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Laplace Transforms 

Lesson 18 
6CT.1-4 
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Laplace Transform 

•  Up till now we have generally assumed that the 
quadratic content of a signal is finite (unless there 
are impulses) and that the signal may exist for t<0.   

•  More realistically, these assumptions are too 
limiting.  In fact, f(t) = 0 for t<0 and we can not 
always guarantee the quadratic content.  
Therefore:             

        
        
             may not converge. 

∫=∫=
∞

−
∞

∞−

−

0
)()()( dtetfdtetfjF tjtj ωωω
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Laplace Transform #2 

•  Let’s look at the following formulation such 
that the there is a real positive number σ 
which makes the integral converge 

        
        
                      

even if    is not finite. 

∫
∞

−

0
)( dtetf tσ

∫
∞

0
)( dttf
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Laplace Transform #3  
•  Let’s then consider: 

        
        
        
        
       

     

 
 
 
 

    note that F(s) is not the FT of f(t) 
•  F(s) is called the Laplace Transform of f(t) 

£[f(t)]=F(s) 
•  Note that for functions which are zero for t<0 and 

have finite content F(s) è F(s)|s=jω =F(jω) 

ℑ[ f (t)e−σ t ] = f (t)e−σ te− jωt dt
−∞

∞

∫   If f (t) = 0,t < 0,  then

ℑ[ f (t)e−σ t ] = f (t)e−(σ + jω )t dt
0

∞

∫ = F (σ + jω ) Otherwise the integral will blow up for t < 0

Let's define s =α + jω ;  Re(s) > 0; f (t) ≡ 0,t < 0; 

then the Laplace Transform of f (t) = F (s) = f (t)e− st dt
0

∞

∫
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An example 

s
e
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Inverse Laplace Transform 
    Recall that 

 By analogy  
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∫ ∫

∫ ∫
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Recall from lecture 10:
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∫
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Inverse Laplace Transform 
 Also 

0

1
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Some Properties 
•  Superposition holds 

£[f1(t)]=F1(s); £[f2(t)]=F2(s) 
£[f1(t)+ f2(t)]=F1(s)+F2(s) 

•  Differentiation  
 
 
 
 
 
 
This seems clumsy – what is f(0) ? 

 

0

0
0 0

0

( ) ( )]

( )

£

( )

[

( )( )

0 (0) ( ) ( ) (0)

st

st st st

st

df t df t e dt
dt dt

df t e dt e f t f t se dt
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f s f t e dt sF s f

∞
−

∞ ∞
∞− − −

∞
−

=

= − −
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∫

∫ ∫

∫

Integration by parts, we get

( ) ;

( );

st

st

udv uv vdu
df tdv dt u e
dt

v f t du se dt

−

−

= −

= =

= = −
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Some Properties #2 
Let’s look at du(t)/dt = δ(t) 

   £[δ(t)] = £ [du(t)/dt] 
               =s £ u(t)-u(0) 

 

                                              =  
 

       = 1- u(0) 
What is u(0)? If we choose u(0)=u(0+) =1, then £[δ(t)] =0; 
otherwise if we use u(0)=u(0-)=0, then £[δ(t)] =1. 
This is a better choice!!!   Henceforth, we use: 

£[df (t)/dt]=sF(s)-f (0-) 
 
 
∫=
∞

−

−0
)()( dtetfsF st

s e−st dt
0

∞

∫ − u(0)
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Some Properties #3 

•  Higher Order Derivatives 

•  Integration 

1
1 2

0 01

( ) ( ) ( )[ ] ( ) (0) | |
n n

n n n
t tn n

d f t df t d f t£ s F s s f s
dt dt dt

−
− −

= =−= − − − −L

)0(1)()(

)()0()(

)()(

)()(

−
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+=
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=
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Initial Conditions 

•  To simplify this, we can assume that 
f(t)=fa(t)u(t) and all the initial conditions are 
zero.   

•  If we need to have systems which are not 0 at 
t=0-, then we can add special sources (called 
initial condition generators) to represent these 
conditions. 

•  So  
£[df (t)/dt]=sF(s) 

£[dnf (t)/dtn]=snF(s) 
£[            ]=F(s)/s 

  
f (t)dt∫
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Impulse Response 

•  Recall: 
A(p)y(t)=B(p)x(t) 
A(p)h(t)=B(p)δ(t) 

£[A(p)h(t)]= £[ B(p)δ(t)] 
A(s)H(s) = B(s)1 
H(s) = B(s) / A(s) 
h(t) =  £-1[H(s)] 
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Some Transforms 
£[δ (t)] =1

£[u(t)] = 1
s

£[tu(t)] = 1
s2

£[ 1
2
t2u(t)] = 1

s3
;£[t2u(t)] = 2

s3



£[ 1
n!
t nu(t)] = 1

sn+1
;£[t nu(t)] = n!

sn+1
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Frequency Displacement 
£[ f (t)] = F (s)

£[ f (t)es1t ] = f (t)e− stes1t dt
0

∞

∫ = f (t)e−(s−s1)t dt =
0

∞

∫ F (s − s1)

then

£[e-αtu(t)] = 1
s +α

£[e± jωtu(t)] = 1
s ∓ jω

£[cos  ωt  u(t)] = 1
2
{ 1
s − jω

+ 1
s + jω

}

= s
s2 +ω 2

£[sin  ωt  u(t)] = 1
2 j
{ 1
s − jω

− 1
s + jω

}

= ω
s2 +ω 2
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Examples 

-4 -4

2 2 2 2

2

2

Example #1
 £[ cos  (10 -30 ) ( )] £[ {.866cos  10 .5sin10 } ( )]

.866( 4) .5 10
( 4) 10 ( 4) 10

Example #2
2 4

2 5
2( 1) 2
( 1) 4

( ) (2cos 2 sin 2 ) ( )

t t

t

e t u t e t t u t
s

s s

sF(s)
s s
s
s

f t e t t u t−

= +
+ ×= +

+ + + +

+=
+ +
+ +=
+ +

= +

o
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Time Displacement 
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Convolution 
1 2 1 2

0

1 2
0 0

1 2
0 0
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1 2

0 0

1 2
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∞ ∞
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∞ ∞
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∫ ∫

∫ ∫
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∫ ∫ ∫
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Convolution 

£[f1(t) f2 (t)] = f1(t) f2 (t)e
− st dt

τ =0

t

∫ =

= [ 1
2π j

F1(w)e
wt dw

w=σ − j∞

w=σ + j∞

∫ ] f2 (t)e
− st dt

τ =0

t

∫

= 1
2π j

[F1(w)]
w=σ − j∞

w=σ + j∞

∫ [ f2 (t)e
−(s−w)t dt]

τ =0

t

∫ dw

= 1
2π j

[F1(w)]
w=σ − j∞

w=σ + j∞

∫ [F2 (s −w)]dw
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De-Convolution Example 
( ) ( )

0

2

               sin( ) ( ) ( ) ( ) ( )

What is ( ) ?  Note the above equation is equivalent to the
convolution of ( ) with ( ).

1 1£[sin ( ) ( )]  and £[ ( )]=
1 1

an

t t
t t

-t

-t

t u t f e u t d f e d

f t
f t e u t

t u t e u t
s s

τ ττ τ τ τ τ− − − −

−∞

= − =

=
+ +

∫ ∫

2

2

d the LT of the convolution is:
1                    ( )

1
1 1           ( )

1 1
1( )
1

( ) {cos sin } ( )

F s
s

F s
s s

sF s
s

f t t t u t

= ×
+

= ×
+ +

+=
+

= +
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Homework 

•  Problems: 3.1a,b,  

 
 

)()( stepunit an   todue response Plot the)
)()( i.e., response, impulse Plot the )
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=
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−
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Homework 

•  Problems: 3.4a, 

•   3.12a,b 

 

5 0.1

The unit impulse response is given as
( ) (0.7 0.2 0.1 ) ( )

Find the transfer function ( ) and its poles and zeroes.

t t th t e e e u t
H s

− − −= + +

)( :response impulse and )(function  transfer  theFind
)(3

as described is system LTIA 

thsH
txyy =+!
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Homework 

•  Problems: 13a,b 

•  Sketch f (t) = tu(t)u(1-t) and find F(s)  
•  Find f (t), if F(s) = (1-e-2s)/s2. Repeat 

for F(s) = (1-s+e-2s)/s3 

•  6CT.2.1 
•  6CT.2.2 

 
)( :response impulse and )(function  transfer  theFind

)(5158
as described is system LTIA 

thsH
txyyy =++ !!!


