Math 331, FINAL EXAMINATION, Fall 2006
Wednesday, December 20, 11:30 AM - 2:00 PM

Problem #1: The effect of periodic surface heating on the interior temper-
ature of the earth may be modeled by

Ut = KlUgzy; 0< 2 <00
u(z,0)=0; 0<z<o0

u(0,t) =cost; t>0

Solve for u(x,t) using an appropriate transform. Leave your answer in the
form of an inverse transform integral.

Problem #2: Use an appropriate transform to solve
Upg T Uy = 0; O0<ao <L, 0<y<oo
subject to the following boundary conditions
u(0,y) = fly); 0<y<oc
Uy(2,0)=0; 0<z<L
u(L,y) =0; 0<y<oo

Leave your answer in the form of an inverse transform integral.

Problem #3: Consider the following Sturm-Liouville Boundary Value Prob-
lem:

2 w8) +26=0; 2e(1,2)
6(1) =0
62 =0



1. Prove that the eigenvalues are real and that they satisfy A > 0.

2. Prove that eigenfunctions belonging to different eigenvalues form an
orthogonal set of functions over a) what interval ? and b) with respect
to what weighting function ?

3. Find the all the eigenvalues )\, and the corresponding eigenfunctions
On(T).

4. Evaluate [?¢2(z)o(z)dz (the normalization constant). The integral

can be evaluated by the substitution s = W}i‘l—g.

Problem #4: Consider Laplace’s equation
10 (Tau)+ 1 0%u
Crore or r2 00?
in the region 1 < r < 2, 0 < @ < m, subject to the boundary conditions

=0

u(r,0) =0, wu(r,m)=1, 1<r<2
u(1,0) =0, u(2,0)=0; 0<f<m

Apply the method of separation of variables, and the results from problem
#3 to find u(r,#). At some point, the substitution r = e° may come in
handy.

Useful formulas and Fourier/Sine/Cosine transforms

Generalities on Sturm-Liouville Boundary Value Problems
(p(2)¢ (2)) + q(2)p + Ao(2)d(z) = 05 = € (a,b) (1)
ord(a) +oed (@) = 0; BC.atz=a

a3p(b) + aup (b) = 0; B.C.at z=0b,

where oy, g, a3, a4 are real constants. When (1) is recast in the form
Lo = Xo(x)p, we have Green’s second and first formulas for the operator £
over [a, b] as follows:

[ (€pg - F(La)ds = ~p(@)(f @)gle) - F()g @),
[ €hgdz = [ p@)f @)g @iz~ [ a@)f@)g(@)dz ~ o) f (2)o(@)

a



where f(z) and g(z) are two functions with at least 2 derivatives.



