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Abstract—OFDM system suffers significant performance However, it is both interesting and useful to find the precise
degradation due to phase noise. Many phase noise analysisrelation between the bit error rate (BER) or symbol error rate
methods have been proposed in the literature showing its effect (SER) and the phase noise. The original work done by Tomba
as a loss in the ratio of the signal power to the statistical average C .
of the intercarrier interference (ICl). It would be more desirable, [9], which is based on [10], considers or_wly the_ BER for t_he
however, to predict phase noise effect on bit error rate (BER) AWGN channel and ignores the comparison with simulation
directly. results.

In this paper, by investigating the phase noise properties and  |n this paper, we propose a new method to derive closed-

the impacts caused by phase noise on an OFDM system, we deriveggy expressions for BER performance in AWGN channel
approximate closed-form expressions for BER performance in

AWGN channel with BPSK and QPSK modulations. In general, with the presence of pha_se npise. Although we only study
it is impossible to get such expression for multipath Rayleigh BPSK and QPSK modulations in our work, the results can be

fading channel. Hence we establish upper and lower bounds for extended to a higher modulation constellation. Moreover, we
the degradation caused by phase noise, which give insightful also investigate two extreme cases in Rayleigh fading channel,
view of the system performance. Simulation results show that |y hich give rise to the upper and lower bounds of the BER

the proposed simple analytical forms are quite accurate for erformance. Simulation results validate all expressions we
different phase noise levels, which lead to the conclusion that a p . p

phase noise mitigation mechanism is needed to obtain acceptableha}\(e dgrived and _ShOW clearly the necessity of phase noise
performance. mitigation mechanism.

Index Terms—Phase Noise, BER, ICl, OFDM The rest of the paper is organized as follows. We describe
the system model in section Il, where phase noise, OFDM
system and simulation models are presented. In section I,
. INTRODUCTION different effects of phase noise are discussed. The closed
Orthogonal frequency division multiplexing (OFDM) hadorm expressions for BER performance in AWGN channel are
been widely adopted and implemented in wire and wireleshown in section IV. section V gives the analytical results for
communication, such as digital subscriber line (DSL), digitdayleigh fading channel. Finally we draw some conclusions
terrestrial TV broadcasting (DVB-T), IEEE 802.11a wirelesi section VI.
local area networks (WLANSs) and European high performance
local area network (HIPERLAN/2) [1]-[4]. It is, however, Il. SYSTEM MODEL
sensitive to carrier frequency offset and phase noise [5], [6A. Phase Noise Model

Frequency offset is a deterministic phenomenon, which isphase noise(t), generated at both transmitter and receiver
usually caused by the different carrier frequencies of thgcillators, can be described as a continuous Brownian motion
transmitter and the receiver, or by Doppler shift. On the OthSFocess with zero mean and variarize3t, where3 denotes
hand, phase noise is a random process caused by frequgRgY phase noise linewidth, i.e., frequency spacing between
fluctuation at the receiver and transmitter oscillators. Thgyg points of its Lorentzian power spectral density function
principles of analyzing the frequency offset effects have begs) [10]. Such noise has independent Gaussian increments
described in many papers [5], [7], hence in our contributiops o] which, from a spectral point of view, can be presented
only the phase noise problem will be discussed. as a Wiener process [12], [13]. To better characterize phase

Because of the random nature of phase noise (PN), its effggise, Demir et al. [14] developed a unifying theory using
is harder to be analyzed. In the literature, two important typ@snonlinear method that provides more accurate description.
of PN was considered. When the system uses phase-lockggh such a method [14, Remark 7.1], phase naige) is
loops the resulting PN has low power and is modeled assfown to converge, asymptotically with time, to a Gaussian
zero-mean, stationary, finite-power random process [8]. Whgghdom process having a constant mean, a variance increasing
the system is only frequency-locked the resulting PN is slowfihearly with time, and a correlation function that satisfies
varying but not limited in power, hence is modeled as a ZeIE (1) p(t+7)] = min[E(p(t)?), E((t+7)2)]. Furthermore,
mean, nonstationary, infinite-power Wiener process [5], [6}s indicated in [15], the aforementioned properties suggests
[9], [10]. We will focus on the Wiener process assumption ig discrete Markov process which, in an OFDM system, can

this paper. _ . describe the phase noise on thth sample of thenth symbol
The effect of Wiener phase noise has been expressed gga
loss in the ratio between the signal power and the statistical n

average of the ICI [5], [6], [11], wherein AWGN channel was  ¢,,(n) = ¢,,,_1(N — 1) + Z u[m(N + N,) +i] (1)
considered in [11], while [5], [6] included fading channel. =N,



where u(i)'s denote mutually independent Gaussian random [1l. EFFECTS OFPHASE NOISE

variables with zero mean and varianeg = 2737/N, andT  There are three major problems affected by phase noise:
denotes the OFDM symbol length. In particular, (1) reduces HPlase shift, effective power degradation, and ICI. For the
Po(n) = 321y, u(i) for m =0 (¢m(n) =0, whenm <0, pyrpose of convenience, we will drop the subscript i.e.,

and ¢g(n) = 0 whenn < —Ng). our discussion is restricted in one OFDM symbol.

B. OFDM System Model A. the Effect on Phase Shift

The OFDM system model over a slowly time varying Common Phase Error (CPE), indicated ©Y0), causes the

multipath fading channel with phase noise can be describtjation of the desired signals, is invariant within one OFDM
as symbol, although it is varying from symbol to symbol. From

Eqn. (4), we have(0) = £ SN ei®(n) = Aei?, where A

denotes the amplitude of CPE, which will be discussed later,
and@ is a random variable denoting phase shift, which is the
2y major effect of CPE when phase noise is small. The probability

) ; _ R ;
whereh,’s (0 < | < L—1) are i.i.d. complex-valued Rayleigh density function (pdf) of which will be needed for analyzing
fading random variables, and(n)'s (0 < n < N — 1) its effect on BER performance, is derived in Appendix A as

L—-1
ym(n) =M "Wz, (n—1)+nn) 0<n<N-1
=0

are independent complex-valued Gaussian random variables 1 ,;iz
with zero mean and varianeg for both real and imaginary fo(z) = NoT P i (6)

components, whilec,,(n)’s are the time domain transmitted
symbols. L is the length of the time-domain channel impulsgherecg = {5 Nop = EnfT.
response (CIR).
After discarding the cyclic prefix (CP) and performing amB. the Effect on Power Degradation
FFT at the receiver, we obtain the received data frame in thepgyer degradation effect was thoroughly investigated in [5],
frequency domain: [6]. When phase noise is small, the power of CPE and ICl was

Vi (k) = Xon (k) Hn ()Con (0) + ICTn(k) + N(k)  (3) found to be approximated by, ,
BT

with otpe = E[lAP] ~1 - = (7)
N-1
1 r2mnk d
Cn(k) = = Z IR+ 0m(n)] 4) an BT EsE
N otor = E[[ICI(K)P] = === ®)

IC1I,, (k) is defined aszf\;gl#k X(DVH,, (1)Cp(k—1), and respectively. In this paper, we assume the channel response
N (k) is the DFT transform of(n). Since DFT is linear and is normalized, i.e.Ey = E[|H(k)”] = 1. Hence with small
does not change the noise enerd¥k) is still a Gaussian phase noise, the signal to interference plus noise ratio (SINR)

random variable with zero mean and variance was derived in [6] as
Note that common phase error (CPE) and ICI are rep- o2 F _ =BT
resented byC,,(0) and ICI,, (k) respectively. If phase = agcpi ;2 = g 9)
noise does not exist, Eqn. (3) and (4) reduceYip(k) = fer™ % Ty s
X (k)Hm (k) + N(k) and C (k) = 6(k), respectively. wherev, = E, /o2 denotes SNRE, and o2 denote symbol

and noise power respectively.
C. Simulation Model
C. the Effect on ICI

Simulations are carried out for the IEEE 802.11a standard, . . .
with 64 subcarriers for each OFDM symbol. The length of '€ €ffect of ICI power has been included in the previous
cyclic prefix is assumed to be larger than channel delay spredffcussion. However, the probability distribution of ICI also

For fading channel, a multipath fading channel is modeled B&YS an important part in BER analysis. It is usually treated
in AWGN channel as a Gaussian distributed random variable

L-1 (1T [9], [13], whereas in fading channel, such approximation is not
ht,7) = ) ar(t)0(T — —F—) 5) appropriate in some scenario. Details will be given in section
r=0 V.

where 6(7) and {a,.(t)}%+ are a Dirac delta function and

zero-mean complex Gaussian random variables, respectively. V- BER PERFORMANCE INAWGN CHANNEL

For block fading whose response does not vary within oneln this section, We study the BER performance in the

block (M OFDM symbols), the parameteércan be omitted, presence of phase noise for OFDM in AWGN channel, i.e.,

which is the case in this paper. Delay sprefcl f;ol is H(k) =1 for all k. Hereinafter, we assume coherent receiver

assumed to be uniformly and independently distributed withia implemented and phase noise is unknown at the receiver,

[0, N). which causes degradation of the BER performance.



A. Closed-Form Expressions for BER Performance

By using the pdf given in Eqgn. (6) and SINR given in
Eqgn. (9), it is possible to obtain a closed-form expression for
BER, which would serve as an attractive simple alternative
to previously derived SNR degradation results [5], [6]. Two
typical modulations are analyzed as following.

BPSK: To derive the exact expression of BER, we write the ,

10°F

107k

system model as: @
107k
Y (k) = X(k)C(0) + N'(k) (10)
with . 105k
ICI(k)y= Y X(W)C(k—1) (11) T i resurs !
—H&— simulation results
1=0,l#k ol —r——r—© i i i i i i
0 1 2 3 4 5 6 7 8 9 10
where N'(k) = ICI(k) + N(k) can be approximated by SNR.dB

Gaussian random variable ([9], [12]) with zero mean and

variancer3NT/3+c2. Therefore, the analyticd# ER 4 form ~ Fig- 1. BER performance in ANGN for BPSK modulation with different
. n ! phase noise variancer ST

in AWGN channel can be derived as

BERS(7) = 5 PRIV (k)] < 01X (k) = +1}

+ %P{S%[Y(k)] > 0|X (k) = -1} (12)

<[ AEa s

1

-9 Q

0 V2mg,

whereo? = %wﬁT and @ denotes the Gaussian probability
integral, P,(T"; «) is the average probability of error for each
realization off at givenT".

QPSK: In this case, we assume detection is implemented by

= = =no phase noise |: A
analytical results
—&— simulation results

evaluating the real and imaginary components independently, ¢ i . ; l
0

henceBER 4 is readily derived as 2 * snras C 8 10
%) 73T . . . . .
- =3 ™ Fig. 2. BER performance in AWGN for QPSK modulation with different
BERA? (’Ys) %/ Q ﬁ 0052(1 + 95) fo (az)dm phase noise variancer 3T
0 T3 T
o0 _ m8T -
+/ Q Wi?’l st(Z +x) |fe(x)dz (13) transmission data rat® the better is the system performance.
0 5t In fact, the phase noise linewidth to transmission data rate ratio

n = /R = BT/N is of interest. Its effects can be seen in

Note that in both cases, the integral variablelenotes the L . .
realization of phase shift and can be greater thanalthough FWO ways: a highen means a S“.‘a”er gffectlwe SINR which
.increased’, (T'; x); at the same time, higherintroduces larger

the. pOSS|_b|I|ty of such event is negligible when phase O &riance of phase shift2, which raises the whole integral
variance is small.

result in (12). Therefore, both ways lead to a higher BER and
vice versa.
B. Phase Noise Effects on BER performance These analytical and their corresponding simulation results
Egn. (12) and (13) indicate that in the presence of phagee shownin Fig.1 and Fig.2 for BPSK and QPSK respectively.
noise, the BER is a function of various system parametei$though the analytical solutions in (12) and (13) are derived
3,T,~s, and their corresponding ratios: with several approximations, they fit quite well with the simu-
1) WhenT, ~, are fixed, larger3 will cause worse BER lation results. The figures also show that the QPSK modulation
performance. Hence as expected, the system can benefit dsignore sensitive to phase noise than BPSK (particularly for
from a small linewidth oscillator. higher phase noise variance), which can be attributed to the
2) Note thatT = N/R, where R denotes the transmissiod@ifference of the minimum distance between the points of
data rate, anaV, the number of data point in OFDM symbol,these constellation.
is usually fixed for a certain application, hence the higher Although the BER performance might seem acceptable



when phase noise variance is 0.01, it is not the case in e
practice. As customarily done, the timing and frequency
synchronization has always been performed in the preamble,
and the results are used for the whole data block following

that preamble. Since phase noise process is nonstationary with .
increasing variance, the BER performance deteriorates rapidly *° f
as the data block length increases. Consequently, a symbol by
symbol phase noise tracking mechanism is needed even withg
a high quality oscillator, which is the essential motivation for

phase noise mitigation studies. 107}
V. BER PERFORMANCE INRAYLEIGH FADING CHANNEL = = = o phase noise frequency flat
i . . analytical results
Usually, OFDM is used to combat the multipath effect in a 10 —B— simulation results ‘ :
slow fading environment. Hereinafter, we divide our analysis 5 10 15 20 25

into two groups: frequency flat fading and frequency selective SHRd®

fading. Moreover, we assume the channel is ergodic, which _ , _
. . Fig. 3. BER performance in Rayleigh frequency flat and independent channel

allows us to average the BER over all possible channel realizgFspsk modulation with phase noise variarzedT=0.1

tions. As such, an analytical BER for OFDM in the Rayleigh

fading channel with BPSK modulation can be derived as
B. Frequency Selective Fading

BERE(7s) %/ / Py(L(v);2) f5(7) fo(x)dady Because of the lack of knowledge on the ICI distribution,
00 oo 0 oo .2 it is quite difficult to analyze the BER in a frequency se-
:// 1 Q( T'(v) COS%) 6*767Ed1d7 (14) lective channel. Due to the correlation between frequency
0 JooV21og channel response on different subcarriers, it is inappropriate
with to assume ICI has Gaussian distribution. However, a special
case can be analyzed and treated as an upper bound of this
scenario: a frequency selective channels withndependent
_ paths and uniform power delay profile (PDP), which can also
where v denotes the instantaneous power of frequency rgs considered as a frequency independent fading channel.
sponse on a certain subcarrier. Note tha) represents the apparently, this is impractical assumption for regular channel
instantaneous SINR in fading channels. since the path numbdf is usually far less than the subcarrier
number N. Nevertheless, such assumption will give us an
insightful view of the upper bound of BER performance in
, . a frequency selective channel. To this end, siﬁb(dc),iv:l is
In this case, the frequency responses for all subcarriers g med as i.i.d. distributed, ICI still can be approximated
the same (i.e./(l) = H(k) for all k) and there is only one 1, Gayssian distribution as what has been done in AWGN
resolvable path in the channel. Hence channel. Recalling that the channel response is normalized,

o2 ppEsy
T _ JCPEZS T 15
") P p—— (15)

A. Frequency Flat Fading

N-1 hence the variance of ICI in frequency independent channel
ICI(k) = Z XOH)C(k—1) (16) equals to the AWGN case (Eqn.(8)), which leads to
1=0,l#£k BT
(-7
N-1 I() = (18)
=HE) | Y. XOCKE-1) 3t
1=0,l7k substituting (18) into (14), we obtained the exact BER expres-

Note that, for each channel realizatiai(k) is a constant sion for_ frequenc_y independent fadi_ng cha_nnel. Note that such
and the expression in the bracket is exactly the same as AWBRHNd is loose since the real Rayleigh fading channel can't be
case (Egn. (11)) which can be modeled as a Gaussian §4¢h stringent. _
tributed random variable. Therefore, the instantaneous variancémulation results are carried out for frequency flat and
of ICT term in each channel realization can be calculated % described independent channel in Fig.3, which shows that
the variance of AWGN part multipled by the instantaneour analytical results are quite accurate with the Gaussian

power of H(k), i.e., 02, = wﬁng_ Hence distribution assumptio_n'. Apparently, certain_ mechanism must
be implemented to mitigate the catastrophic effects of phase
1- =L noise in a Rayleigh fading channel.
I = BT 1 a7 Finally, Fig.4 gives simulation results of a multipath channel
3 i with different number of paths and uniform power delay profile

substituting (17) into (14), we obtained the exact BER forfPDP). It shows that the frequency flat and aforementioned
for frequency flat fading channel. frequency independent channels serve as the lower and upper



o since u(i)’'s are mutually independent Gaussian random vari-
: : ables with zero mean and varianeé = 2737/N, © is

a Gaussian random variable with zero mean and variance

(W*erNg.)aﬁ. For purpose of simplicity, we tal_<e the

practical assumptiony > 1, N, = N/4, hence the variance
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lower bound (flat fading)

—<— upper bound (independent fading)
—&— selective fading with 3 paths
—— selective fading with 6 paths
—<— selective fading with 12 paths
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Fig. 4. Simulation of BER performance in Rayleigh fading channel for BPSK
modulation with analytical upper and lower bounds, phase noise variance
2m3T=0.1

bound of BER, as they represent two extreme cases of tr[lze]
effect introduced by ICI term.

Effect of different phase noise levels on BER with Rayleigh[s]
fading has similar behavior as in AWGN case, and the
formulas to compute the error probability for QPSK are a
straightforward extension of the one for BPSK. Hence, they
are omitted in this paper. [4]

VI. CONCLUSIONS [5]

where o2
is not hold whend > 0.5rad, the probability of such event
is very small: P(X > 0.5) = 3 x 10~ when No2 = 0.01.

: The validation of our derivation is also shown in simulation
results.

of © can be simplified ag; No?.
When phase noise variance is sméll= arctan©® =~ O,
i hence

1 -5
f@(.’l’:) ~ \/2770_06 299 (A'4)

1—72N03. Note that, although the approximation
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