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Abstract

Generalized Hebb rule (with non-symmetrical synaptic matrix) al-
lows to create simple neural networks with the complicated large time
behaviour. These networks can simulate, in a sense, any dynamics
and, in particular, can generate any hyperbolic attractors and invari-
ant sets.

The explicit mathematical algorithm allows, by adjusting the net-
work parameters (the neuron number, coupling matrix and thresh-
olds), to obtain a network with given large time dynamics.

1 Introduction

In this paper, the neural networks are considered
M
zi(t+1) = o) Kiyz;(t)+6;), i=1,.M. (1.1)
7j=1

Last decade, a number of works has been focused on system (1.1) playing a
crucial role as a simple model of the attractor neural networks [1],[2],[3],[4],[5]-
Besides the case of continuous states (z; € R), we shall study the models
with discrete states (spins) s; € {—1,1}

si(t+1) = sgn(z Kijsj(t)+6;), i=1,..M. (1.2)
j=1

In (1.1), let us fix a sigmoidal function o € C* with fast decreasing
derivative ¢’ and satisfying o(4+00) > o(—00). Denote by P the system pa-
rameters (the number of neurons M, the coupling matrix K and the thresh-
olds 6;): P ={M, K, 6}.



The attractors of (1.1) with symmetric K were well studied [1][2][3].
Other cases were investigated, mainly, by computer simulations [4][5][6][7],
see also paper [8] and references therein. Here we consider fully asymmetric
SK model where the synaptic matrix K is defined by the following ” general-
ized” Hebb rule

P
Kz'j = ZAilBlja O0<p< M (13)
1=1
and suggest an analytic approach to this attractor problem (computer simu-
lations are used, mainly, to check the analytic results). This small generaliza-
tion of the classical Hebb rule K = A A” makes possible many new physical
effects to be appear in the systems (1.1) and (1.2). Moreover generalization
(1.3) allows to construct exactly solvable analytical models of chaotic neural
networks.

The aim of this paper is to show, by (1.3), that systems (1.1) and (1.2)
possess wonderful properties. They can simulate any prescribed C*— smooth
dynamical systems (maps) and generate all structurally stable chaotic (for
example, hyperbolic) attractors. More precisely, for a given structurally sta-
ble attractor, there exists a suitable choice of the parameters P such that
network (1.1) generates the same (up to a homeomorphism) attractor.

Also one can construct the network with given topology of the structurally
stable local attractors and their attraction basins.

Another analytical approach to chaotic behaviour in the neural networks
has been suggested in recent paper [9]. It gives a special kind of chaos con-
nected with the so-called snap-back repellers (which occur in maps with spe-
cial stretching properties). Detailed mathematical definition of such repellers
is sufficiently complicated and we refer to [9] and references of therein. Here
we just mention main properties of these repellers. Systems which possess
them generate infinite number of periodic cycles. Moreover, these repellers
are robust: they do not vanish under small smooth perturbations of the dy-
namical system. (Let us note that hyperbolic invariant sets and attractors
also have analogous properties).

The model [9] can be considered as a complicated variant of (1.1). On
the other hand, it is easy to show (see below) that any snap-back repellers
can be obtained by (1.1).

Let us turn into case (1.2). Given map ¢ — G(q), we can create network
(1.2) simulating this map (see sec.2). For discrete networks (1.2) chaotic
attractors are impossible since all the trajectories are periodic ( maximal



period 2M). Instead of chaos, we observe here complicated periodic trajec-
tories. The results depend on properties of given map G and the number
of spins M. Under condition (1.3) (one -dimensional case, p = 1), one can
prove that the maximal possible period is M. Let us note here, that in some
other models of asymmetric neural networks cycle lengths have exponentially
large order [8]. We have done computer simulations for the classic chaotic
maps. They have shown that approximations (1.3) with different M >> 1
give a number of periods within the interval [1, M]. For fixed M, usually we
observe a family of stable attracting periodic cycles. Periods depend on M
in a very complicated and intriguing manner (see sec. 4 and Fig.2).

This picture can be explained by recent work [10] and classical results
[11]. Network (1.2), simulating map G, generates some perturbed trajectories
(pseudoorbits) of G. At each iteration, the corresponding error e has the
order M1

Can such pseudoorbit correspond to some actual trajectory of the dy-
namical system G?7 The large attention was given to this problem (see, for
example, [11][12]). It was shown that, in the neighborhood of hyperbolic at-
tractor or invariant sets, there holds so-called shadow property, i.e. actually
a trajectory can be found close to the pseudo-orbit for all 7.

Our calculate and analytic results yield that (1.2) can generate some pe-
riodic pseudo-orbits (corresponding to actual orbits coexisting in hyperbolic
attractor). However, to create a number of orbits, we should use simulta-
neously a number of networks (1.2) with different M (one can imagine, for
example, that we turn on and turn off some neurons). It is remarkable that,
for a fixed M, the periodic cycles are very stable (it can give a new ap-
proach to the problem of periodic trajectory stabilization [13]). The average
cycle length is M? where the exponent p depends on the chaotic attractor
properties (see [10]).

To conclude this introduction, let us note that models (1.1) and (1.2)
can be useful for the pattern recognition and associative memory devices, as
the optimal control systems, for the "neural identification” of the dynamical
systems and other applications.

For example, superpositions of network (1.2) and similar networks gen-
erate any complicated prescribed spatial -temporal spin patterns (see subsec
2.1 and subsec 3.3).



2 Main mathematical results

2.1 Continuous states

We begin with the case of continuous states (1.1). The main assertion can
be formulated as follows. Define quantities ¢; (the "hidden” collective coor-
dinates) by q; = Z;\il Bijilij, 1= 1, ..p.

Then the "hidden” ¢- dynamics will be given by

q(t+1) ZBlkU ZAqur +0) = F(q,P), (2.1)
and the neuron dynamics is governed by g:
P
D=0 Auq(t)+6:;), i=1,..M (2.2)

Thus, the spins form some ”coherent pattern” evolving together with ¢(t)
and they are strongly correlated (see below).

The family of maps (2.1), depending on the parameters P, has the follow-
ing key property (which can be called ” Absorbtion with Approximation”):

Theorem 1. Let @ be the p -dimensional unit cube @ = {q : |¢;| < 1},
q — G(q) be any prescribed C'— mapping that maps Q inside Q). Then, for
any 0 > 0, there is a such choice of the parameters P that:

G(q) = F(q,P)|, [Gylq) — Fy(q,P)| <6, (q€Q), (2.3)

(” Approximation”) and, moreover, for any point q € RP?, iterations ¢, F(q),
F?*(q) = F(F(q)), ..., F™(q)... enter for the cube @ and remain in Q i.e. this
cube is an absorbing set (” Absorbtion”). This means that F"(q) € Q for any
n > ny(9, q).

In other words, this assertion can be explained as follows.

For given map G (such that G(Q) C @), we can construct the neural
network with "hidden” ¢- dynamics simulating this map G for large iterations
(times). Indeed, the F iterations quickly enter for the cube (. In this cube,
any prescribed G can be approximated by F'(g,P) with any given precision
0.



The proof of this assertion is a development of the well known results on
so called multilayered neural networks, see [14] [15] [16]. An outline of the
proof can be found in sec. 3, mathematical details are given in Appendix 1.

Notice that the absorbtion property plays an important role. In fact,
approximation (2.3) may hold only in compact domains. Thus, we should be
sure that any iteration sequence attains, at some step, such compact domain.

This result has the following basic consequences.

1. For any given 7' > 0 and € > 0, choosing sufficiently small é(e, T'), one
can ¢ -approximate any families of G— iterations ¢, G(q), G?*(q), -..G*(q)-
This means that, for any positive integer j < N(e) and any ¢ € @, one has
|Fi(q,P) — G’(q)| < e. Thus, we can globally control families of trajectories
(of any finite length).

2. The second basic corollary is that if the prescribed map G has some
robust (rough) local chaotic attractor (or invariant set), (for example, hy-
perbolic attractor I' with the shadow property [8]), we can obtain the neural
network with the hidden ¢ dynamics generating a topologically equivalent
local attractor (invariant set) T'. (This equivalency means that there exists
a homeomorphism A that maps the G- trajectories inside I" onto the F'- ones
inside I).

Thus, we can say that all robust chaotic regimes, occurring in dynamics,
can be realized by network (1.1).

Examples of robust maps are given, for instance, by the A- axiom Smale
diffeomorphisms (which can have a number of local attractors and their
basins), the Anosov maps and others. The famous simple example is given by
the Arnold map: if (z,y) mod 1 denotes a point on 2D-torus then G(z,y) =
2z +y,x +y).

All homoclinic situations, under some suppositions, also can be realized
by the networks (since, due to the Birkhoff -Smale Theorem, they are con-
nected with hyperbolic sets). Inside such hyperbolic sets the infinite number
of unstable cycles coexist, periods of these cycles can be extremely large.
The behaviour of the map iteration inside these sets, in a sense, is com-
pletely random (see [11]|[12]) and can be described by the so-called Bernoulli
shifts [11]).

All the snap-back repellers (see [9]) can also occur in dynamics (1.1).
Indeed, it is easy to see, by the definition (see [9]), that these repellers are
robust. Such repellers also born infinite collections of periodic cycles with
large periods [9].

A very simple criterion of chaos onset in 1D -maps was suggested by [17]
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and [18]: a cycle with period three entails the chaos existence. If given map
G has the period 3, then, for small §, the corresponding neural map F' also
has period 3 (for small §), thus also generates a chaos.

Remark. Interesting chaotic maps are given by piecewise linear maps
[19]. The simplest classical example is G(q) = 2¢ mod 1, where ¢ € [0, 1].
By piecewise linear maps we can create dynamical systems simulating the
Bernoulli shifts (i.e. completely "random”). For such maps, inequality (2.3)
can be satisfied anywhere excluding small neighborhoods of the break points.

3. The third point is a possibility to create, by superpositions of (1.1)
(or (1.2)) and some additional network, arbitrary prescribed spatial-temporal
spin x patterns.

To see it, firstly let us notice that although SK model (1.1) can generate
any attractors but, nonetheless, it cannot generate arbitrary x patterns.

To see it, let us study the spin-spin correlators. First let us note that
each chaotic dynamics F'(q,P) generates, in a canonical manner, a invari-
ant measure (q) on chaotic attractor (so-called Bowen -Ruelle -Sinai (BRS)
invariant measure). Theorem 1 yields, roughly speaking, that systems (2.1)
should generate all such measures (”equilibrium” ¢— densities). Indeed, since
all the hyperbolic sets can occur in dynamics (2.1), also all the BRS mea-
sures can appear, thus, by adjusting the network parameters, we can change
1(q). Notice that the limit measures (densities) p can also depend on initial
distributions p;,(¢) = p(g,0). In fact, a number of hyperbolic local attractors
['; can coexist in dynamics (2.1) and each attractor has the corresponding
attraction basin B(I';). If, at initial moment, the support of p;, is contained
in B(I'x) then p is a BRS measure py induced by I'y. If this support has in-
tersections with some basins, we obtain p as a linear combination of different
t,. Thus, in this case we have a set of different invariant measures.

Given p(g) one can calculate the corresponding invariant z- distribution
by (2.2). It yields that the mean correlation between i-th and j -th spins is
defined by

<.’Ei$j> = / /;2 O'(l_z1 Ailgl + HZ)G(l:ZI Alel + 9j)u(q)dq1...dqp. (24)

where the brackets denote the time averaging. Thus, we can conclude that,
although the spin dynamics is chaotic, there exist strong spin correlations
(since M spins are ruled by p hidden modes ¢; and usually p << M).



To solve problem of simulation of any spin patterns (with arbitrary cor-
relations) let us consider, in addition, the following network:

0=WMZ}%%@% (i=1,2..N) (2.5)

where the quantities z; € {1,—1} are some output and the z; are some
“inputs”.

The key observation is that combinations of (2.5) and network (1.1) or
(1.2) (generating inputs z for (2.5)) allow to create practically any prescribed
output spatial-temporal patterns. We consider this problem in details below,
for the case of discrete states (1.2) (see subsec. 3.3).

2.2 Discrete states

For (1.2) we define ¢; as ¢; = Z;Vil Bijsj. These quantities lie in a discrete
set B. After the first iteration, g enter for B and forever remains in it. We
have

(t+1) Z Bio Z Aprgr(t) + ) = F(q,P). (2.6)

Thus we are dealing Wlth the two dynamics: piecewise constant map F' :
B — B from (2.6) and discrete map (1.2). They are connected by relation
(2.2) (where o = sgn).

For p =1 eq. (2.6) can be simplified. We can assume, without any loss
of generality, that A; = 1 and 6; > 6,41, 6; € (0,—1) and denote Bj; = b;.
Then eq. (2.6) takes the form

§:ma )+ 61) = f(q(t),b,0,m). (2.7)

Let be ¢ € [0,1] and f maps this interval into itself. There exists a nat-
ural partition of [0,1] in a number of subintervals §; = [—0;,1, —6;]. The
behaviour of iterations (2.7) is completely defined by some matrix «;; which
is 1, if the image f; = f(8;) lies in 3;, and 0 otherwise. We can have only
M different values f; in B, thus, dynamics (2.7) generates only periodic cy-
cles and the maximal period is M. In particular, the matrix «;; allows to
determinate all the possible cycle lengths appearing in the system (2.7). In
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order to extract these lengths we calculate matrix iterations A, A2, ..., AM.
Non-zero diagonal elements of the matrix A* correspond to the cycle with
period k.

Suppose that f(g) from (2.7) approximates some smooth or piecewise
smooth G(q) (below we shall show that such approximations, of any precision,
actually exist. See Theorem 2).

Thus, this partition [0,1] by subintervals {Bj}j]‘/il gives some ”round-
error” scheme generating pseudoorbits of G.

Let us turn to the spin dynamics. Beginning with ¢ = 1, all s- patterns
are M — vectors s(t) = (1,1,...1,—1,... — 1), where the sign break is located
at i-th coordinate if ¢(¢) lies between —6; and —0;, ;.

Let us take into consideration some initial spin distributions p;,(s). This
spin distribution leads to some initial ¢ density. If the spin number M is
large, one can expect that this density is strongly localized. In fact, let the
spins be distributed randomly and independently. Then, for large M, the
density is a Gaussian peak. Calculations (see below) show that coefficients b;
have order M~!. Thus, initial ¢ density p;,(g) is centered at 0 and the peak
width is O(M~1/2).

If we shall take other spin distributions, we can obtain peaks localized at
points ¢° # 0.

However this ”strong” localization is actually strong only for non-chaotic
maps G. If iterations G*(¢°) gives an isolated stable orbit, for example, with
period Ty, then, for almost all initial spin configurations, spin dynamics (1.3)
also will give a periodic orbit with the same period 7j. But if, on the contrary,
the point ¢° lies in some chaotic attractor, then any domain of size O(M -1/ 2)
contains, for large M, a number of small subintervals 8; = O(M~'). Thus,
there should exist a number of spin trajectories with large periods. It was
observed in computer simulations (see sec. 4).

Let us formulate now a discrete variant of Theorem 1.

Theorem 2. Let @) be the p -dimensional unit cube @ = {q : |¢;| < 1},
q — G(q) be any prescribed C°— mapping that maps @ in . Then, for any
d > 0, there is a choice of the parameters P () such that:

G(q) — F(q,P)| <6 (2.8)

(”approximation”) and, moreover, starting with any point ¢ € RP, iterations
q, F(q), F?(q) ... enter for the cube Q and remain in Q i.e. this cube is



absorbing (”absorbtion”).

Naturally, the spin number M () tends to oo as the approximation pre-
cision § — 0. It is easy to see that the property 1 again holds however 2 is
invalid now (as it was discussed above).

In subsec. 3.3 we shall show that point 3 holds for discrete networks i.e.
we can create a superposition of two networks generating arbitrary prescribed
time periodic (with any given period T'), by a suitable parameter choice.

3 Construction of network with the prescribed
large time and space time behaviour

3.1 Continuous states

Outline of proof

Let us turn into key ideas in proving of Theorem 1. The method is
constructive and robust and allows us to find the network simulating given
dynamics G.

First of all, let us notice that, if we remove the ”absorbtion condition”
(that iterations F™ enter for the cube @), together with the second inequality
(2.3)), then our assertion is well known from the theory of multi-layered
neural networks [14][15][16].

To obtain our (stronger) assertion, we should combine these methods with
new approaches.

Let G be some map defined in ) mapping any points of this cube in its
interior. Let us extend (it is possible) this map by some C'-map G on all
R? in a special way. All the iterations G™ shall enter for Q at some step (see
Appendix 1) since this G can be chosen as a contraction (for ¢ outside of the
cube Q).

After this we find a special approximation of this new G in all space RP.
To make it, first we use standard ideas [16] that reduces (3.1) to the one
-dimensional case (¢ € R). Then G becomes a function of g. Moreover, one
can, without any loss of generality, assume that this function G is smooth
and fast decreasing (from the Schwartz class). This reduced approximation
problem can be solved explicitly, by the classical ideas from the wavelet
theory [17]. We know that the wavelet methods are robust and effective



in signal denoising and compressing. Thus, this method is robust. (see
Appendix 1).

3.2 Discrete states

Here proof also proceeds into some steps. Following the previous subsection,
we notice that one can consider only one -dimensional case: G(¢) € R, ¢ €
R. The approximation satisfying (2.8) can have, for example, the form f(q) =
S brsgn(g+6;) and g € [0,1]. Clearly the function f has constant values
inside each interval [—6. 1, —0], where 6 > 65 1.

Let us require that functions f(g) and G(q) should coincide at M points
e = ——(0k+1 + 6;) then by can be chosen by b; = (G(qM) +G(q)), b=
5(Gar) — Glgr-1))

Then for smooth map G the approximation error has order maxy, |01 —
0x|. (Of course, there exist many other approximations, for example, one can
take qr = —0 etc).

In next section, we describe results of calculations with these approxima-
tions. To conclude this subsection, let us note that a natural approximation
of the piecewise linear map G(q) = 2¢ — 1 mod 1 leads to the following sim-
plest mapping of the discrete set B = {1,2...M}. This map transforms i to
j(i) = 2i — 1 mod M. Here the periods can be calculated analytically that
allows to explain Fig. 1. In fact, it is easy to show that such map has a cycle
of long T (where T > 0 is integer) only and only if 27 = 1 mod p where p # 2
is a prime divisor of M. For example, if M = 28 then the period is 3 since
28 =2-2-2-Tand 2 = 1 mod 7, if M = 1026 then there occurs a cycle
with period 18 (1026 = 2- 3% - 19 and 2'® = 1 mod 19 according the "little”
Fermat Theorem).

In general, the periods T are values of the Euler function ¢(p) of odd
prime divisors of the spin number M.

This simple example helps us to see the strong irregularity of the periods
(see Fig.1). In fact, for M = 1024 we obtain 7" = 1, nonetheless for close
value M = 1018 we have T" = 508, since 509 is prime!.

In the following subsection we shall use this example.

=K
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3.3 Generation of arbitrary patterns by two discrete
networks

Let z;(t) be arbitrary output pattern consisting of 1 or —1 (wherei =1,2,..N
and t = 1,2..T.). Let us consider the following systems of linear equations
for unknown connections J;;

M
a(t) =Y Jysj(t), i=1,.N, t=12.T (3.1)
7j=1

where s;(t) and z;(t) are given. Let us set N > T. Then systems (3.1)
can be resolved if T patterns s; are linearly independent (i.e. there exist no
coefficients C; such that Y7 | Cys;(t) = 0 for all 7).

It is not difficult to check this condition for concrete A, B,6 and M. For
example, we can take these parameters so that network (1.2) will simulate
the map ¢ — 2¢ — 1 mod 1 (see the example from the previous subsec.).
Then system (1.2) can generate a cycle of long Ty > T where all s patterns
for different t = 1,2,,,7, are linearly independent. This follows from sec.
2.2. Indeed, the vectors s(t) are s(t) = (1,1,...1,—1,... — 1) where we obtain
the different numbers of 1 for different ¢ = 1, 2...7;. This simple observation
completes the proof.

4 Computer simulations

We discuss here the following three problems: 1) approximation of given G
by F (see (2.3)); 2) closeness of iterations and 3) invariant measures for G
and F.

We focus our attention on the three classical 1D- maps: a) the map
q — rqexp(—Aq), ¢ > 0, b) the quadratic map ¢ — r¢(1 —¢q), 0<r <4
and ¢) ¢ — rq mod 1.

4.1 Continuous case

For a) (r = 13, A = 0.1) we, using only 7 — 8 neurons, can obtain an
approximation F' giving the precision § = 5.26-10~2 within ¢ -interval [0, 40].
We observe a stable attracting cycle of length 4. The relative differences
between the iterations GT and F7, even for T' > 1000, do not exceed 5-1072.
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We see a similar situation for the quadratic map, while we are dealing with
stable cycles. All stable periodic cycles of b) and its neural approximations
F" are very close.

It is well known that one can observe the chaotic behaviour for b) if r, for
instance, lies within [3.8,4.0]. In this case trajectories of G and the approx-
imation F' are close but only for a small number of iterations: eventually,
the trajectories diverge exponentially. For example, let the approximation
precision be at 10=7 and r = 4. Then we have observed, during 50 — 150
(depending on initial data q) iterations, the relative difference between F'T'(q)
and GT(q) at 2 — 3 percents.

However the statistical properties of F' and G(q) = rq(1 — ¢) always are
very similar. In fact, the invariant measure y for r = 4 can be calculated
analytically (seldom case!) [21]. Tt is u = 1/7[z(1 — z)] /2.

The measure of the neural approximation can be calculated by computer
(the algorithm see [21]). The accordance is excellent: curves coincide any-
where excluding very small neighborhoods of boundary points, see Fig.1.

4.2 Discrete case

Here we have considered, mainly, maps b) and c¢). The most interesting
example is b), since this map shows the period doubling bifurcations when
the parameter r takes values at r = 3.5, 3.56, 3.57... [21]. If 7 at 4, we observe
the chaos [21].

While we are dealing with stable periodic cycles, discrete approximations
work quite successful, however now we should take about 500 — 1000 neurons.
To check it, we have prepared the two independent programs based on two
different algorithms (one of them we have briefly discussed in sec. 2.2).
These programs calculate the periods appearing in dynamics (2.7). Suppose
we take M = 600 neurons (spins) and approximate the map ¢ — r¢(1 — q)
(that gives the precision § in (2.5) of the order 0.001). We have seen that
actually (2.6) exhibits the same bifurcation sequence (periodic cycles with
period 2,4, 8,16). Here results are not sensitive to details of approximation
scheme (see sec. 3.2).

For the chaotic domain (r = 4) we observe another picture. The de-
pendence of the period on the neuron number M becomes very nontrivial.
For the case c) it can be described analytically (for special approximations,
see above subsec. 3.3). For example, if we use approximation (2.7) of map
b) with M = 200, we observe only the single cycle with period P = 9. If
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M = 500, we have the three different cycles with periods P, = 4, P, = 4
and P; = 11. For M = 800 periods P, = 2, P, = 3, P; = 11 have been re-
ceived, for M = 900 we have obtained P, = 3, P, = 5, P; = 19 and etc. The
period lengths (as well as the number of periods) is extremely sensitive to
M and to the approximation choice. For example, when M = 4125 we have
found 5 periods: P, =3, P, =5,P; =8, P, = 21, P; = 66, for M = 4126
P, =3,P, =20,P; =45 and for M = 4127 P, = 3, P, = 110. In the last
case overwhelming majority of initial configurations evolves to a cycle with
P =110, and it is typical. However even a small change of the matrix K can
drastically change the output periodic spin trajectories.

This complicated period spectrum can be illustrated by Fig.2.

We have also calculated the spin-spin correlators for discrete approxi-
mations. Here the accordance between computer results and our foresees
is better for such M where we have the long cycles. If this cycle is rela-
tively short (length < 40), actual correlator values may strongly differ from
(2.4) (for example, one can obtain 0.13 or —0.40 whereas the theory foresees
—0.18). These results can be easily explained. In opposite to continuous
case (see sec. 4.1), statistical properties of G and its discrete neural approx-
imations F' are very different. In fact, for discrete case attractor of F'is a
union of limit cycles and equilibria. Number of these cycles, its lengths and
attraction basins are very sensitive to approximation choice and number of
neurons, see Fig. 3. The analogous behaviour we already observed in the
example of subsec. 3.2 which was studied completely analytically.

5 Conclusion

In this paper we have established the possibility of generation of any struc-
turally stable kinds of chaos (including all hyperbolic attractors and invariant
sets) by the simplest neural network: fully asymmetric SK model. The su-
perposition of two such networks can generate any spatial-temporal patterns.

Naturally such assertions can be proved only analytically. The key role
here plays generalized Hebb rule (1.3) that gives some explicit choice of the
synaptic matrix. We have considered here no learning methods.

We suppose that most effective, from the calculation point of view, learn-
ing method should be based on a gradient descent or a combination of Hebb
rule and gradient methods.

To conclude, we would like to note some key points.
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The great advantage of such model as the Hopfield model with symmetri-
cal synaptic matrix is that it can be studied analytically because its properties
remind those of a common statistical mechanical system possessing an en-
ergy (mathematically, Lyapunov functional decreasing along trajectories). In
Nature, we observe however non-symmetrical neuron connections that leads
to periodic and chaotic behaviour. In such real situation, it is impossible to
find an analog of the energy (Lyapunov functional).

The generalized Hebb rule (1.3) allows to overcome this difficulty. From
the physical view point, such rule leads to the appearance of the natural
”order parameters” ¢; (see subsec 2.1) governing the dynamics of the network.

The main result of such approach is as follows: for any prescribed global
geometry of attractor, if this attractor is structurally stable (robust), we
can, by (1.3), create analytic solvable simple models of neural network with
a topologically equivalent attractor geometry.

Hebb rule (1.3) also helps to find a number of the coupled oscillator and
reaction-diffusion systems with analogous complicated large time behaviour
[22][23][24]. The simple example can be given by the classical Hopfield system
25]

M
j=1

The important point is a wonderful connection between (1.3) and the Lax
pair representation. The substitution (1.3) for K leads to a remarkable sys-
tem [23][24]. This system for b = 0 can be rewritten in the Lax form (see
Appendix 2).

This work was supported by Russian Foundation of Basic Research, grant
N. 97-01-01123.

Appendix 1. Proof of Theorem 1

This proof is standard, mainly follows [16][23] and proceeds in a number
of steps.

Step 1. Prolongation of map G.

Suppose G is defined in @ and G(Q) C Q. Then we can extend this map
on all R? so that this extended map G will satisfy:

a) G € C'(R?) and, inside the cube Q, G = G;

b) |G| < alq| for any ¢ € RP? which lies outside of some small neighbor-
hood V of Q. The constant 0 < a < 1 (this means that outside of Q the G

is a contracting map). Moreover, let be G;(¢) = 0 if |g| > 2.

14



Such G can be obtained in a simple way, and we omit details. Notice that
V and a can be chosen so that all the iterations G™ will converge to Q.

Step 2. Approximation of the map G by averaging .

Let us approximate this new map G uniformly in R? in the norm C! with
accuracy 0/10 by a new C*°(R?) - map H from the Schwartz class S(R?))
of fast decreasing functions. This approximation can be obtained by the
averaging [23]

H,(q) = /n G(g—q")wr(q")dPq, (A1)

where w; is a cut -off positive C*°- function with the support in the ball of
radius r. We have: |H, — G|c1 tends to 0 as 7 — 0. Using it, we take a small
r and set H = H,.

Step 3. Reformulation and simplification of the approximation problem
Instead of (2.3), we shall consider the following new problem: to find
parameters P such that

|H(q) — F(q,P|, |0H(q)/0¢; — OF(q,P)/q;| < 35(1 +l4l), (¢€R?)
(A2)
for this new field H from the Schwartz class S(R?). We notice that (A2)
implies (2.3). Moreover, for small §, since H is contracting outside of () and
a < 1, the neural approximation F’ also is contracting outside of (). Thus, the
solution of (A2) resolves both our approximation and absorbtion problems
from Theorem 1 for the original map G.

Remark. We can, without any loss of generality, suppose that H(g) in
(A2) is a scalar function of ¢. In fact, we can combine, in a special way, the
separate approximations of each component H; (see final step). Thus, let us
assume H € R. Below we omit the component index j (up to final step).

Step 4. Representation of scalar function H by sum of ”plane waves” and
one -dimensional reformulation of problem.
It follows [16]. The function H can be approximated, for large L, by the

sum
L

H(g)=L")Y ml@), z=/(g¢) (43)

=1

15



where the vectors e’ are uniformly distributed among the unit sphere and

the brackets denote the standard scalar product. Representation (A3) can
be considered as a sum of ”plane waves” 7;(x). The following step gives ap-
proximations of 7;(z).

Step 5. Approximation of functions n(z).
We temporarily omit index I. Denote a = (a4, ag, ...apr) and X = (X, ..., Xps).
Let us define

M
(z,0, X, M) =) cio(ai(z — X3)). (A6)
=1
Moreover, let us set

In this subsection our aim is to resolve, for any § > 0, the following approx-
imation problem for 7(z) : to find an integer M and numbers a;, ¢; and X;
such that

Ip(z,a,c, X)| < 5(1 +|z|), (z €R), (A8)
|W| <5, (zeR). (A9)

Due to steps 1-4, the solution of (A8) and (A9) allows to find the solution of
our original approximation problem.

Let us focus the attention on (A9). Now our aim is to show that, for any
6 > 0, there exist such a vector a(d) with components a; > 0 and vectors ¢(5)

and X (0) that for the derivatives of 1 and & the following estimate holds:
v(z) — & (x,a,¢,X)| <8, (z€R), v(z)=1(). (A10)

It is clear that (A10) implies (A8) and (A9). In fact, integrating n' — &’
one has

/Ow n.dr = Za;l(ci(a(ai(aj — X)) — o(—a; X)) + s(z), |s(z)| < bzl

= (A11)
that gives )
n(z) = ) &lolai(z — X)) <o(1+ |z)), (412)
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where ay = 0, ¢; = (0)o*(0) and one supposes (without any loss of gener-
ality) that o(0) # 0.
Let g, zx (where k = 1,2,3) be such numbers that z; < z; < z3 and

N+ +73=0 mza+ 2+ 323 =0 (A13)
Then the function

= Z%-U'(z — zi) (A14)

is a "wavelet type” function such that

/mpﬁﬂsz /WZM@M=0. (A15)

—0oQ o0
Notice that

/00 v(z)dz = 0. (A16)

-0

Let us suppose, in addition, that

/ zv(x)dx = 0. (A17)
If the approximation problem (A10) is solved for such v = 7/, then it is
resolvable in general case (when only (A16) holds). In fact, always one can

write
v=v—cd'(x). (A18)

Since o(400) # o(—0o0), we can choose ¢ so that » satisfies (A17).
To solve the approximation problem (A10), let us write the well known
Calderén identity (playing a key role in the wavelet theory)

/‘/ SO0, X)p(\ "M (z — X))dXdA  (A19)

where

C\X) = /_00 v(2)p(A\ 1z — X))dz (A20)

o

and C, is a constant depending on the function p. These relations hold since
v is a fast decreasing function (v € S(R)).
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The next step is now a transformation of (A19) into in a discrete sum. To
make it, let us observe the following. If we could appoximate integral (A19)
by

v(r,Ri, R, ) = C, / " /_ z APOO, X)p(A"M (2 — X))dXdA  (A21)

(where Ry, R and r > 0) with any precision d;, then the approximation
problem (A10) is solved.

In fact, integral (A21) could be replaced, with any precision, by a finite
sum (the Riemaniann sum). Namely, for any € > 0 one has

sup [v(z) — ) Z Xi 73myC O, X)) p(A Lz = X;))| < e (A22)

zel -
i

for some \;, X; and m;;. By (A14) the sum in estimate (A22) can be rewritten

as Zfil c;io'(ai(z — X5)).
Finally, to solve the approximation problem, one needs to check that the
contributions J of type

J = /0 N / TS X) (A (2 — X))dX)dA,

Jy = /00(/00 A0 X)p(A Hz — X))dX)d), (A23)
satisfy
|Jk| < K(r, R) (A24)

where kK — 0 as R — oo and r — 0.

In order to investigate Jj, let us estimate C'(A, X). First let us notice that,
due to condition (A15) and the Taylor expansion, one has, for 0 < A < 1,
that

COX) <X [ (X + s)ply)dy, s € [0,1]
R
Using v € S(R), one obtains

IO X)| < OnA*(1+ [X])7T,

and, therefore, |J;| < ¢(Cy + 1)r.
Thus estimate (A24) holds for £ = 1.
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Consider J,. One observes that [C(\, X)| < cn|1 + A1X|V for any
N >0 and 0 < A < 1. The estimate of J; follows now from inequalities

o] 1
/r%/ (14+1'X)"MdX < /)\‘Qd/\(l-l—)\‘lR)‘N </ dt(1+tR)~".
R 0
It implies that
|| < c(/ APdA+ R =0 (R— o0).
R

Finally, it completes the fifth step and thus the approximation problem
for n; is solved.

Final step.

This step is a combination of the previous steps and the ”plane wave”
representation.

Let us consider approximations £ from (A6) and substitute it into the
right hand of (A2). It gives the following representation for components
H; of H (where we again introduce into consideration indecies: j for the
components of the field H and [ for n):

L my
Hi (q, Ca a, X: my, ..., mL) = Z Z Cikllo-(a'ékl (<Qa €l> _Xlkl))+hZ(Q), (A25)

=1 k1=1

where the corrections h; and its derivatives do satisfy estimates |h;| < 0.25(1+
lal)-

Let us make some trivial observations. We note that, without loss of
generality: 1) one can set m; = my; 2) one can suppose that aékl and X,
do not depend on the component index i: al, = a, and X, = Xj,.

In fact, these coeffients arise as a result of the discretization of the
Calderén integral (A19). This discretization could be done in the same man-
ner for any 1.

Now let us set m = myL. We can replace the pairs of indecies (k1,() by
an index k. Then, let us define vector X and matrices A and B by relations

By = cigyi,  Apr = afcl et Xy = Xpys

T

where €. is r-th component of the unit vector €'. This completes the proof.
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Appendix 2. Generalized Hebb rule and Lax pair.

Let us consider system (5.1) with the matrix K from (1.3). Then (5.1)
takes the form

P

k=1
where @, are defined by & = E,Ni1 Bjko(gj). This system has appeared in
[19][20][21]. For b > 0 such system is dissipative. In the case b = 0 system
(A2.1) becomes conservative. If, moreover, §; = 0 we can rewrite it in the
Lax form.

Let us consider the Lie algebra generated by operators B; = 0/0z;,
j=12,.pand L; = exp(Dd_, Aisz;). These operators satisfy the follow-
ing commutation relations

[Li, BJ] - A”LZ

By setting L(q) = > ;" exp(¢:)Li and B(g) = >_7_, ®;(q)B; one finds that
(A2.1) can be rewritten as

dL
— = [B,L
i~ B

i.e. by the Lax pair.
Thus, one can expect that (A2.1) can be resolved. It can be done by some
substitution [21], even for 6; # 0 and b # 0. It yields that system (5.1) can

generate (for b > 0) any hyperbolic attractors, under a suitable choice of K,
M and o.
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Figure 1 Invariant measure p for x — 4z(1 — ) (solid line) and its neural
approximation by three neurons with precision § = 107> (AAA)
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Figure 2 Length of cycles appearing in neural approximations of x — 4z(1—
x)
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Figure 3 Cycle length appearing in two different neural approximations
of £ — 4z(1 — z) with same number of neurons. A corresponds to one
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