Top Ten Items
Chapters 1-3

1. Thermodynamic State Functions

Legendre Transform (Ch.1, p.15-p.17):

y=¢+Px > ¢=y-Px [y=y()> ¢=4(P)

From the 1* law of thermodynamics (dE=TdS-pdV: for one component system), we have

y = E and two slopes available: (ﬁj =T, (§j =—
oS ), oV )

Ex 1. Helmholtz free energy

Seek a function whose natural variables are T and V.: Since E=E(S,V), we need to
replace only S with T. So Look for the slope that gives T in the above. That is

(6E/2S), =T, thereforewe set y=E, x=S, P=-p toget ¢=E-TS.

Ex 2. Enthalpy
Seek a function whose natural variables are S and p. In this case we need to replace only
V with p. So use the slope P =(6E/0V ), =—p, then V —x.

Therefore the function you wanted is: ¢ = y—Px=|E + pV = H(S, p)|called Entalphy.

Ex 3. Gibb’s free energy

Seek a function whose natural variables are T and p. In this case, we need to replace both
(S,V) with (T, p). The Legendre Transformation can be extended to:

p=y-Px > ¢=y-> Px
j

ChoosePlz(a—Ej =T, Pzz(a—Ej =—p, then S—»x, VX,
oS ), oV Js

¢=Yy-PBXx —PX,=E-TS—(-p)V =|E-TS+ pV =G(T, p)|, Gibb's free energy.

Ex 4. Chemical potential in multi-component systems

In general E,A,H, and G depend on the number of moles or molecules of each component.
Nj = the number of moles of component j and pj = chemical potential of component j.
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dE =TdS - pdV +Z(%} dN; =TdS - pdV + > u,dN,
I /sy N, i

dH =TdS+Vdp+ > x,dN;, dA=-SdT —pdV +» udN;, dG=-SdT +Vdp+)_ udN;
i i i

These equations show that  |u, = o | H _| oA _| oG
"N, oy ON; 5., oN; )+ ON; -

2. Determination of the Grand Canonical Partition Function, Q

Use Lagrangian undetermined parameter method. For any possible distribution number of

states, maximize W ({ }) . or its logarithm under
HH

constraints: Y > ay = A, ZZaNjENj =E, > > ayN=N.
N ] N ] N o

We thus formulate as:
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Now proceed with
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Similary, [%) —EP-EP, therefore (2—5] + ﬂ[%} -7
7V 7.8 7V

By comparison with the thermodynamic relation (Pr. 1-29), and with assumption: E <> E, p< p

we find ﬁ:%xconst Ei , although we still don't know about y at the moment.




3. Alternative determination of #+7 that leads to the relationship between
Entropy and Partition Functions

For Grand Canonical Ensemble Z,

f=InZ or f(ﬂ,}/,{EN‘j(V)}):m{ZZeﬂENj(V);/N}

N
Total derivative of f

of of of = —
df =| — dﬂ+(—j dy+ —— dE,, =-EdS—Ndy-p PdE,,
The last term represents an ensemble average of reversible work done by the system, so
df + EdB+Ndy =-p> > P,dE,, =+ApdV  Add to both sides, SdE + ydN
N

d(f + BE+yN) = SdE +ydN + SpdV
Now compare this with TdS = dE + pdV — zdN  or identifying

dS=d(f + BE+yN) and dT—E p$V HAN _ g4+ ydN + ppaV
1 1 U U
=—xconst=— y=—xconst=-—"—
F=gx km U kT
BTW we also found a relation between Z and S:
- - E Nu
S=f+pBE+yN==——-——"+klInZ
p 4 T T

For Canonical Ensemble Q,
Similarly, we could relate S to Q, if we used in the above f =InQinstead of f =InZ:

f=InQ or f(,B,El,EZ,....):In{ZeﬂEJ}

of zEe Be 7
df d dE, =—————d 2 __dE, =-EdpB-pB) P.dE,
e P R T Y 5%

To compare d(f + BE) = B(dE - _ P, dE,) with dS =%(dE + pdV ), we get =%
k

and d(f+pE) :ﬂd(TS),InQ+ﬂI§=ﬂTS+constant,InQ+k£T:%+constant

E oInQ
S=kInQ+—=kInQ+KkT
Qg =kt 28]




4. Proof of S=kIn Q

i) Using Grand Canonical Ensemble

S, =AS
S=k(BE+yN+InZ)
*ﬂENJ -7N *

—kInZ+kZ(ﬁENJ+7/N)——kInZ—kZ(Ina*N'j+InZ—

N.j
where we used.
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S, = AS = k(AInA ZaN, j kinw ({a’y ;})

Since W is the number of states available to the system, W =Q.
S. =kInQ(N,V,E)

i) Using Canonical Ensemble

E 1 Ee’™
S=kInQ+==kInQ+= !
* g A e e’" a, Q _-
Since aj:e'“'ﬁj:—e_ﬂ‘, we may use =—, PE =-In=a’.
Q Q A

S= kan+k2[|nA—|nQ Ina". ]— kinQ-kInA-kInQ-> —1—1
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S, =AS =kInQ(N,V,E)




5. Proof of A=-kTIn Q

Given Q=Q(V,N,T)= Ze—Ej(N,V)/kT
j

oInQ

a'ﬂj , S=E+kInQ=kT(
\v T oT

orT

A=E—TS=kT2(—aanj —T{kT(aanj +kInQ}:—kTInQ
T Juy T Juy

Wehaveﬁszz( j +kInQ
N,V

6. Proof of pV =kT In Z

Method 1: use G = uN

G=E+pV-TS=E+ pV—T($—¥+kInZJ: pV + uN kT InZ

N« N gives |[pV =kTInZ

Method 2: use Euler's theorem. To see if f =In Z is a homogeneous function of V, recall

of of of = — -
df =| — dﬂ+[—j dy + —— dE,; =—Ed S —Ndy + SpdV. Now fixing T, x,
[aﬂlE 07 )y 2.2 By ) "

df |M = fpdV therefore f is a homogeneous function of V of order 1, in which case

10lnz 1Inz
p=— =——— or V =kTInZ
P=5 o0 5V

7.Proof of G=kTIn A

f=InzZ or f(ﬁ,;/,{ENyj(\/)}):|n{zze—ﬁENj(V)—7V}
N

Total derivative of f

df :(ij dﬂJ{i] dy =—EdB-Vdy. Adding to both sides AdE +ydV,
7.E B.E

op oy
d(f + BE+yV) = BdE +ydV, Now compare this with TdS = dE + pdV

dS=d(f+pBE+V) and dT—E+p$—V=/3dE+yd\7
1 1 P p - E pVv
=—xconst=— =—xconst=—, Also S=f+pBE+yW =InA+———
p=gx ik T KT PE+Y T T
_TS—I§+p\7_E

SInA
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8. Thermodynamic connections in various types of ensemble

Table 3-1

S= kInQ(N,V,E) —>dS:dE+pdV_ﬂdN—>l=k(aanj iy
T T 6E ), ,T'T

A=-kTInQ(N,V,T) —»dA=-SdT —pdV+udN —S,p,u, E

pV = KT InZ(V,T,u) —d(pV)=SdT +Ndu+ pdvV —S,N,p
G=-kTInA(N,T,p) —dG=-SdT +Vdp+udN —S,\V,u

Note which set of variables is fixed in each ensemble, and which variables are derived

from the logarithm of the partition function. Note also that S is never fixed-if it were,
nothing else would happen.

9. Relationship between Q and Q

The fluctuation theory shows that fluctuation is small in a system of large N. Therefore
Q(N,V,T)= ze—E;/kT _ ZQ(N V,E)e® ~ Q(N,V,E)e /v
i E

Suppose we did not know A=—-kInQ but know

S:k|”9=k{|nQ+%} or InQ——_EzTS E__A

k kT kT kT

We thus recovered the relation: A= KT NQ from S=kInQ

10. An Example of Q

The above shown relation S =kInQ is the best
known equation in statistical thermodynamics. It
says: the more states available to a system, the
higher the entropy is. Boltzmann is the first
person to see how probability ideas could be
combined with mechanics. But his idea was not

- - - - -

n

" 8 & e ° & s )
- s & & * = a L]
] " & = * & @
"= & & & 5 & = L]
" e e s & e s e @ »
® * ® ® ® a
*® = * ® s @

R

. o\ well accepted at his time. Do we know what Q
o ¢ o\ e looks like? Yes, in Chapter 1, we have shown that
e il P for an N-particle system:

My

Figure 1-1. A two-dimensional version of the (n, n,, 7;) space

24 nZJ

XJ

8ma



Using the volume of N-dim sphere, the number of states with energy < E is found
3N/2
Q(E) = 1 27rma’ poN/2-L
C(N+DT(BN/2){ W
Keep terms of order O(N) only,
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