Math 335-002 * Victor Matveev

Final examination * May 5, 2006
Please show all work to receive full credit. Notes and calculators are not allowed.
1. Consider a scalar field f(x, y) = e y / x
(a) (8) Sketch the isocurves of this field. Indicate the direction of the gradient
(b) (8) Use linear approximation around point (1, 0) to estimate f(1.05, 0.1).
2. (10) Simplify: 
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3. (12) Use suffix notation to expand 
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, where 
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 is some vector field, 
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 is the position vector, and 
[image: image5.wmf]r

=

r

r

.
4. (12) Verify the Stokes theorem for the vector field 
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= (0, x, 0), with surface S defined by z+x2+y2=1, x≥0, y≥0, z≥0. Is 
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 a conservative vector field?
5. (12) Verify the divergence theorem for a spherical sector (cone) of radius 1 satisfying 0≤θ≤ π / 3, for a vector field 
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 = (0, 0, z). Use spherical coordinates.

6. (10) Consider a sphere of radius R with charge density increasing quadratically with distance from the center as ρ(r)=a r2, where a is a constant. Find the electric potential Ф both inside and outside of the sphere. Assume that the solution depends on r only: Ф=Ф(r). Find the integration constant by matching the value of the electric field on the surface of the sphere.
7. (10) Consider the electromagnetic wave propagating in the z-direction, with the electric field polarized in the y-direction: E=E(z)={0, A  sin(k z – ω t), 0}, where A is a constant wave amplitude, k is the wave number, and ω is the angular frequency (ω = k c). Calculate the corresponding magnetic field B.

8.  (10) Calculate the tensor of inertia of a cylinder of radius R and height 2h with respect to rotations about its center. Assume constant mass density ρ. Use cylindrical coordinates for volume integration. Note that the off-diagonal elements are all zero due to the symmetry of the cylinder with respect to its center.
(8) Prove that 
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 is zero for any vector field 
[image: image10.wmf]u

r

 and any closed surface S (hint: it’s a one-line proof).

----------------------------------------------------------------------------------
Unit vectors for cylindrical coordinates:

eR = (1, 0, 0)R φ z = (cos φ, sin φ, 0)x y z


eφ = (0, 1, 0)R φ z = (-sin φ, cos φ, 0)x y z 
 
ez = (0, 0, 1)R φ z = (0, 0, 1)x y z 

 

Unit vectors for spherical coordinates:
er = (1, 0, 0)r θ φ = (sin θ cos φ, sin θ sin φ, cos θ)x y z 
 
eθ = (0, 1, 0)r θ φ = (cos θ cos φ, cos θ sin φ, -sin θ)x y z 
 
eφ = (0, 0, 1)r θ φ = (-sin φ, cos φ, 0)x y z 


 
Partial differentiation in curvilinear coordinates:
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Tensor of Inertia:   
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