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PROOF OF LEMMA 3.3

For ease of presentation, we define the following notations that will be used throughout the
proof:

F j(i): The length on machine i(i = 1,2, 3) after the j"* order is scheduled.
C;i): The finish time on machine (i = 1,2,3) of the j** order.
C; = maXlSiggg{Cj(-i)}l The finish time of the j* order in the schedule.

The above notation is defined in terms of the position of an order. In contrast, the following
notation is defined in terms of the order itself:
C’g?: The finish time on machine i(i = 1,2, 3) of order J;.

Cy, = maxlgigg{CSj)}: The finish time of order J; in the schedule.

In addition, for convenience of describing a pattern of a schedule, we define:

(P)*: A pattern produced by repeating k times the subpattern P, which is a sequence of
a, b and c.

(Py/Py)*: A pattern produced by repeating k times the subpattern Py or P», each of which
is a sequence of a, b and c.

We also define Sppr to be an optimal schedule and:
> C;(S): The total completion time of schedule S.

Finally, for convenience, for each order constructed from a; (bj, ¢j), we simply call it order
a; (respectively, b;, c¢;). Also, we assume that the subscripts of the orders in a schedule are
labelled in such a way that,

a; (bj,orc;) (j = 1,2,...,n): means that there are (j — 1) orders of type a scheduled
before a; (respectively, b;,or ¢;).

Observation 1. In Sopr:
i) The orders of type ¢ must be scheduled by a sequence satisfying the SPT rule;
ii) The first order in the schedule cannot be of type c;

iii) The last order in the schedule must be of type c.

Proof. i) It follows by an interchange argument.
i1) Suppose that Sopr starts with an order of type c¢. From ¢), this order must be ¢;. We

let the first type-a or type-b order be in position (k+ 1) > 1 . We denote this order as c*.
Then, the first (k + 1) orders are scheduled as:

ci1Co ... CkC*.
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The finish time of order ¢;(j = 1,2,...,k) in cica...cpc” is:
JL, j
C., = max 2jL+23_ ¢, =j(5L+2X)+ ) a,
JOL+2X)+>7 1 q =1
If we schedule ¢* before ¢; (i.e., c*cica. .. ¢), it can be shown that the finish time of order
¢j(j = 1,2,...,k) remains the same as before. But the finish time of ¢* in c*cica... ¢y is

reduced by an amount of kL on machine 1 and an amount of 2kL + 2 Zle ¢; on machine 2.
Therefore, c*cica . .. i, has smaller ) C; than cica. .. cpc®, contradicting the fact that Sopr
is optimal.

i11) Suppose that Sopr does not end with the last type-c order ¢,. If we move order ¢, to
the end and push all orders scheduled after ¢, forward, then the finish time of ¢,, in the new
schedule is the same as the finish time of ¢, in the old schedule. But the finish times of all
orders that were pushed forward will decrease in the new schedule. Thus, the new schedule
has a smaller ) C; than Sopr, contradicting the fact that Sopr is optimal. [

Observation 1 reveals the fact that it would be advantageous to distribute the remaining
orders of type a and b within the n frames imposed by the orders of type c.

Observation 2. In Sppr the first order must be of type a.

Proof. Let (k+ 1) > 1 be the smallest position of a type-a order in Sopr. Following our
convention, we denote this type-a order as a; . We will show that there is a schedule S which
has a; in a position less than (k + 1), such that

3n 3n
> Ci(8) <> Cji(Sorr).
j=1 J=1

The first k£ orders are either of type-b or type-c. Let the number of type-b and type-c orders
be ny and n., respectively. Clearly, ny + n. = k. From Observation 1, the first order cannot
be of type c¢. Thus, ny > 1. We now show that n., > 1.

Suppose n. = 0. Consider the schedule S obtained from Sppr by interchanging a; with
the order before it (which is bg). Then we have

> Ci(8) =Y Ci(Sopr) = Cay (S) — Cy, (Sopr)
(k= 1)(2L +2X) + 571 bj + (2L + ay),
= max{ (k—1)(L+X) =¥ 1bj+ 2L+ X —a1), ¢ —
0

k(2L +2X) + Y5 bj,

max{ k(L4 X)— Y5 b,
0
= —2X+a; —b. <0,

contradicting the fact that Sopr is optimal. Thus, n. > 1.

Since k = ny + ne, we have k > 2. If kK = 2, then the first three jobs of Sopr must be
biciaq. Consider the schedule S obtained from Sopr by swapping b; with aq. It is clear that
the finish time of ¢; in S remains unchanged. Thus,

ZC]'(S) — ZCj(SOPT) = Cal(S) — Cbl(SOPT) =-X — a] — b1 < 0.
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Therefore, S is better than Sopr, contradicting the fact that Sopr is optimal.

From now on, we will assume that k > 3. First, we have:

np
FY) = my(2L 4 2X) +noL + 3 b + (2L + ay). (1)
j=1
9 Ne ngy
Flggl:nb(L+X)+2nCL+2ch—ij+(2L+X—a1). (2)
j=1 j=1
76 _ S
o1 =ne(5L +2X) + ) ¢j. (3)
j=1

D 5 p®

Case 1: F,gl) > F,gr)l and Fl§+1 > F.

12

From (1) and (2),

Fy > B = ne <. (4)
From (1) and (3),
F,Elﬁl > F,Ei)l = ny > 2n. — 1. (5)

Since ne. > 1, np > 2n. — 1 = n. < ny. Therefore, we only need to focus on ny > 2n. — 1.
Now, we have:

ny
FY = np(2L +2X) + L+ > b, (6)
j=1
Ne ng
FP =ny(L+ X) +2n,L+23 ¢;— > by, (7)
j=1 j=1

Thus,

Ne g
FY—F® = (ny—ne)L+ (ny— 1)X + (X - 2ch) +2) b
=1 i=1
> (ny —ne)L+ (ny — 1) X, (8)
due to L >nX >2n377 4 cj =2n3 7 4(a; + b;). We have the following three cases:
Case 1(a): n. =1

Since k£ > 3 and n. = 1, we must have n, > 2. We can show that the first £ orders in

Sopr must be of the pattern
Sopr : bibacy (b)nb_Q.

Any schedules that put ¢; in positions other than the above can be converted into another
one with smaller ) C}, contradicting the fact that Spopr is optimal.

Let us consider the first (k + 1) orders in Sopr. If ny = 2, we have:

SOPT . b1b201a1 .
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Let us consider
S :arbocyby.

We have:
Cy, (Sopr) = max{2L +2X + by, L+ X — b1,0} = 2L + 2X + by,

Cbg(SOPT) = max{4L +4X 4+ by +b9,2L4+2X — by — bQ,O} =4L 44X 4 by + bs,

5L 4+ 4X + by + b,
Ccl(SOPT) =max{ 4L +2X +2c1 — by — by, p =5L +4X + by + bs.

5L+2X 4+
and
Co,(S) =max{2L +a1,2L+ X —a1,0} =2L + X — ay,
Cbz(S) = max{4L—|—2X 4+ a1+ b0,3L+2X —a; — bz,O} =4L 4+ 2X + a1 + be,
5L 42X + a1 + bs,
Ce, (S) =max ¢ 5L +2X +2¢; —ay —be, p <5L+2X + 2¢1 + a1 + be.
5L—|—2X—|—Cl

Therefore,

> Ci(8) =Y Cj(Sorr) = (Cay(S) + Cpy(S) + Ce, (5)) —
(Cy, (Sopt) + Cry(Sopt) + Ce, (Sopt))
< (11L+5X + a1 + 2by + 2¢1) — (11L + 10X + 3b1 + 2b3)
= —5X +a; +2c —3b1 <O.
Thus, S is better than Sopr.

If ny > 3, we have:
Sopt : bibacy (b)”b_3bnba1.

We can show that
S : blbgcl(b)"b_3albnb

is better than Sopr by:
>_Ci(8) = >_Ci(Sopr) = Ca,(S) = Cy,, (Sopr)

np—1 ny
= ((nb— DL+2X)+ > b +L+(2L+a1)> - (nb(2L+2X)+ij+L)
j=1 J=1

= 72benb+a1 < 0.
Therefore, for Case 1(a), we can always find a schedule better than Sopr.
Case 1(b): n. =2

Since ny, > 2n. — 1, we have n, > 3, By the same argument as in Case 1(a), we can show
that the first & orders in Spp7 must be scheduled in either

bibacibzea (np = 3),

or
blbgclb3b402(b)”b_4 (nb Z 4).
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In the former case, the schedule for the first (k + 1) orders is:
Sopr : bibacibscaay.

We can show that
S : bibaciarcobs

is better than Sopr by:

> Ci(8)=>_ Ci(Sorr) = (Ca, (8)+Ce, (S))—(Chy (Sorr)+Cey (SopT)) = —2X+0a1—b3 < 0.

In the latter case, if ny > 4, the schedule for the first (k + 1) orders is:
SopT : b1b20163b402(b)”b*5bnba1.

We can show that
S : b1b201b3b402(b)"b*5a1bnb

is better than Sppr by:

> Ci(S) = > Ci(Sopr) = Cay(S) = Cb,, (Sorr)

np—1 23

= ((nb —1)(2L+2X)+ Y _ bj+2L+ (2L + a1)> - (nb(QL +2X)+ > b+ 2L)
j=1 j=1

= —2X—|—a1—bnb <0,

due to ny > 4.
On the other hand, if n, = 4, the schedule for the first (k 4 1) orders is:

SOPT . b1b261b3b402a1.

We can show that
S : b1b201a1b402b3

is better than Sppr by:
> Ci(8)=Y_ Ci(Sorr) = (Cay (S)+Ch, (S)+Ce, (5)) = (Cy (Sopr)+Ch, (Sorr)+Cey (SopT))

= —3(2X — a1 + bg) < 0.

Therefore, for Case 1(b), we can always find a better schedule than Sopr .
Case 1(c): n. > 3
Since ny > 2n. — 1, we have ny > 5. From (8) and (5), we have:

FY—F® > (ny—ne)L+ (ny — 1)X

>
> (2ne—1—n)L+4X = (n.— 1)L + 4X > 2L + 4X. (9)

If the k' order is of type-b, i.e., the schedule for the first (k + 1) orders is:

(b/¢)* tbn, a1,
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then we have:

(B + 2L+ 2X +by,)) = (B2 + (L+ X = by,)) > 20 +4X

= (A +20+2X +by,) +2L+a) = (B2 + L+ X —by,) +2L+ X —ar) >
2L +4X + (2L +a1) — (2L + X — ay)

= (AY +2L+a) - (B2 +2L+ X —a1) >
2L+ 4X +(2L4a1) — 2L+ X —a1) — 2L +2X +b,,) + (L+ X — by,)
= L+2X +2a1 — 2by, > L+ X. (10)

This implies that, in (b/c)*"'a1b,,, a; will still finish on machine 1. However, (b/c)*~ta1b,,
has a cost reduction by an amount of (2X + b,, — a1) from (b/c)*~1b,,a;. Thus, this will
result in a better schedule.

If the k' order is of type-c, let by, be in the (k — 1) (I > 1) position, i.e., the pattern is:

(b/c)kil*lbnb(c)lal
We have:

(FD ) + (2L +2X +by,) +1L) -

Ne
(klﬁ (L+X —bp,)+21L+2 Y cj)>2L+4X
Jj=nc—Il+1

= ((FU 1 + 2L 42X + by, +1L) +2L +a1) —

((F,52>1+L+X—bnb+2m+2 3 cj) +2L+X—a1) >

j=nc—I+1
2L +4X + (2L +a1) — 2L+ X — ay)
= (AU +2L+a) - (R +20+ X —ar) >
2L+4X + (2L+a1) — 2L+ X —a1) — (2L +2X + by, +IL) +

L+X —bp, +20L+2 > ¢
Jj=nc—Il+1
— (I +1)L+2X +2a1 — 2y, +2 Y. ¢ >+ 1)L+ X, (11)
j=nc—Il+1

This implies that if we swap a; with by, , a; will still finish on machine 1. But it results in a
cost reduction by an amount of (2X + b,, —a1). In addition, for any type-c order in position
(k—1+7r)(r=1,2,...,1), we have:

(B + QL +2X +ba) + 7L+ (1 =)L) —

Ne—l+r Ne
FO 4+ (L+X b)) +2L+2 > +20-rL+2 Y ¢|>2L+4X
j=ne—Il+1 j=nc—l+r+1
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ne—l+r
= (F]gl_)l_1+(2L+2X+bnb)+TL) _ ( lig)l 1+(L—|—X—bnb)+27“[/+2 Z C])

j=nc—Il+1
Nec
>2L4+4X —(I—r)L+2(l—r)L+2 > ¢
j=nc—l+r+1
e
=2L+4X+(I-7r)L+2 Y ¢ >2L+4X. (12)

j:ncfl+r+1

Therefore, before the swap, for any position (k —1+r) (r=1,2,...,1):

RO

k—tbr — i > 2L+ 4X.

This means that the type-c order in position (k — [ + r) finishes on machine 1 if F,g )l I

Fk(;3)l 4 = 0; otherwise it finishes on machine 3. Furthermore, since

(B + QL +2X +ba) + 7L+ (1 =)L) —

Ne—l+r Ne
Fo 4+ (L +X —by)+2L+2 Y e+20-r)L+2 > ¢ >20+4X
j=nc—l J=nc—l+r+1

ne—l4r
= (B +@L+a) +rL) - (F,f)” FQLAX —a)+2L+2 cj)

j=nc—l
>20+4X — (2L +2X +by,) + (2L +a1) + (L+ X —by,) — 2L+ X —a1)
Te
—(l=r)L+20-r)L+2 > ¢
j=nc—l+r+1
Nec
=L+ (1-r)L+2X+2a1 —2by, +2 > ¢ >L+X, (13)
Jj=nc—Il+r+1

after the swap, for any position (k —1+7r) (r=1,2,...,1):

PO p@

e — Fp i > L+ X

This means that the type-c order in position (k—1[+ 1) still finishes on machine 1 if FY

k—l+r
F,E3_)l 4+ = 0; otherwise it finishes on machine 3. However, since F; ,g )l 4 was reduced by an
amount of (2X + b,, — a;1) after the swap, the finish time of the type-c¢ order in position
(k — 1 4+ r) will either remain unchanged or be reduced.

The above argument shows that swapping a1 with b,, will result in a better schedule.

Case 2: Fl§+)1 F(l)1 and F,Ez) > F15+)1
From (2) and (1),
F,EJF)1<F,§_31:>nb§nC. (14)
From (2) and (3),
2 c+2
F,EJF)1<FI§+)1 ncgnb+ :>n0§n+ =n. <1, (15)
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due to (14). Thus,
(k=np+ne) AN(np <ne) AN(n.<1)=k <2

However, we have proved the case k£ < 2 before. So this case needs not be considered any
further.

3)

2
h= R

Case 3: F,g el

9 > FY and F

In this case, the schedule must be of the pattern:
bi(b/c)en. (b)) 2a,.

Let us consider the following pattern:
bi(b/e) (D) 2ac,,.

It is clear that the finish time of each order in (b)*~'~2a; will be reduced by an amount of L
on machine 1 and an amount of (2L +2¢y,, ) on machine 2. The finish time of order ¢,,, remains
unchanged in its new position since it finishes on machine 3. Thus, by (b/c)!(b)*~"2a1c,, is
better than by (b/c) ¢, (b)*2a;.

Summarizing the above cases, the correctness of the observation follows. |
Observation 3. In Sopr the second order must be of type b.
Proof. Let (k+ 1) > 2 be the smallest position of a type-b order in Sopr. Following our

convention, we denote this type-b order as b;. We will show that there is a schedule S which
has b; in a position less than (k + 1) but larger than 1, such that

3n 3n
> Ci(8) <> Cji(Sorr).
j=1 J=1

In Sopr the first order must be of type a, and the remaining (k — 1) orders are either of type
a or type c. Let the number of type-a and type-c orders be n, and ny, respectively. Clearly,
Ng +Ne = k.

If n. = 0, it means that all of the first k£ orders are of type a. Thus, if kK = 2, the schedule
for the first (k+ 1) orders is ajagb;. Consider the subsequence of Sopr before ¢;. We denote
this subsequence as:

SOPT : alagbl (a/b)lcl,

where [ > 0. It can be shown that if Sopr is changed to S:
S : aybici(a/b)las,

then the ) C; is lower. Thus, we may assume that £ > 3. For k > 3, the schedule for the
first (k4 1) orders is:
SOPT . al(a)k_Qakbl.

We can show that
S : al(a)k_2blak

is better than Sopr. Thus, we may assume that n. > 1.
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9
We may also assume that n, > 2. Indeed, if n, = 1, the schedule for the first (k+ 1) order
is:
Sopr : a1c1 (C)k72b1.

We can show that
S : alblcl(c)k’?

has smaller ) C; than Sopr. Thus, we may assume that k = n, +n. > 3.

For k = 3, there are only two possible schedules for the first (k 4 1) orders: ajazci1b; and
ajcragby. In the former case (ajagcibr), we can show that the schedule a1bicias is a better
schedule. In the latter case (aicia2by), we can show that the schedule ajciagb; is a better
schedule.

Thus, from now on, we only need to focus on the case k > 4.

First of all, for the first (k+ 1) orders, we have:

Y = (QnaL-i- Zaj) +noL + (2L + 2X + by). (16)
j=1

F® = <2naL X =Y aj) + (2nCL 12 ch) (L+X —by). (17)

j=1 j=1
FY = no(50+2X) + Y ¢ (18)
j=1
Case 1: Flgil&-)l Z Flfi—)l and Fk(}i-)l = Fk(:i-)l
From (16) and (17),
F,&)l > F,EJr)l = (n.=0) or (n. =1 and n, <0). (19)

Since we assume that n. > 1 and k& > 4, this leads to a contradiction.

Case 2: F\%), > F\), and F2, > FY).

From (16) and (17),
Flg—li-)l < F,§+)1 = (n. =1 and ng > 3) or (n. > 2). (20)

It should be noted that, when n. = 1, we let n, > 3, since we only focus on k = n, +n. > 4.

From (17) and (18),

2ng +1
FP < FP =n. < e (21)

Let us look at the order in the k" position, we have:

Y = (2naL +y aj> +n.L. (22)

J=1
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B = (2naL +neX =) %‘) + (QTLCL +2) Cj) - (23)

j=1 j=1

Clearly, under the condition of (20), F; ,51) < F ,52) always holds. We have the following two
cases:
Case 2(a): The order in the k** position is of type a.
In this case, the first (k + 1) orders of the schedule is:

ai(a/e)*2a,, b.
We can show that:

ar(a/e)*2bran, .

is a better schedule.

Case 2(b): The order in the k™ position is of type c.

In this case, we prove by contradiction that the order in the (k — 1)%¢ position must be of
type a. Suppose that a,, is in the (k — )" (2 <1 < n.) position, then the first & orders in
Sopr is:
Sopr : a1(a/c)kil*Qanacnc_l+1clf2cnc.
We can show that S:
S :ay(a/e) 2, i1an, e,

C

is better than Sopr.
Thus, the (k — 1) order must be of type a if the k™ order is of type c. It follows that the
first (k4 1) orders are scheduled as:

Sopr : a1 (a/c)ki?’ana Cn. b1

We can show that
S :ai(a/c)*3bicn, an,

is better than Sopr

9, > £lO,

D> Flg}i—)l and Fk(-i-l =

Case 3: Fl§+1 >

For this case, the first (k + 1) orders in Sopr must be of the pattern:
Sopr : ai(a/c) cn, (a)* 1720y,
We can show that the following pattern S:
S :ai(a/c)(a)* " 2bc,,.
has a smaller ) C; than Sopr.

Summarizing the above cases, the correctness of the observation follows. |

Observation 4. In Sppr the third order must be of type c.
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Proof. Let (k+ 1) > 3 be the smallest position of a type-c order in Sopr. Following our
convention, we denote this type-c order as ¢;. We will show that there is a schedule S which
has ¢; in a position less than (k + 1) but larger than 2, such that

3n 3n
Z C;(5) < Z Ci(Sopr).
j=1 j=1

It is clear that the first k& orders are either of type a or type b. Let the number of type-a and
type-b orders be n, and ny, respectively. Clearly,

(k+1)>3=k=mnqs+np,>3.
Therefore, ¢; must be finished on either machine 1 or machine 2.

For k = 3, there are two possible patterns for Sopr: a1biascy and ai1bi1bacy. In the former
case, we can show that a1bicias is better than aibiasci. In the latter case, we can show that
a1biciby is better than aibibacy.

From now on, we can focus on k& > 4 only. There are two cases to consider:
Case 1: n, > 2.
The pattern of the first (k + 1) orders in Sopr is
SopT : albl(a/b)k_l_gaanblcl.

We can show that S:
S : aybi(a/b)* " 3eiblay,.

is better than Sopr.
Case 2: n, < 2.
ng < 2 also means that n, = 1, since the first order must be a type-a order. Thus,
k=ng+ny,>4=n, > 3.
The pattern of the first (k 4 1) orders in Sopr is
Sopr : arbi(b)*3by, c1.

We can show that S:
S : a161 (b)k_gclbnb

is better than Soprp.
Summarizing the above cases, the correctness of the observation follows. |

We are now ready to show that the orders are scheduled in Sopr in the order (abe),
repeated n times. This can be shown by induction on k, where k is the number of times that
the (abc) pattern repeats. The previous observations have shown that the lemma is true for
k = 1. The inductive step can be shown by the same argument as in the previous observations.
This follows from the observations that (1) At the beginning, all three machines start at time
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0; (2) After scheduling the (abc) pattern k times, the finish times of the three machines are
S5L+2X +ay, 5L+2X + ag, and 5L + 2X + ag, respectively, where «; (1 < i < 3) is a linear
combination of the a;’s, b;’s and ¢;’s. Since L and X are much larger than the a;’s, b;’s and
¢;’s, we can view the finish times of the three machines as more or less equal. In other words,
the a;’s, b;’s and ¢;’s are inconsequential in the arguments.
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