Module 11: A Unified Theory of Proportions

1. Three canons of architecture and design:
     The history of proportion in architecture and design has been a search for the key to beauty.  Is the beauty of a painting, a vase, or a building due to some qualities intrinsic to its geometry or is it due entirely to the craft of the artist and the eye of the beholder?   In this Module we will examine some of the approaches to proportion that have been used in the past and we will show that they have certain things in common.

     First we wish to state three canons that most practitioners would agree underlie a good design.   All good designs should have:
1. Repetition – some patterns should repeat continuously

2. Harmony – parts should fit together.

3. Variety – the design should be non-monotonous (not completely predictable)

Many artists and architects would add a fourth requirement that the proportions of a design should relate to human scale.  

     A small number of modules should be used over and over rather than fashioning numerous units of disparate size or shape.  According to the Renaissance artist and architect Leon Battista Alberti, harmony of proportions should be achieved in such a manner that, “nothing could be added, diminished, or altered except for the worse.”     Any system of proportions should be flexible enough to express the individual creativity of the artist or architect so that the unexpected may be incorporated into the design.   Designs from Traditional and primitive cultures reflected the desire of people to be connected to their art and their dwellings.  An architectural system should also have additive proportions so the floorplan can be subdivided in a way that all dimensions are commensurate with each other;  they fit. 
      We will show how three systems of proportion satisfy these canons:  1) The system of musical proportions from the Renaissance; 2) the Modulor of LeCorbusier based on the golden mean; and 3) the system of Roman architecture based on the sacred cut and the silver mean.   
2. The System of Musical Proportions of Alberti

The geometric sequence is important for replicating ratios.  The Renaissance architect and artist Leon Battista Alberti created a system of architecture based on the ratios 2:1 and 3:1 suggested by the Timaeus of Plato in ancient Greece and which had its basis in the musical scale.  He reasoned that “what is pleasing to the ear should be pleasing to the eye.”  This pair of ratios can be used to create the ancient musical scale going back to the time of ancient Sumeria and brought to ancient Greece by Pythagoras.  The philosophers of the Renaissance used neo-classical ideas from ancient Greece to fashion their society and construct their architecture.  They based their architecture on a Table found in the work of a 2nd century AD mathematician, Nicomachus, who was one of the last mathematicians to record what was known from ancient Greece.  The scale of proportions from Nicomachus’ table is shown below:

Table 1.  Nicomachus Table

         1     2     4     8      16     32                                                            (1)
                    3     6     12     24     48

                               9      18     36     72

                                            27     54      108

                                                           81      162 

Notice in this scale,

1.  The rows are in the ratio of 2:1. 
2.  A sequence with ratios of 3:1 runs down the lower edge of the Table.  

2.  The left leaning columns are in the proportion, 3:2;

3.  The right leaning columns are in the ratio 4:3.  

4.  Any number in this sequence is the arithmetic mean of the two number that brace it from above, e.g., 9 is the arithmetic mean of 6 and 12.  

5.  Any number of this sequence is the harmonic mean of the two numbers that brace it from below, e.g., 8 is the harmonic mean of 6 and 12.

6. Any integer from this series is the geometric mean of two numbers that frame it along any diagonal, e.g., 12 is the geometric mean of 6 and 24 and also 8 and 18 and 9 and 16.
Note:  The arithmetic mean, c, of a and b satisfies the relation: b-c = c-a or
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           The harmonic mean, c, of a and b satisfies the relation:  
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           The geometric mean c, of a and b satisfies:  a:c = c:b  or c2 = ab,  or 
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Remark:  A symbol found in Plato’s Timaeus called the World Soul clearly brings the Nicomachus Table to mind:
                                                       1

                                                  2         3

                                              4                 9

                                           8                       27 

I saw a replica of the World Soul in the house of Alberti in Florence, Italy when I visited it.

     How does this table of integers relate to music?  First of all it is the miracle of music that any pair of tones whose frequency ratio is a power of 2 sound alike to the ear.  They are said to be the same tone in different octaves.   The octave can also be generated by  bowing or plucking a string and then placing the bridge at the midpoint of the string and again bowing or plucking it (see Fig. 1).  The two tones will sound alike to the ear. 

     Next place the bridge at the 2/3 point of the string and sound the note.   It will give rise to a tone higher by a musical fifth, i.e., if the original tone is a D, the tone a fifth higher is A (DEFGA five letters higher).   Place the bridge at the ¾ point and you will get the tone G, a fourth (DEFG four letters) higher.
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Fig. 1
     In ancient times 2 was taken to be the female number and 3 the male number.  In terms of music, two was thought of as home or mother yielding the same fundamental tone in different octaves.  To get a new tone required the number 3  (3/2 or 4/3) and so male was associated with the creative element in music.  Of course these paternalistic symbols although quaint no longer hold in modern culture.

    Examine the fourth left leaning column: 
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These integers represent tones with five successive powers of 3 or five successive musical fifths.   These are the tones of a pentatonic scale.  Following the work of the architecture historian, Anne Bulckens, the integers: 16, 24, 36, 54, 81 represent the key dimensions of the Parthenon in terms of a unit that she discovered:  its height to the entablature (16 modules), the width and length of the cella (inner temple) (24 and 54 modules) and width and length of stylobate (platform on which it  sits)(36 and 81 modules).  The pentatonic scale has been used to create much of the folk music of the world.  Without musical training you can play pleasant pentatonic music if you use only the black keys of the piano (try it).  We continue this discussion of music in Section 5.  

     Where is the architectural connection of Alberti’s system?  To create a system of architecture Alberti considered a hexagon of integers surrounding an integer of the Nicomachus Table.  He then made adjacent integers the length, width, and heights of the rooms in his buildings or their facades.  Fig. 2 shows the facades of two of Alberti’s great buildings: Santa Maria Novella in Florence and San Sebastiani in Mantua, Italy.  Although this system certainly had harmony due to the many repeated ratios,  it lacked additive properties.   The Modulor of LeCorbusier had all of the mathemtical qualities of Alberti’s system while also having additive properties.
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Fig. 2   a) Santa Maria Novella,                 San Sebastiani, Mantua
                Florence.

3. The Modulor of LeCorbusier

     We have seen in Module 9 on the Modulor of LeCorbusier that the Red and Blue series shared many of the properties of Alberti’s system.  The two Red and Blue sequence displayed again in Expression 6, intersperse themselves so the Red proportions divide the Blue intervals in the arithmetic mean while the Blue proportions divide the Red intervals in the harmonic mean and each series is geometric.  
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The same holds for the double F-sequence:
    Blue sequence:                      2       4       6      10      16      26                                      (6)
    Red sequence:                1     2    3      5       8      13     21

Note that any integer from the Red sequence divides the pair of numbers from the Blue that brace it from above in the arithmetic mean.   Any integer from the Blue sequence divides the pair of integers that brace it from below in the Red sequence approximately in the harmonic mean with the approximation improving the further out in the sequence one goes.  The F-sequence is an approximate geometric sequence since the geometric mean c of a and b differ from  the defining property of the geometric mean, c2 = ab,  by a constant value, i.e. , c2 = ab + 1 for the Red sequence and c2 = ab - 4 for the Blue sequence.  For example, 
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4. The Roman System of Proportions
    The key to the Modulor system of proportions was the Fibonacci sequence which resulted in many additive properties.  The engine behind the Roman system of proportions is the Pell sequence:

                 1   2   5   12   29   70   169 …

   To get the next integer from the Pell sequence double the preceding integer and add the one before it, e.g.,  
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   Also the ratio between successive integers approaches, in the sense of a limit, to the irrational number,  
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, called the silver mean.

Watch what happens if we consider another Pell sequence beginning with 1  3  so that the two sequences are juxtaposed as follows:
           1    3     7     17    41     99     239    577 …                             (7)
           1    2     5     12     29     70     169    408 …

The ratio of successive integers from this pair of sequences: 1/1, 3/2, 7/5, … give closer and closer approximations to 
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 as you go further out in the sequence.   The ratio 3:2 , the musical fifth played an important role in the structure of the Parthenon where it was the proportion of the metope or housing of the statues that surrounded the temple and served as the module for its proportional system.  The ratio 17:12 also figures in the proportions of the Parthenon.  The ratio of 577:408 approximates 
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 to five decimal places.  A geometric construction to derive this ratio was recorded in the Sulba Sutra, a geometry book from about 600 BC  in Vedic India. 
From this double series you will notice that,

1. Any integer from the bottom sequence divides the pair of numbers that brace it from above in the arithmetic mean, e.g., 5 is the arithmetic mean of 3 and 7.

2. Any integer from the top sequence divides the pair of integers from the bottom sequence that braces it approximately in the harmonic mean, , e.g.,  
[image: image24.wmf],

7

/

20

)

5

2

(

)

5

2

(

2

3

=

+

¸

´

»

 etc. using the Eq.3 for harmonic mean,
3. Any integer from either sequence is the approximate geometric mean of the integer preceding and following it, off by one unit,  e.g., 
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 etc.  using Eq. 4 for the geometric mean.
We described the geometry behind the Roman system of proportions in Module 5 on the Sacred Cut.  Now we describe the algebraic system that relates to it.  The algebra expresses the many additive properties described by this system.   Just as the Red and Blue series of proportions was at the basis of the Modulor of LeCorbusier, the Roman system is also based on a sequence of scales.  Unlike the Modulor which requires only two scales the Red and Blue,  the Roman system requires an infinite number of scales for completeness.  
     Begin with a pair of double-geometric  
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Just as the integer sequence 7, the ratio of corresponding elements from upper and lower sequences equals 
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.   Also,  as for the Red and Blue sequences, each number from the bottom sequence fills in the gaps created by the top sequence and provides the arithmetic mean of the two numbers that brace it from above.  Each number from the top sequence  provides the sacred cut of the gap between the two numbers that brace it from below similar to the integer versions of these sequences exhibited in Sequence 7.
     Again additive properties of this system can be discovered by looking at the integer patterns in Expression 7.  We show the pattern below and one representative from Expression 7 and 8, 
1. The Pell sequence property is satisfied,   
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4. x    x                    2 + 3 + 7 = 12   (     
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Remark:   If  we add two adjacent elements from the upper row of Expression 7 we get  double an element from the bottom row, e.g., 

                              3 + 7 = 2(5)  (   
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However the element, 
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, can not be found in the system of Expression 8.  To accommodate it, we must add a third sequence made up of the doubles of the elements of the bottom sequence.  Continuing in this way we will end up with an infinite number of sequences needed to accommodate all additive possibilities.

5. Music and Proportions

     Architecture articulates patterns in space while music articulates them over time.  Architecture has been likened to “frozen music.”  Since music and architecture share certain common ideas we will show some of the rudiments of the musical scale.  We have already seen that three elements of the musical scale are represented by the musical proportions of Alberti in Expression 1:   the octave, 2:1; the musical fifth, 3:2; and the musical fourth, 4:3.  The Nicomachus table is reproduced hear showing how it results in the pentatonic and heptatonic scales.
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These elements persist to this day and form the basic structure of Western music.  
     Just as the geometric proportion was at the basis of the three systems of architectural proportions described in this module, a geometric sequence spanning the octave between 1 and 2 also lies at the basis of the musical scale.  The octave is divided into twelve equal proportional units corresponding to the twelve tones of the so called chromatic scale, as follows:
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     (9)
The numbers in this sequence represent the frequencies of the 12 tones of the chromatic scale which increase in frequency like compound interest compounded at approximately 6% per year.

     These twelve tones are represented as equally spaced points on a tone circle as shown in Fig. 3 like a clock with the tone called the fundamental tone at 12 o’clock.  However, each tone represents a pitch class of tones with the same tone in different octaves represented by the same point.  If we go around the circle in a clockwise direction the tones increase in frequency.  If we move in a counterclockwise directions the pitch of the tones decrease in frequency.  As a result, movement around the circle should really be represented by a helix.  In fact, it has been suggested by the ethnomusicologist, Ernest McClain, that all of the serpent myths of 
ancient times, where the serpent is either a spiral or helix, was symbolic of the musical scale. [image: image1.wmf]2

b

a

c

+

=

  Fig. 3                                                               

    You will note that these tones are represented by irrational numbers rather than simple rational numbers such as 3/2 or 4/3.  This is because the scale in Expression 9 is the modern equal-tempered scale which was created to accommodate the invention of the piano which would require an infinite number of keys if the ancient system of rational numbers was used to express the tonal frequencies.  However, the two scales are very close in their values.  When D is the fundamental, the interval of the musical fifth from  D to A (DEFGA) is at 7 o’clock and the fourth from D  to G (DEFG) is at 5 o’clock.  Note that  
[image: image51.wmf]=

»

12

7

2

2

3

 1.498   and   
[image: image52.wmf]334

.

1

2

3

4

12

5

=

»

 so that the equal-tempered scale is a good approximation to the ancient scale of Pythagoras.   You can also see that the interval from D to G can also be considered to be a falling fifth.  Also A lies at a frequency of 3:2 the arithmetic mean of the octave 2:1, while G lies at the harmonic mean 4:3 of the octave.
    In Fig. 4 the 12 tones are represented by the 88 keys of the piano.   You will notice that a pattern of twelve tones repeats in different octaves.  The scale of Western music is based on a sequence of seven tones.  This heptatonic scale always begins on the fundamental which can be chosen to be any one of the twelve tones.  Depending on the fundamental tone the scale will be in a different mode.  Successive white keys give rise to seven of the modes and represented by the white keys on the piano in Fig. 4.  The most familiar mode to Western ears is the one beginning on C:  CDEFGABC which is the famous:  do re mi …scale.   The mode beginning on D was the preferred by the ancient Greeks because the seven tones: DEFGABCD are symmetrically spaced around the tone circle reflecting the symmetry of the pattern of keys on the piano as you can see by looking at Fig. 11.   The three tones GDA are shown in which the interval from D to A is a rising fifth while from D to G is a falling fifth.                                                                             [image: image53.jpg]t t t t 1 t l t
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Fig. 4.  The piano keyboard

     The three tones GDA basic to the musical scale are shown in Fig. 5a.  Starting at the fundamental D, count 7 tones in a clockwise direction to the musical fifth at A and seven tones counterclockwise to the fourth at G.  
     The five black keys on the piano within an octave represent the pentatonic scale that was mentioned in Section 2.   The pentatonic scale is shown in Fig. 5b.   The pentatonic scale with D as the fundamental is gotten by starting at D and counting off  7 tones in a clockwise direction to get the musical fifth at A,  then counting 7 more clockwise tones getting to the tone E.  Now reverse field and count 7 tones in a counterclockwise direction, to get to G and seven more tones to get to C.   
     To create the heptatonic scale simply move 7 tones three times in a clockwise direction and three times in a counterclockwise direction as in Fig. 5c.  Note that the open circles in Fig. 5b represent the black keys on the piano and when inverted for a pentatonic scale as in Fig. 5b.

     If you went even further and counted 7 tones six times clockwise and six times counterclockwise, this would get you to six o’clock in both directions.  On the equal-tempered scale you will be exactly at 6 o’clock in both directions; the circle closes.   Using the Pythagorean scale based on powers of 3/2 and 4/3 the circle does not close.  The 6 clockwise musical fifths overshoot 6 o’clock while the 6 counterclockwise fifths overshoot in a counterclockwise direction, with difference being the slightly audible quarter of a semitone difference know as the Pythagorean comma as shown in Fig. 5c.  

[image: image54]
   
[image: image55]                     [image: image56.jpg]C# Eb

A G
36’ \3-6

G# # Ab (Pythagorean =729/512)

orab# g# (Just=45/32)
G# = Ab (Equal temperament =‘ﬁ )
(Just = 45/32 =760/512)



                                                         
Fig. 5a,b,c
Remark:  You will notice that the pentatonic and heptatonic scales differ in an important respect.  The distance between successive intervals on the tone circle is called a semitone.  The pentatonic scale always has a gap between two successive tones; in other words it has no semitones.  On the other hand the heptatonic scale has two semitones.   The semitones make dissonant sounds and require the skill of a musician to organize them into the music.  It is for this reason that the pentatonic scale was the first to be used and is at the basis of the folk music of the world.   

     Although the heptatonic scale was created to organize the pitch of a musical composition, it was a recent discovery that the various modes of the heptatonic scale give expression to all of the patterns of African rhythm.  If you clap on the darkened points in the D mode shown in Fig. 5b, you will get one of the clapping patterns.  If you rotate the circle so that the C is in the position of the fundamental at 12 o’clock you will have the clapping pattern corresponding to the C mode.  
     This ends our brief discussion of proportion and music.  
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