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Z Transforms

Lesson 20
6DT
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Z Transforms – A Definition

• In a sense similar to the LT except it is associated with discrete time 
functions.

• Let’s assume we have a continuous time function, f (t), and let’s create 
a discrete time function from it, f (n) by sampling it at a rate T.  We 
would then have:

• Taking the LT of f(n) we would have:

[ ] ( ) ( )
n

f n f t t nT




 

0 0

( ) £[ [ ]] ( ) ( ) ( ) ( )
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st st

n n

snT
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Z Transforms – A Definition Continued

• Replacing esT with z we have the definition of the z-
transform:

• Note that this is a 2-sided summation.  Since many signals 
are zero for t<0, we can also define a 1-sided z-transform 
as:

• Note that both versions F(z) can be written in closed form 
when the series converges
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Z-transform 2-sided Calculations - Examples

First, recall that the geometric series Arn

n0



  converges to 
A

1 - r
 provided that r  1.

  

Example 1), let:
f [n]  eaTn  for n  0; 0 otherwise

F(z)  eaTnzn





  eaTnzn

0



  (
eaT

z
)n

0




Using the result of a geometric series:

F(z) 
1

1 eaT

z


z

z  eaT  

and will converge when 
eaT

z
 1 or z  eaT
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Geometric Series.
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Examples Continued

1

1
1

1 0

0

Example 2), let:
[ ]  for 0; 0 otherwise

( )  let  we have:

( ) ( )  where m p 1

( )

Using the result of a geometric se

aTn

aTn n aTn n

aTm m aT m aT p

aT aT p

f n e n

F z e z e z m -n

e z e z e z

e z e z

 
 

 

 
   




 

  

    

       

 

 

  


ries:

1( ) ( )  
1

and will converge when 1 or z

aT
aT aT

aT aT

zF z e z
e z z e

e z e






  
 

 

We see that we have to provide a region of convergence, in addition, to the function F(z) to 
completely define the z-transform of a f [n].
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1-sided z-transforms

• Useful since most functions we use are zero for t<0.

F (z)  f (nT )zn

n0
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1-sided z-transforms

• Some examples (see p. 396 Tables 6DT.1 & 6DT.2 for 
more):

0
0

0

0 0

1

1 2 2
0 0

(Unit sampling function) [ ] 1 for 0, 0 otherwise; ( ) 1 1

[ ] 1 for 0, 0 otherwise
1 1( ) 1 ( )  converges for z 11 11

1[ ] ( )  co
(1 ) ( 1)

n n

n n

n n  F z z

u n n  
zF z z

z z
z

Tz TznTu n nTz T n
z z z
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2
3

nverges for z 1

( 1)[ ]  converges for z 1
( 1)

T z zn u n
z
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Proof
0 0

0 1 2 3 4

1[ ] ( )

1 1 1 1 1{0( ) 1( ) 2( ) 3( ) 4( ) } Step 1. Expand the sum

n nnu n nTz T n
z

T
z z z z z
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Proof
0 0

0 1 2 3 4

1 2 3

1[ ] ( )

1 1 1 1 1{0( ) 1( ) 2( ) 3( ) 4( ) } Step 1. Expand the sum

1 1 1 1 1{0 [1 2( ) 3( ) 4( ) ]} Step 2. Factor out  from each term.  

Note that coefficents are not unity so

n nnu n nTz T n
z

T
z z z z z

T
z z z z z

 
 

     

     

 





1 that   can be not be formed.11
z
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Proof
0 0

0 1 2 3 4

1 2 3

1[ ] ( )

1 1 1 1 1{0( ) 1( ) 2( ) 3( ) 4( ) } Step 1. Expand the sum

1 1 1 1 1{0 [1 2( ) 3( ) 4( ) ]} Step 2. Factor out  from each term.  

Note that coefficents are not unity so

n nnu n nTz T n
z

T
z z z z z

T
z z z z z

 
 

     

     

 





1 2 3 1 2 3

0

1 that   can be not be formed.11

1 1 1 1 1 1 1{0 [1 ( ) ( ) ( ) ( ) 2( ) 3( ) ]} Step 3. Separate the sum into

2 sums: one is  and the other is the remainder with coefficients not equal ton

z

T
z z z z z z z

z






         



 

1 2 3 1 2

 unity.

1 1 1 1 1 1 1{0 [1 ( ) ( ) ( ) [1 2( ) 3( ) ]]}  Step 4. Take the second sum and factor

1out  from each term.

T
z z z z z z z

z
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Proof
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Proof Continued

0

1 1 1 1 1 1 1 1 1 1 1{ [ [ [ [ ]]]]} Step 6. This is the resultant sum with  [ ]1 1 1 1 11 1 1 1 1

nT z
z z z z z z

z z z z z
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Proof Continued

0

1 1 1 1 1 1 1 1 1 1 1{ [ [ [ [ ]]]]} Step 6. This is the resultant sum with  [ ]1 1 1 1 11 1 1 1 1

1 1 1 1 1 1 1{ ( )[1 [1 [1 [1 ]]]]} Step 7. Factor out the terms ( ) from the infinite ne1 11 1

nT z
z z z z z z

z z z z z

T
z z z z z

z z


     

    

    
 



 sted sums. 

1 1 1What remains is an infinite nested sum of terms [1 [1 [1 [1 ]]]]
z z z
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Proof Continued

0

1 1 1 1 1 1 1 1 1 1 1{ [ [ [ [ ]]]]} Step 6. This is the resultant sum with  [ ]1 1 1 1 11 1 1 1 1

1 1 1 1 1 1 1{ ( )[1 [1 [1 [1 ]]]]} Step 7. Factor out the terms ( ) from the infinite ne1 11 1

nT z
z z z z z z

z z z z z

T
z z z z z

z z


     

    

    
 





2 2

0

sted sums. 

1 1 1What remains is an infinite nested sum of terms [1 [1 [1 [1 ]]]]

1 1 1 1 1{ ( )[1 ( ) ( ) ]} Step 8. Multiply these term out to revel a sum of the form 11

which can be replac

n

z z z

T z
z z z z

z




   

    








1
1 1

1ed by [ ].11

1 1 1 1 1{ ( )( )} { ( )( )} Step 9.  Multiply top and both of each term by z.1 1 1 11 1

z

T T z
z z z

z z
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Proof Continued
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1-sided z-transforms

• Some examples (see p. 396 Tables 6DT.1 & 6DT.2 for 
more):

  

eaTnu[nT ]
z

z  eaT  converges for z  eaT

aTnu[nT ]  anT zn

n0



  (
aT

z
)n

n0



 
1

1 aT

z


z

z  aT  converges for z  aT
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Properties of z-transforms

Z{f1[nT ] f2[nT ]} F1(z)  F2 (z)
Z{af [nT ]} aF(z)
Z{f [nT T ]} z1F(z)
Z{f [nT mT ]} zmF(z)

Z{nTf [nT ]} Tz dF (z)
dz

If f [nT ]  f1[nT  kT ] f2[kT ]
k0

n

 , then  F(z)  F1(z)F2(z)
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Proof of Delay Property

 

Given:
Z{f [nT  T ]}  z1F(z)
Z{ f [nT ]}  F(z)

Z{f [nT  T ]}  f (nT  T )zn

n0



  f ([n 1]T )zn

n0




Let n -1   m

f ([n 1]T )zn

n0



  f (mT )zm1

m1



  f (mT )zm

m0



 z1

Since f (T )  0

 z1 f (mT )zm

m0



  z1F(z)
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Proof of (nT)f[nT] Property

0

0

1 10

0 0

1 1

0 0

0

( ){ [ ]} [ ]

( ) [ ]

[ ]
( ) - [ ] - [ ]

( ) - [ ] [ ]

[ ] { [ ]}

n

n

n

n

n

n nn

n n

n n

n n

n

n

dF znTf nT nTf nT z Tz
dz

F z f nT z

d nT z
dF z nf nT z nz f nT z

dz dz
dF zTz Tz nz f nT z Tznz f nT z

dz

nTf nT z nTf nT
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Another Proof of (nT)f[nT] Property
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Properties of z-transforms

 

If Z{nTf [nT ]}  Tz
dF(z)

dz
; then

Z{(nT )2 f [nT ]}  Z{nTg[nT ]}  Tz
dG(z)

dz

where g[nT ]  nTf [nT ] but G(z)  Tz
dF(z)

dz
;

dG(z)
dz

 T {
dF(z)

dz
 z

d 2F(z)
dz2 }

And

Z{(nT )2 f [nT ]}  Tz
dG(z)

dz
 Tz(T {

dF(z)
dz

 z
d 2F(z)

dz2 })

 T 2 {z
dF(z)

dz
 z2 d 2F(z)

dz2 }

Z{(nT )M f [nT ]}  Tz
dG(z)

dz
;where G(z)  Z{(nT )M 1 f [nT ]}
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Inverting the z-transform

• Several Methods:
– Taylor series expansion:

results. same  theyield also should  of form closed  theofdivision  Long

|!
1)(by  ] of  values theare[which  series  thisof tscoefficien

  thecalculate , thereforeandexpansion  seriesTaylor  ajust  is  that thisnote and
)()2()()0(

  wherefunction  new a definecan  We
)()2()()0()( Since

0

21

1

21

F(z)
dy
d

nnTff(n)

ynTfyTfyTffφ(y)
zy(y)

znTfzTfzTffzF

yn

n

n

-

n
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Inverting the z-transform Continued

– Residue Method which relates the zT, F(z), to 
the LT, F(s):

assT
n

n

n

sT

z-e
F(s)as

ds
d

n

F(s)
z-e

F(s)zF
















|]
1

)[()!1(
1 

:asn order  a)of(s  pole afor  calculated are residues The

 of poles at the 
1
 of residues)( 

shown that becan It 

11

1

1
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Inverting the z-transform Continued

2
)21(

2|
)2(

2|])2(
2[

2)21(
2|)2(

2

2
)12(

2|
)1(

2
1)1(2)1)(2(

2)(
)1)(2(

2)(

21211

10

2221

1
2

01
2

2
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z

z

zzdz
dM

zM

z
K

z
M

z
M

z
K

zzz
zF

zz
zzF

( )Partial Fraction Expansion of  (since most discrete functions we deal with are  of the form [ ] [ ] 
z

and, therefore,  due to [ ],  ( ) will have a  in its numerator; 
(

e.g.,Z{ [ ] [ ]} ( ) i

F z f n u n

u n F z z
z

f n u n F z


 
)

 and will have terms of the form  which can be inverted.)
( ) ( )

i

k k

p
i

k
p p

k k
k

z z zA
z z z z
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Inverting the z-transform Continued

2

2

0 0

1

1 2 2
0 0

( ) 2 2 2
2 ( 1) 1

2 2 2( )
2 ( 1) 1

See slide 78 
1[ ] ( )  converges for z

1

See slide 69 
1[ ] ( )  converges f

(1 ) ( 1)

T
Tn nT n n T

T T
n n

n n

F z
z z z z

z z zF z
z z z

a za u nT a z a
az z a
z

Tz TznTu n nTz T n
z z z

 


 

 




 
  

  

  
  

    


   
 

 

  or z 1

( ) 2[2 1] [ ] for 1nf n n u n T
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Another Inversion Example
2 2

2 2 2 2

2

2 2

0 01 1
2 2

2 2

0 2 2

2

0

( 2 1) ( 2 1)( )
( 1) ( ) ( )

( ) ( 2 1)
( ) ( )

* *
( ) ( )
( 2 1) ( 2 1)|

( ) ( )
( 1 2 1) 2( 1 )

(2 ) 4
1 (1 )
2
1* (1 )
2

z j

z z z z z zF z
z z j z j

F z z z
z z j z j

A AA A
z j z j z j z j
z z j jA

z j j j
j j

j

j

A j



   
 

  

 


 

   
   

   
 

 
    

 


 

 

2

1 2

2

3 3

2

3 3

3

1

1

( 2 1)[ ] |
( )

(2 2)( ) 2( 2 1)[ ] |
( ) ( )

(2 2)( ) 2( 2 1)[ ]
( ) ( )

(4( 1) 4 ) 2( 1) 4 2)[ ] 0
( )

Likewise for *
* 0

z j

z j

d z zA
dz z j

z z j z z
z j z j

j j j j j
j j j j

j j
j j

A
A
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Another Inversion Example Continued
4 4

2 2 2 2 2 2

2 2 2

2
2

2

1 1 1( ) 2[ ]
2 ( ) 2 ( ) 2 ( ) ( )

This looks like the term  is related to 
( ) ( )

( ){ [ ]} ;  Recall { [ ]} ; 1
( )

( ) 1( )
(

j j
j j

j j

j n

j

j

j z j z z zF z e e
z j z j z e z e

z z
z e z e

z dF zZ e u n Z nf n z T
z e dz
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dF z z e

dz dz
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2 2 2 2 2 2 2

22
2

2 2

2
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2 2
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( ) ( ) { [ ]}
( )
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{ [ ]}
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j j

j j j j

jj j n
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jj n
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z z e z e
z e z e z e z e
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dF z zez ez z Z ne u n

dz dz z e
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Another Inversion Example Continued

  

Continuing

F(z)  1
2

2[e j 4e j 2 ze j 2

(z  e j 2 )2  e j 4e j 2 ze j 2

(z  e j 2 )2 ]

f [n]  1
2

2[e j 4ne jn 2  e j 4ne jn 2 ]u[n]


1
2

2[ne j(n 2 4)  ne j(n 2 4) ]u[n]

 2[n{e j(n 2 4)  e j(n 2 4)

2
}]u[n]

 2[ncos(n 2 4)]u[n]
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Difference Equations

• It can be shown that for a function which equals zero for 
t<0, any initial conditions will not affect the following 
formulation:

)(
)(

:as
 (n)),function, samplingunit   the todue response  theis(which function  system  thehave  weAnd

)(

Or

)()()()(
:yield  willsystem  this totransform-z  theapplyingThen 

][])1([][][])1([][
:equation by thisgiven   system a have  weIf
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0
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10
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0101
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nxbTpnxbpTnxbnyaTmnyamTnya

m
m

m
m

p
p

p
p

p
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Example

][ ]12[2][
have  weexample, preceding a From

)1)(2(
2

)1()2(
2)(

)2(
2)(
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)2(

2
)2)(1(

)1(2
)23(

)1(2)(
)(
)(

)()1(2)()23(
)1(

)(

Then, otherwise. 0 ,0for  ][ where
][2]1[2][2]1[3]2[
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Example

-1

-1

-1

1

1 -1

2But ( )   which is not in any table,
( 2)

but if: [ ] { ( )} 
Then,  [ 1] { ( )}

2{ } 2 2
( 2)

[ 1] 2  for 0
1

Therefore,  [ ] 2  for 1 
OR

2 2 2( ) ;  but {
( 2) ( 2) ( 2

n

n

m

H z
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h n Z H z
h n Z zH z

zZ
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h n n
n m

h m m

z zH z z Z
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1

1 1 1 1 1

} 2 2 2 [ ]
)
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2 2And { } { } { ( )} [ 1] 2 [ 1]

( 2) ( 2)
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Another Example
r

vi(n+1)

g g

vi(n-1)
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g

vo(n-1)

r

vi(n)
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One More Example
R

0

C

v2(t)

  and )( of version discrete a define First we
.derivative  theeapproximatmust  first webut   techiqueiterativean  use We

)]()([1)(
computer?digit  aon   thissolve  wedo How
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Forward Euler Algorithm Continued
Estimate of the output voltage vs sampling time
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Continued

  and  of version discrete a define First we
.derivative  theeapproximatmust  first webut   techiqueiterativean  use We
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Backward Euler Algorithm Continued 
Estimate of the output voltage vs sampling time
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Time Domain to Frequency Domain 
Transformations
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Homework

• Problems: 2.16 ,2.17

1

1 1

2.16
Consider the LTI system and find the output [ ] for [ ] [ ]:

1[ ] [ 1] [ ], 0
3

2.17
Find [ ] .
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Homework

• Problems: 2-19, 2-25
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