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Numerical Integration of 3D Reaction-Diffusion Equations
(Difference methods for parabolic PDEs, boundary value problem)

Reaction-Diffusion Problem:

d[Ca*"]

Calcium : e Do V[Ca® |+ S R + Y amd(x — 1) (1)
j m
0| B;
Buffer : E%j] = Dp,V*[Bj] + R; (2)

Reaction term ( Ca + B; = CaB; ) :

Rj = —k{[Bj|[Ca®* ] + k; ([Bjltotar — [Bj]) (3)

e Diffusion/heat equation in one dimension

— Explicit and implicit difference schemes
— Stability analysis
— Non-uniform grid
e Three dimensions: Alternating Direction Implicit (ADI) methods

e Non-homogeneous diffusion equation: dealing with the reaction term



Diffusion/heat equation in one spatial dimension

of _0%f
EZD@ (4)

Discretization of coordinates: (x,t) — (x;,t,)
rj =m0+ Az ;t, =tg+nAt; fluy,t,) = [

Finite difference approximation for 1st derivative:

ntl _ fno g pntl)2 ofn ot
[ — f; _ fj@t +O(At2):87;+0(ﬁt): (;t + O(At) (5)

Finite difference approximation for 2nd derivative:

( ;l+1_f}1)/A37_(f}1_f}l—1)/A$ _ ffl—l_Qf;l+ gn+1 _ 0 gn

P
Ax Ax?  Ox2 +0(Az%) - (6)

1. Euler (explicit) scheme: fj*' — fr=wv (fry —2f" + fr) = v62f"
where v = DAt/ Ax?

e Given [, values at next time step ff“ are computed directly
e Stable for v < 1/2
e Truncation error: T = O(At) + O(Ax?)

2. Fully implicit scheme: fi* — fr=v (fi5 = 2/7 + i) = v oz it
(“backward” Euler method)

e Tridiagonal system of linear equations must be solved at each time step

e Unconditionally stable

e Truncation error: T = O(At) + O(Az?)

3. Crank-Nicholson (implicit) scheme: fj+' — fr=wv/2{62 fr + 62 f7+'}
symmetric representation: (1 — géi)ff“ =(1+ géi)f}”‘ (7)

e Truncation error: T' = O(At?) + O(Az?)
e Unconditionally stable



Solving the fully implicit scheme: tridiagonal system

) fj+1_fj :V(fjj11_2fj+1+fj—:—11> (8)
e Assume Dirichlet boundary conditions: fy = fy =0
14+2v —v 0 0 o 0
—v 1+2v —v o - 0 e I
0 —v 1420 —v . n
0 0 —v 1420 - FR IR N
- 14+2v —v 0 [aR N2
0 - —v 14+2v —v ol N1
0 —v 14 2v e N
Lifja+Cifi + Rifjn=H; j=0.N
LOIRNZO, Lj:Rj:—V, Cj:1+21/
Solve by Gaussian elimination:
1. Forward elimination: Ry = Ry/Cy, Hy= Hy/Cy 9)
C; = C;—-LjR;.,, j=1.N (10)
H; = (Hj—L;jH;1)/C;, j=1.N (1)
R; = R;/C;, j=1.N (12)
2. Backward substitution: fx = Hpy (13)
fi = Hj=Rjfjn, j=N-1...0. (14

e Operations per time step: 5N multiply/divide + 3N add/subtract



Stability Analysis: Fourier Method

e Difference scheme is linear (as well as the PDEs), so the error satisfies
the same equation

e Substitute into equations the solution (for the error instability) of the
form fi' = A"exp(ix; k) (where k = 7mm/(NAz), m =0..N )

e Method is stable if A < 1

1. Forward Euler (explicit scheme): fi+' — fr =, (1 —2f" + f7,,)

(A" — A exp(izj k) = v, \N'exp(izjk)[exp(—i Az k) — 2+ exp(i Av k)]
A—1 = v, [exp(—i Az k) — 2+ exp(i Ax k)]
A = 1—4u,sin®(Azk/2)
N <1 — v, <1/2 (15)

2. Backward Euler (implicit scheme): fi#! — fr = v, (fi4 =27+ f1i)
(A" — XM exp(iz;j k) = v, \N"exp(iz; k) [exp(—i Az k) — 2 + exp(i Ax k)]
A—1 = v A|exp(—i Az k) — 2 + exp(i Az k)]

1
= 1 (al 1 1
A 1+ 4, s (An £/2) <1 (always stable) (16)




Non-Uniform Grid: z,.1 — x; = Ax;

Finite difference approximation for the 2nd derivative:

( gn+1 - f]n)/A% - (fjn - f—l)/Aﬂfj—l _ 0? jn +O(Aaz2ﬂ
(Al'j_l + ij)/Z 0x? =1

) + O(AZBJ - ALL‘j_l)

(17)
e To maintain accuracy, set Az, = Az; 1(1+e¢), ek 1

Modified difference scheme:

1 1 1 1 1 S ) '
[ == (=2 D = [ = Ot

(18)
where
B 2DAt
1% —_=
J Aafj,l(ALijl + AZEJ)
. 2DAt
V- = _
J ASUj_lej
) 2DAt
v —

T Azi(Azjog + Axy)

Minimal spacing decreases exponentially with increasing /V:

Ar; = (1+e)Ar; 1 = (1+€)/Axy =~/ Axg
Aa?() _ AxN
f)/n,




0 .
Flux boundary conditions: (];O’N +bfon=c
0 ,

Consider field values at (virtual) points outside the boundary:

f1=f(ro— Ax), fnvy1 = flay + Ax)

o h—fa :
5 = AL + O(Az?)

7—|—be:0 = fl—f_1+2A.’L'(bf0—C):0
1 = fi+2Ax(bfy—c)

Difference equation at point z,:

0= = v (I =2 A
= v 280(bfi T =) = 2f7 T+ )
= 2w (f 4 (bAx — 1) fi — cAx)

= 2v(1 — bAz) + 10 — 2wt = ' — 2ueAx

Difference equation at point xy:
2v(1 — bAz) + 1]fut! — 2 ftl = f — 2ucAx

1+2v(1 —bAx) —2v 0o -
—v 1+2v —v - 0
0 —v 14 2v -
- 14+2v —v 0
0 - —v  14+2v —v
0 —2v 14 2v(1 — bAx)

fo — 2vcAzx
"
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Diffusion/heat equation in three spatial dimensions

of [ @r &y
ot~ Doz T oz T o

1. Euler (explicit) scheme: fm' — f" = [1, 62 + v, 02 + v. 62] f"
where f" = fli, = f(@i,y;, 2;t")

v, = DAt/Az? v, = DAt/AY?, v, = DAt/AZ?

02 f" = flje = 21T+ [lon 00 f" = fi o — 2f0 + fli

O2f" = fl1 = 2f0n + flina

e Stability condition: v, + v, + v, < 1/2

2. Implicit schemes: Alternating Direction Implicit (ADI) Methods

(23)

Backward Euler (f"*1 — f* = [Vx 62+, (55 + v, (52] ™1 no longer practical: re-

quires solution of a (non-tridiagonal) system of N3 equations.
Locally One-Dimensional (LOD) method

3D analog of Crank-Nicholson scheme:
v v v v v v
1 _Yes2 _Pysr  Vreayemtr gy Prg2 Vyso Vesoyem
e Factorization (introduces additional terms of order O(At?))
% v v % v v
1— 2Z82)(1 = 2262)(1 — 26 = (14 =6H) (1 + 282)(1 + =65

e To solve Eq. (25), break down each iteration into several steps:
%

(=2 = e+ 2y

v Nk v n*
(L= f"" = (L+ 6, f

vV, n Vy Nk
(1— §5Z)f =1+ 553)1”

e Each time step three tridiagonal systems are solved for all points.
e Truncation error: T = O(At?) + O(Az?) + O(Ay?) + O(Az?)
e Always stable

(26)

Problem: equations for intermediate values f"*, f™** are not consistent with the full
differential equation: additional care required dealing with boundary conditions

—~



Douglas-Gunn ADI Method

Another “deformation” of the Crank-Nicholson method:

Ay A A, A, A A, AAA.
(-5 -D0= 0 = |1+ SHa+ D+ 5 - 5

f*(27)
where A, = 1,02 = D%ﬁ, A= Vy5§, A, = v,6?

Multi-step implementation - Douglas-Gunn method

AiU n* Al" n
(=20 = 1+ 55+ A+ A)f (28)
A= = (e A (29)
G- = Uy ey ey (30)

e Each equation is a valid approximation of the full diffusion equation -
no modification needed for boundary conditions

Simplify by subtracting Eq.(28) from Eq.(29), and Eq.(29) from Eq.(30):

N (R N BT (31)
Rk n* A n

(1 —AQy)f = f —i’ (32)

(1 . f)fn—l—l — fn** . an (33)

e Truncation error: T = O(At?) + O(Az?) + O(Ay?) + O(Az?)
e Always stable



Heterogeneous Diffusion/heat equation in 1D

of 0? f

—— =D—+H 4

ot ox? + (f’ t> (3 )
Crank-Nicholson scheme:

B gy = v 0 T S HG ) (65)

j:

Symmetric form:

(- LR) = e L+ S e S H ) (30

e For non-linear H(f), this scheme can be solved using predictor/corrector
or iteration methods, or one has to give up O(At?) accuracy:

H(f™h) = H(f") + H'(f")(f = f)/ At + O(At)

e Without loss of accuracy, one can substitute H" = H(f",t") — H(f",t""/?),

HD = H(frtl gty — JH(fH H/2), The following is an equivalent
scheme:

(L= S f = L+ S+ A;(H(f”“, )+ H(fM02) (37)



Heterogeneous diffusion/heat equation in 3D

of  _[*f & of
ot =D lgmrt g g HHUD (38)

Douglas-Gunn method for heterogeneous equation:

(1= 200" = (L4 55 Ay AP+ AL (aH (") + BH() (39)

(1= S0 = (04 524 S0 A0+ S5 4 AL (VH(P) 4 SH()) (40)
(=) = A ) S+ S+ AL (CH (") +nH (7))
(41)
where a+ 6 =1,v+d=1,(+n=1.
Choice of coefficients consistent with second order accuracy:
a=vy=1,=0=0,(=n=1/2.
Subtract Eq.(39) from Eq.(40), and Eq.(40) from Eq.(41):
A, A,
(1—?)]5”* = (1+?+Ay+Az)f”+AtH" (42)
A k% nx A n
(L= 0" = "= (43)
A, A, .. At "

where H" = H(f",t"), H"' = H(f"+ ¢"+1).

Apply operator (1 — 4#)(1 — 7‘”) from the left to recover the difference scheme:

-0 -2 = Jas Shn Tna s S - A gy
AZt(Hn Hn—H) . At(A A _AAy)(Hn—i—l Hn) (45)

e Without loss of accuracy, one can substitute H" = H(f",t") — H(f", t"*'/?),

H+l = (fn+1 tn+1) N H(fn+1 tn+1/2)

1N



Reaction-diffusion with one buffer (Hines method)

J[Cal

Calcium : 5 = Dc.V3Ca] + R+ Y apd(z — x,) (46)
Buffer a(gf] = DpV?[B] + R (47)
Reaction term : R = —k*[B][Ca] + k™ ([Bliotar — [B]) (48)

e Difference scheme for source term: Houree(Ti, Yj, 26) = cm5fm5‘]7-m5,’§m

Heterogeneity for [Cal: Heo([Cal,t) = Hspuree + R([Cal, [B])
Heterogeneity for [B]: Hg([B],t) = R([C4al],[B]) (49)

e Problem: to solve for [Ca]"*!, knowledge of [B]"™! is required; to solve for
[B]"*1) knowledge of [C'a]"™ is required.

e Solution: compute [Ca] and [B] on time grids staggered by At/2

(1- ’zx)[ca]”* = (1+ f;x + A, + A)[Ca)" + At Heo([Ca)", [B]™7))
(1 Dfca™ = [Cal — Z(ca)
(1= D00a = (Cal — L jCa) + B (Heu(Cay ™, (B — Heu([Cal", [B]"*)

(1- ?)[B]n—%* = (1+ ‘zz + Ay + AL)[B]""® + At Hp([B]" "2, [Ca]")
(1= S = By - e
(1= B = (B = By S (B (Cal) — Ha(BI™ 4 [Cal)
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Fully implicit difference scheme in 3D with heterogeneity

Fully implicit ADI method (Douglas-Rachford):

(1= A)f™ = (1+ A, + A)f" + H"At (50)
(1= A)f™ = (14 A)f" + A f™ + H'At (51)

e Each equation is a valid approximation of the full diffusion equation -
no modification needed for boundary conditions

Agrees with the following “deformation” of the fully implicit difference
scheme:

(1—A)(1—A)1 - AN = 1+ A A +AA + AA, — AAA) "
+ H" At + A A (H™ — H")At (53)

where A, = 1,02 = D%(Sﬁ, Ay =v,0;, A, = 1,07

Simplify by subtracting Eq.(50) from Eq.(51), and Eq.(51) from Eq.(52):

(1-A)f"™ = 1+A,+A,)f"+ H"At (54)
(L=A)f™ = A"+ " (55)
(1—A)f" = —Af"+ "™ + (H"™ — H")At (56)

e Truncation error: T = O(At) + O(Ax?) + O(Ay?) + O(Az?)
e Always stable
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Heterogeneous diffusion/heat equation in 2D

of 0*f  O*f
= =D {W+6y2} + H(f,1)

1. Douglas-Gunn/Crank-Nicholson method:

(1= S0 = L+ S0+ SEHG™ )
Aty

> (fTH—l7 tn—&-l)

A n . Aa? %
(1= = 1+ 5+

Corresponding difference scheme:

Az Ay n+l A.r Ay n
=S -2 = 1+ 20+ 20+
Azt(Hn +Hn+1) T A4tAx(Hn _ Hn+1)

where A, = 1,02 = D%ég, A, = z/y(S;

2. Fully implicit method:

(1= A)f™ = (1 + Ay f" + ALH(f",1")
(1 _Ay)fn—H — fn+Axfn* —|—AtH(fn+l,tn+l)

Corresponding “deformation” of the fully implicit difference scheme:

(1— A1 — Ao = (1+ A A) "+ H AL+ A (H" — H™ At

19

(57)



