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Abstract

Departing from the classical Burke-Schumann theory for diffusion flames, a reduced model for
the description of the evolving wave front in forward smoldering is derived. The model is then
used to describe the fingering instability induced by the increase in porosity, which results from
the solid fuel depletion. The cusp-leading nature of the fingering pattern is revealed, which is
opposite to the cusp-trailing structure typical of premixed gas cellular/wrinkled flames.

1 Introduction

One of the most effective strategies in analyzing combustion waves (both self-sustained and driven)
is the reduction of the associated dynamical system to a geometrical problem dealing directly with
the evolving interface representing location of the reaction zone (wave front). Reduced models are
highly informative for elucidation of the physical mechanisms involved. Moreover, since the reduced
model generally has a lower dimensionality than the original system, it is also often advantageous for
numerical simulations. The objective of the present study is the formulation of a reduced model for
flame-flow interaction in forward smoldering which attracts much attention due to its relevance to fire
safety, as well as several technological processes such as high-temperature synthesis and combustion-
assisted fossil fuel recovery. Although the forward smoldering has been extensively explored both
experimentally and theoretically [1-12], its hydrodynamic aspects have received relatively little at-
tention. A notable exception is the work of Aldushin and Matkowsky [10] where a comprehensive
stability analysis was undertaken including calculation of the solitary finger sustained by the porosity
increase due to depletion of the solid reactant.

2 Formulation

Forward smoldering is a heterogeneous combustion where an oxidizing gas is forced into a porous solid
fuel through the solid reaction products. The burning zone is propagated in a direction concurrent
with the oxidant stream. The forward smoldering may therefore be perceived as a diffusion flame
driven by the underlying flow-field (Figure 1). In the present study the discussion is restricted to
the fast-chemistry limit (large Damkohler number) where there is a negligible leakage of reactants
across the reaction zone (Burke-Schumann). This limit is of great practical interest since away
from the extinction point Damkohler numbers are indeed generally large. The problem of forward
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smoldering thus reduces to a Stefan-like free-boundary problem for the oxygen mass-fraction. It
involves minimum physical ingredients and displays the salient features of smolder-flow interaction
in their most simple and transparent form. In the constant-density approximation, adopted in this
study, the pertinent diffusion-advection equation reads,

pg(a; +u-Va) = p,DV?a, (1)
where
V-u=0. (2)

Here a is the mass-fraction of oxygen, entirely consumed within the reaction zone. Hence, a = 0
ahead of the advancing interface; a = ag far behind the interface. The rate of oxygen consumption
is specified by the jump condition,

pgD [va ’ N] ’interface = pstVn' (3)
Here D is the molecular diffusivity assumed constant, by is the mass-fraction of solid fuel, also entirely
consumed within the reaction zone. u is the gas flow velocity, IN is a unit normal to the interface
directed towards the fluid ahead of the interface. py, ps are the effective densities of gaseous and
solid reactants, respectively ( ps >> pg ). Vj, is the normal velocity of the interface, whose evaluation
in terms of the underlying flow-field u and parameters of the system, is the principal objective of
the current study.

Figure 1: Diagram illustrating outward spreading circular diffusion flame driven by a radial flow of
oxidant. Arrows indicate direction of streamlines. Bold line corresponds to the flame front.

Egs. (1) (2) are augmented by the momentum (Darcy) equation,

where P is the pressure, and A is the mobility of the system, affected by the smoldering.



For simplicity of further analysis, yet without much detriment to general understanding, the
current discussion is restricted to the stepwise dependency (see also Sec. 8),

A=)\ at a=0,
A=) at 0<a<l. (5)

The subscripts a and b mean ahead and behind the smolder front.

3 Intrinsic geometry and front-attached coordinates

In order to make the analysis tractable Egs. (1) (2) will be written in front-attached Bertrand intrin-
sic coordinates, instantaneously normal and parallel to the interface. Details of the transformation
between Cartesian and Bertrand coordinates may be found in [13, 14, 15]. For brevity we restrict
the discussion to two dimensions. Results of the extension to three dimensions will be outlined in
Sec.(8). The Bertrand coordinates (s,n) are related to the Cartesian coordinates r = (z,y) by the
change of variables given by

r =R(s,t) + nN(s, 1), (6)

where R(s,t) is the position vector of the evolving interface. N(s,t) is the unit normal to the
interface, s is the arclength measured along the interface, and n is the distance from the interface
(Figure 2). Note that Bertrand coordinates may produce non-uniqueness similar to that occurring
in conventional polar coordinates. This however does not affect the subsequent analysis.
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Figure 2: The front-attached orthogonal Bertrand coordinates (n, s).

In the intrinsic coordinates the flow velocity may be written as,
u = usT + u,N, (7)

where T = OR/0s is the unit tangent vector to the interface. The diffusion (1) and continuity (2)
equations then become,
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Here K(s,t) = V- N|,_, is the curvature of the interface, V,, = OR/0t - N is its normal velocity.
(da/dt),, is the intrinsic (material) time derivative along the normal. There is a simple relation
between the intrinsic time derivative and partial derivative at constant s [13].

da Oa da
(%), v .

where V; = —0R /0t - T is the arclength rate of stretch [13],
ds I ~ N gn
Vs=—= [ K(51t)V,(5 t)ds. (11)
dt 0

For the total arclength L of the evolving interface Eq. (11) yields,
dL L
— = / KV,ds. (12)
dt 0

4 Scaling and asymptotic analysis
Assume that at £ = 0 the interface is weakly curved, that is,
K~ e, e << 1. (13)

€ is an artificial parameter of expansion to provide separation of variables, and which may be
interpreted as the diffusive width of the flame times its typical curvature.

Given (13) one may expect that at ¢ > 0 the spatio-temporal structure of the solution will involve
the short-range variable n, associated with the diffusive layer, and long-range variables en,es, et
associated with the curved interface and flow-field away from the interface. Since at ¢|n| ~ 1 the
concentration is expected to be exponentially close to its limiting values (0, ag), one may exclude en
from its spatial variables. Thus,

a = a(n,es,et). (14)

For the stepwise dependency (5) the hydrodynamic field is not directly affected by the processes
within the diffusive layer, and one therefore n may exclude from its variables (see also Sec. 8).
Thus,

u = u(en,es, et). (15)

The prior removal of certain variables allows to somewhat reduce algebraic manipulations. In terms
of the scaled variables,

w=K/e, &{=¢es, n=en, T=c¢t, (16)

Eqgs. (8) (9), applied to the diffusive layer (n ~ 1), yield,
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(18)

s = us(n =0,&71)

Here,
Up = un(n = 07677—)
are components of the velocity of the flow evaluated at the interface. Equation (17) is considered

a(n > 07577—) = 07
(19)
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Equation (17) is then solved by means of the conventional asymptotic expansion,

Us = ﬂgO) + O(€)>

a=a" 4 e 4 0(e?),
Vi = V9 +0(e).

U = 4 + call) + 0(e?),
Vi, = VO + v 4+ 0,
For the leading order asymptotics the problem (17) (19) yields,
(0) _ 1,(0)
n nl, n<o0
(21)

a® = qq (1 — exp <un D
LU— () (22)
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Substituting, (20) into Eq. (17), integrating in the normal direction from —oo to 0, and taking into

account conditions (19), one obtains,
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Hence, employing Egs. (21), (22) and Eq. (11), one obtains,
AL

ag + <z—;> b Ps bo ot \ un
Here Eq. (24) is written in the original unscaled variables s,t. Eq. (24) may be further simplified if
(25)

one recalls that p; >> p,. In this situation scaling t and V as (see Eq. (11) and Eq. (44) below),
‘/8 ~ (pg/Ps) << 1>

t~ (ps/pg) >> 1,
Eq. (24) reduces to,
vo= (22} (@) [a,+ 02 (% (26)
"\ ps bo " 0s \ 1y,



Eq. (26) effectively replaces the diffusion-advection equation (1) in this asymptotic regime. For a
prescribed flow-field u Eq. (26) defines a second-order differential equation in which the second term
on the right ensures dissipation of short-wavelength corrugations, rendering the associated initial-
value problem well-posed. The second-order nature of Eq. (26) becomes more transparent if one
recalls that us = u- OR/0s|,—0. It is interesting that the dissipation term similar to that of Eq.
(26) appears in the early SVF models of premixed gas flames as a part of the total stretch, the
combined effect of the interface curvature and the local flow-strain [16],[17]. According to Eq. (26),
the interface dynamics is affected by the strain but not by the curvature, as occurs in premixed
flames. In terms of the pressure Eq. (26) may be written in the form (see Egs.(4) and (5)),

= () () [ ovas (53] @

advantageous for further analysis. Here, P(s,t) = P(n = 0,s,t) is the pressure evaluated at the
interface. Recall that due to Egs. (2) (5),

V- (AVP) =0, (28)
implying continuity of the pressure across the interface and, hence, discontinuity of the tangential

velocity us = AJP/3Js, provided A, # Ap.

5 Evaluation of u,

By virtue of the stepwise dependency (5) the pressure beyond the interface is described by the
Laplace equation,

V2P =0, (29)
which should be considered jointly with the jump conditions on the front,

[VP-Nl,o = (A" = AL, (30)

a

[Pllp=0 = 0- (31)

Equation (30) is a straightforward consequence of Eqs. (4) (5).

A further analysis of the system may therefore be conducted in the framework of the classical
theory of logarithmic potential, allowing to connect the shape of the interface with the normal
velocity 4, and pressure P appearing in Eq. (27). In this paper the discussion is restricted to the
most simple situation where the smolder front is a closed curve £ evolving through a two-dimensional
flow sustained by a point-source of a prescribed intensity @ (Figure 1),

_Qr

= — 0. 32
u 27 In? r— (32)

The solution of the problem defined by Egs. (29)-(32) then reads,

Q 1 1/1 1 / ) 1
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On the b - side of the front corresponding to n = —0 we have,
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The pertinent calculations may be found in [18]. According to Eq. (4),
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Egs. (35) and (34) then imply,
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Egs. (27), (33) and (36) fully determine the dynamics of the interface.

6 Numerical strategy

The normal advancement of the interface R = (x(s,t),y(s,t)) at the rate V,, is automatically ensured
if one sets,

Ox Ox oy

E—i_‘/s% :Vn%’ (37)
oy oy Ox
N + Vsa = —Vna, (38)

where 0 < s < L(t), and V; and L are defined by Eqs. (11) (12) with K = ysszs — Tssys, 2+ 32 = 1.
Egs. (37), (38) are purely geometrical statements valid for any V;,. The front dynamics is
specified by the relation (27), where @, is defined by Eq. (36) and P by Eq. (33). Egs. (37) (38)

are considered jointly with the following periodic boundary conditions,
2(0,t) = x(L,t), y(0,1) =y(L,1), xs(0,t) =xs(L,1), ys(0,t) = ys(L,1). (39)

The boundary conditions should be supplemented by initial conditions,
2(5,0) = zo(s), y(s,0) =wo(s), L(0) = Lo. (40)

The quasi-steady nature of Eq. (36) prevents evaluation of @, as a solution of an initial value
problem. Yet, @, can be successfully calculated through the iterative procedure described in [18].
As the zeroth approximation one may take (u,)o pertaining to the undisturbed radial flow. The
initial conditions are conveniently given in terms of the auxiliary angle 0 < 6(s) < 2,

zo(s) = R(0(s)) cosb(s), wyo(s) = R(0(s))sinb(s), (41)



where 6 and s are related by the equation

s(0) /06 \/(?)2 + <C§/;>2dé. (42)

Hence, Ly = s(2m). The profile R(0) is specified as,

1 1
R(0) = Ry [1 + a <cos 50 + 3 sin 1360 + Th 270)] . (43)

Note that at o << 1, Lo = 27 Ro(1 + O(a?)).

7 Numerical simulations

For the forward smoldering sustained by the point source (32) the system does not have an intrinsic
length-scale. Hence,

Lo Q Ps bo Tref Q
= —, = 5 t f— e _— 5 P = T 44
Tref o Uref Tref ref (Pg a0 Upe ref )\b ( )
are utilized as the reference length, velocity, time, and pressure-scales, respectively. We also set,
Aa D
v=—, v=— 45
" 0 (45)

which may be regarded as the relative mobility and scaled diffusivity, respectively.

Figure 3: Smoldering front at several consecutive instants of time. (X,Y’) = (z,y)/7ref. The time
interval between the plotted curves is set at At = 20t,¢p, 4tpep <t < 180t,c.

Figure 3 presents results of numerical simulations for the initial conditions (43) at v = 0.125,
v = 0.001 and o = 0.1. Note the cusp-leading nature of the emerging fingering structure. This is



opposite to the cusp-trailing structure occurring in premixed gas cellular /wrinkled flames [16]. With
the passage of time, the growth of some small-scale cusps slows down resulting in their absorption
by large-scale structures. Simultaneously some well developed cusps swell up and split - quite an
unusual behavior in pattern forming systems.

8 Concluding remarks

In modelling fingering instability we tried to bring into the formulation only the most essential in-
gredients in their simplest form. Since the instability in question is conditioned by the mobility
contrast, the simplest way to elucidate its impact is through adoption of the stepwise dependency
(5). This is by no means an overly drastic assumption as far as the physical understanding is con-
cerned. In principle, in the limit of strong scale separation considered in the paper, the problem
remains perfectly tractable even when the mobility varies in a continuous fashion. In this situation
the hydrodynamic field acquires a finite width boundary layer (n ~ 1) along the front. The associ-
ated mathematical problem may be tackled by the conventional machinery of matched asymptotic
expansions. The emergence of the boundary layer, however, cannot affect the large-scale (outer)
dynamical picture, which will still be governed by Eq. (27).

Eq. (27) pertains to the 2D-geometry. In the extension over the 3D-case two surface variables
are required generating many additional terms in the derivation. The pertinent machinery may
be found in [15]. Yet, the heavy algebra notwithstanding, the final relation remains relatively

compact. As may be shown, the pressure term % (ia—lj of Eq. (27) is merely replaced by

Uy Os
—N - curl ((VP x N) /)|, —o-

The current study deals with the fingering instability sustained by the mobility increase. Yet,
the recent study by Aldushin and Matkowsky [10] suggests that a similar kind of instability is likely
to be induced also by gasification of the solid reactant. In the present study the gas production is
suppressed, and it would be interesting to ascertain its impact on the overall dynamical picture.

To observe fingering in forward smoldering the aspect ratio of the system should be large enough.
This apparently may explain the lack of experimental evidence on the phenomenon. We hope that
the above findings will stimulate the interest of experimentalists in this problem.
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