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4.1  RATE OF CHANGE 
 
Fig. 1 describes a trip that Mary is taking on her bike.  The origin of the coordinate system is 
taken to be s = 0 at the location of Town Hall (TH).  She starts her trip at her house (H) located at 
position  s1 = 2 miles at time t1 = 0 hours and travels past her school (S) to the lake (L) located at 
s2 = 5 miles reaching there at time t2= 0.25 hours (fifteen minutes) .  During this trip she 
occasionally slows down and then speeds up.  To compute her average speed over the duration of 
the trip   
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This expression is called a difference quotient.   It measures the rate of change of distance with 
respect to time.  So average speed is one example of a rate of change. 
 

In general, the average rate of change of a function f over the interval from x = a to x = b of the 
graph of the function is given by the difference quotient : 
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Notice that if you draw a line between the points:  (a, f(a)) and (b, f(b)) as shown in fig. 2, then 
the difference quotient is the slope of the line. 

The difference quotient is a measure of the rate at which the output values of a function change 
as the input values change.  In fact, the difference quotient determines the average rate of change 
of the function.  You can find many examples of rates of change in the problems at the end of 
this chapter.  Here is one example: 
 
Example 1:  High levels of PCB in the environment affect pelican’ eggs.  Table 1 shows that as 
the concentration of PCB, C, in eggshells increases, the thickness, h, of the eggshell decreases, 
making the eggs more likely to break.  Find the average rate of change in the thickness of the 
shell as the PCB concentration changes from 87 ppm to 452 ppm.  Give units and explain why 
your answer is negative. 
 
Table 1.  
Concentration, C, in parts per million (ppm)      87        147      204      289      356      452 
       Thickness, h, in millimeters (mm)             0.44      0.39     0.28     0.23     0.22     0.14 
 
Solution:   Since we are looking for the average rate of change of thickness with respect to a 
change in PCB concentration, we have, 
 
(Avg. rate of change between C = 87 and C= 452)  = Change thickness/Change in the PCB level  
  

      
ppm
mm

C
h 00082.0

87452
44.014.0









  
 

The units are thickness units (mm) over PCB concentration units (ppm), or millimeters over parts 
per million.  The average rate of change is negative because the thickness of the eggshell 
decreases as the PCB concentration increases.  The thickness of pelican eggs decreases by an 
average of 0.00082 mm for every additional part per million of PCB in the eggshell. 
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4.2  INSTANTANEOUS  RATE OF CHANGE 
 
      Returning to Mary’s trip to the lake, at any given time, t, her bike is traveling at a particular 
speed.   Do you see that the closer that a later time, tlater, is to  t  the better estimate that the 
average speed will be to the actual or instantaneous speed at time t.   Likewise, the average rate 
of change of the function f between a and b better reflects the instantaneous  rate of change at x = 
a the closer that b is to a.   
 
Example 2:  From Table 1 we found that the avg. rate of change between C = 87 and C = 452 is 
0.00082.  We can find a better estimate to the instantaneous rate at C= 87 ppm by the difference 
quotient between C = 87ppm  and C= 147ppm,   
 

            Instantaneous rate of change at C = 87 
ppm
mm

C
h 0008333.0

87147
44.039.0









  

 
 If we let b = a + h then the difference quotient, (Eq. 1) can be written as : 
 

                      
h
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which we encountered in Expression 1 of Section 2.1.  Looking ahead, the actual or 
instantaneous rate of change at x = a can be estimated by taking h to be small.  In fact what 
happens if you let h approach 0?  Try to do this for the results of Problem 2 of Capter 2. 
 
Remark 1:  While the average rate of change over some interval of x is the slope of the line 
drawn between the endpoints of the interval, the instantaneous rate of change at x = a will be the 
slope of the line tangent to the graph of y = f(x) at the point x = a.  
 
Remark 2:  We have seen that the average rate of change of the function y = f(x) can be 

represented by the difference quotient,   
x
y


 .   Since the instantaneous rate of change is such an 

important quantity, it is represented at x = a by the notation,  
dx
dy , called the derivative of y = f(x) 

with respect to x.  Geometrically the derivative is the slope of the line tangent to the graph of y = 
f(x) at x = a.  In Chapters 9 and 10, we will introduce a computational method to determine 
derivatives.   
 Example 3:  Apply Expression 1 to f(x) = x2 to get,    

                       Avg. rate of change = 
h

aha 22)(   = 
h

hah 22  = 2a + h 

So the average rate of change  = 2a + h.   Now let h approach 0 and you find that, 
 

            Instantaneous rate of change = 2a  for any value of x = a, i.e. x
dx
dy 2  for any value of x . 
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4.3  RATE OF CHANGE INFLUENCES THE NATURE OF THE CURVE 
 
If the value of a function is changing we can identify the rate of change of the output as the input 
changes with the slope to the graph of the function.   
 

a. Increasing and decreasing function 
 
       If the values of the function increase, as in Fig. 3, the rate of change or the slope of the curve 
will be positive.  Therefore, positive rates of change indicate increasing functions.  Alternatively, 
if the rate of change is negative then the values of the function will decrease . 
 
Example 4:   Table 2      x         0         5       10      15      20      25     30 
                                   y = f(x)    12.6   13.1   14.1   16.2   20.0   29.6  42.7 

                                        y
      

      0.5     1.0     2.1     3.8    9.6     13.1
      

Notice that the values of the function continuously increase as x increases (see Fig. 3), i.e., 
.0y  .   Now calculate the best approximation of the rate of change at any of the given values 

of this function by dividing y  in Table 2 by .5x    For example, the best approximation to 
the rate of change at x = 0 and 5 are, 
 

 Rt. of Change at x = 0 1.0
05

6.121.13





 ,    Rt. of Change at x = 5 2.0
05

1.131.14





  

  
Likewise the rate of change at any of any other value of this function will be positive. 
 

a. Convexity 
 
     If the rate of change of a function increases, then its slope increases and the curve will look 
like one of the curves in Fig. 4a below.  These curves are said to be concave up.  If the rate of 
change of the function decreases then the slope decreases and the curve is said to be concave 
down.  It will look like one of the curves in Fig. 4b. 
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Example 5:  Notice that the difference of the values of the function, y , in Table 2 continually 
increase so the rate of change increases and the curve is concave up as shown in Fig. 3.    
 
So, by just looking at a table of data and evaluating y , you can see where its graph is 
increasing, decreasing or concave up or concave down.  The following table lists the height of a 
grapefruit above the ground after it is thrown into the air as a function of time.  In this case, rate 
of change is called the velocity.   Notice that the height of the grapefruit first increases ( y >0) 
and then decreases ( y <0) as shown in Fig 5.  
          
 
            Table 3 

     t (sec)    0      1         2         3         4         5        6 
y (feet)  6      90     142     162     150     106     30 

y
   84     52       20       -8       -44     -76  

 

Remark 3: Since ,1x  y represents the approximate rate of change.  
This is confirmed by calculation of the y between each pair of y values which is positive up 
until t = 3 and is then negative.  Notice that y continually decreases in its value from t = 0 to t = 
6, so the curve is concave down. 
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