Math 240 – Spring 2005

Homework #10
Due date: April 11
All work must be shown in order to receive full credit
1. Equation x2 = cos x has one root on the interval (0, π/2). Find this root with a tolerance of 10-9 (use the difference between successive root approximants xn as the tolerance parameter), using four different methods: (i) Newton’s method, (ii) bisection method, (iii) method of false position, and (iv) iteration method. For each method, print in a table each root approximant, xn, the difference between approximants xn-xn-1, and the corresponding function error, f(xn) (where f(x)= x2-cos x). Which method works the best?
Remember that in order to use the iteration method, you have to transform your original equation f(x)=0 into the form x=g(x), so that the root is a fixed point of the difference equation xn+1=g(xn). If the original equation f(x)=0 cannot be solved for x to find g(x), one can try g(x) = x + C f(x), where C is some constant (it is clear that this yields g(xroot) = xroot). The constant C has to be chosen in a way that ensures stability, |g’(xroot)|<1 (review example 2 from the lecture notes if in doubt). Note that without knowing the xroot value, you cannot find g’(xroot) exactly, but you can estimate it, since you know the interval that brackets your root.
2. Repeat problem 1 to find the positive root of equation f(x)=x2-7=0, using the same four methods. Since the root value is known in this case (xroot=√7), you should include in your table the true error
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=|xn- xroot|, and use this error as your tolerance condition (εn<10-9). Print in your table the value of 
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, which will be needed in problem 3.
3. Using results of problem 2, find the order of convergence of each of the four methods, which is a number r such that the following limit exists and is non-zero:
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This limit is easier to understand if re-written in the form 
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, as 
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: the higher the convergence order r, the quicker the error decays to zero, since it decreases like r-th power of the error at the preceding step. Taking the logarithm, we have 
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, which you can use to estimate the convergence rate r (plot 
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 against 
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, and find the slope of the resulting line).
_1174141219.unknown

_1174141421.unknown

_1174142410.unknown

_1174141410.unknown

_1173376079.unknown

_1174141200.unknown

_1173375900.unknown

