p is the degree
of L, then
(1.9) Liy@)] ~ — Chr+ly@D(z) (A~ 0),

where C 18 a non-zero constant independent of y(x). In particular, L{y(x)]
vanishes identically when y(x) is a polynomial whose degree is less than
or equal to p.

A simple calculation gives for instance the following values for the three
methods discussed above.

Point-slope method: k =1, p =1, C = 1/2.
Trapezoidalrule: k=1, p=2, C =1/12.
Simpson’s rule: k=2, p=4, C=1/9.

The value of ;- L[y(x)] is essentially equal to the error in the estima-
tion of y,, ;. on the assumption that ¥, ;1> Ynir-gs - - -» Yn are exact. More
accurately, it gives the error in y, ., —hByx; Yfp+s On that assumption.
It is therefore called the local truncation error. For a good formula this
should be small, and hence p should be large. This is however not
sufficient, since one has also to consider the inherited error, i.e. the error
produced in y,,,, by the errors occurring in the previous steps. It will
be proved (Section 2.6) that those methods for which p is high show a
very unpleasant error growth, which is in fact so strong that ¢ is neces-
sary to reject all formulas for which p>k+2. An ‘“explanation’” may be
that the sensitivity to delicate features in the sequence ¥,,, ¥,+1, - - - Yns;
Jus Fnsts «« s fnan Which is expressed by a high value of p, is indistin-
guishable from a sensitivity to perturbations. Some perturbations, e.g.
round-off errors, are unavoidable in numerical computations, so that not
even the difference equation is solved exactly. Another source of pertur-
bations is the algebraic equation occurring in each step, which is usually
not solved exactly. We must also observe that the difference equation
requires & initial values. Only one of them is given in the original prob-
lem, and the accuracy of the final results depends on the choice of pro-
cedure used to obtain the estimates of the values y;, ¥,, ..., ¥;_;- From

8%
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a practical point of view one is led to require that small changes of the
extra initial values must not cause large changes in the final results. A
numerical example in the next section will probably make this so-called
strong numerical instability more clear.

The instability of formulas of degree p> & + 2 is the worse, the smaller
k has been chosen. All formulas of degree p=1%+2 give a different type
of numerical instability, whose effect in a given range of integration can
become arbitrarily small, provided that # has been chosen small enough.
We may call this phenomenon weak instability. It is not so serious that
the formulas of degree p==Fk+ 2 must be rejected. On the contrary, the
writer is of the opinion that some of them are the best ones for practical
use when high accuracy is wanted. Some care is however necessary,
in particular when dealing with problems where there are transients which
are damped out quickly compared to the timescale of the phenomena
under consideration. In fact the difference equations in this case possess
oscillating, ‘‘parasitic”’, solutions whose amplitudes increase the more
quickly the quicker the transients are damped out in the correct solution.
When these formulas are used, it is, however, important that the extra
initial values y;, ¥,, ..., ¥5—; should be determined with an accuracy
comparable to the local truncation error in the following computations,
and the round-off errors kept smaller than the local truncation errors.
In particular cases, the weak instability has been discussed in the liter-
ature, for instance by Todd, Dahlquist, Rutishauser, Lowdin, Craggs
and Mitchell. See also Milne ['7] and Collatz [2]. These problems will be
dealt with in another paper under preparation, where some quantities,
called growth parameters, will be introduced for the study of this weak
instability.

The growth parameters have been used in a heuristic discussion of
formulas of low order which results in the suggestion of two formulas
of order 4 and degree 6.

(1'10) yn+4 = - yn+3 + yn+1 + Yn + 3"’ (fn+3 +fn+1 + 11_064fn+2) ’

(1.11) Ynia = + Ynis — Yna + Yu + h(fn+3 +
+fn+1 + %62fn+2 + %64fn+2) .

These may be compared to Newton-Cotes’ formula, which can be written
(1'12) Yn+a = Yn + 2h (f'n+3 + fn+1 + %52‘]“"4_2 + 4_7564]01;—4-2) .

The first one has, roughly speaking, a smaller regular error component,
but it is less stable, while the second one has a larger regular error com-
ponent, but is more stable.






















































