Chapter Two

Introduction to Simple Epidemic Models

The process of modeling in epidemiology has, at its heart, the same underlying philosophy
and goals as ecological modeling. Both endeavors share the ultimate aim of attempting
to understand the prevalence and distribution of a species, together with the factors that
determine incidence, spread, and persistence (Anderson and May 1979; May and Anderson
1979; Earn et al. 1998; Shea 1998; Bascompte and Rodriguez-Trelles 1998). Whereas
in ecology the precise abundance of a species is coften of great interest, establishing or
predicting the exact number of, for example, virus particles in a population {or even
within an individual) is both daunting and infeasible.! Instead, modelers concentrate on the
simpler task of categorising individuals in the “host” population according to their infection
status. As such, these epidemiological models can be compared to the metapopulation
models used in ecology (Levins 1969; Hanski and Gilpin 1997), where each individual
host is considered as a patch of resource for the pathogen, with transmission and recovery
analogous to dispersal and extinction (Nee 1994; Rohani et al. 2002).

There is a long and distinguished history of mathematical modeling in epidemiology,
going back to the eighteenth century (Bernoulli 1760). However, it was not ontil the
surly 1900s that the increasingly popular dynamical systems approaches were applied to
epidemiology. Since then, theoretical epidemiology has witnessed numerous significant
¢onceptual and technical developments. Although these historical advances are both
{nteresting and important, we will side-step a detailed account of these progressions and
instead refer interested readers to the lucid texts by Bailey (1975), Anderson and May
(1991), Grenfell and Dobson (1995), Daley and Gani (1999}, and Hethcote (2000).

In this chapter, we start with the simplest epidemiological models and consider
both infections that are strongly immunizing as well as those that do not give rise
{0 immunity. In either case, the underlying philosophy is to assume individuals are
elther susceptible to infection, currently infectious, or recovered (previously infected
and consequently immune). Although the progress between these classes could be
presented as a verbal argument, to make quantitative predictions we must translate
them into formal mathematical terms. This chapter presents the mathematical equations
describing these models, together with the kinds of model analyses that have proved useful
tn epidemiclogists. These approaches encompass both deterministic and probabilistic
frameworks. The preliminary models will, of necessity, be somewhat primitive and ignore a
number of well-known and important heterogeneities, such as differential susceptibility to
infection, contact networks, variation in the immunological response, and transmissibility.
Many of these complexities are addressed in subsequent chapters.

'A clear exception to this is the study of macroparasitic infections (such as helminthic worms)
where the worm burden is of great interest because it can substantially affect both host and parasite
temography. In this book, we do not deal with such systems and refer interested readers to Anderson
and May’s (1991) thorough treatment of the subject.
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2.1. FORMULATING THE DETERMINISTIC §7R MODEL

In order to develop a model, we first need to discuss terminclogy. Infectious diseases
are typically categorized as either acute or chronic. The term acute refers to “fast”
infections, where relatively rapid immune response removes pathogens after a short period
of time (days or weeks). Examples of acute infections include influenza, distemper, rabies,
chickenpox, and rubella. Chronic infections, on the other hand, last for much longer periods
(months or years) and examples include herpes and chlamydia. We start the development of
models by focusing on acute infections, assuming the pathogen causes illness for a period
of time followed by (typically lifelong) immunity. This scenario is mathematically best
described by the so-called S-7-R models (Dietz 1967). This formalism, which was initially
studied in depth by Kermack and McKendrick (1927), categorizes hosts within a popula-
tion as Susceptible (if previously unexposed to the pathogen), Infected (if currently colo-
nized by the pathogen), and Recovered (if they have successfully cleared the infection).

Now that we know how many categories there are and how these categories are defined,
the question becomes how individuals move from one to the other. In the simplest
case (ignoring population demography—births, deaths, and migration), we have only the
transitions § — I and I — R. The second of these is easier, so we deal with it first. Those
infected can move to the recovered class only once they have fought off the infection. For
acute infections, it is generally observed that the amount of time spent in the infectious
class {the “infectious period™) is distributed around some mean value, which can be often
estimated accurately from clinical data. From a modeling perspective, this translates into
the probability of an individual moving from I to R being dependent on how long they
have been in the 7 class. However, modelers often make the simplifying assumption that
the recovery rate y (which is the inverse of the infectious period) is constant; this leads
to far more straightforward equations and exponentially distributed infectious periods. In
Section 3.3 we deal with the dynamical consequences of alternative, more realistic
formulations of the infectious period.

The progression from S to I clearly involves disease transmission, which is determined
by three distinct factors: the prevalence of infecteds, the underlying population contact
structure, and the probability of transmission given contact. For a directly transmitted
pathogen, there has to be contact between susceptible and infected individuals and the
probability of this happening*is determined by the respective levels of S and I, as well
as the inherent contact structure of the host population. Finally, we need to take into
account the likelihood that a contact between a susceptible and an infectious person results
in transmission.
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These conceptual descriptions of the model can be represented by a fiow diagram. The
flow diagram for the STR model uses black arrows to show the movement between the
S and [ classes and the 7 and R classes. The fact that the level of the infections disease
influences the rate at which a susceptible individual moves into the infected class is shown
by the dotted gray arrow. This book uses such flow diagrams to illustraie the essential
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epidemiological charactenistics. In general, demography will be ignored in these diagrams
1o reduce the number of arrows and hence improve their clarity.

Ilow diagrams provide a useful graphical method of illustrating the main epidemio-
logleal assumptions underlying a model.

The previous paragraphs make the derivation of the transmission term seem relatively
slrsighiforward. Unfortunately, the precise structure of the transmission term is plagued
by controversy and conflicting nomenclature. To explain some of these issues, we start
by defining the force of infection, &, which is defined as the per capita rate at which
gsusceptible individuals contract the infection. Thus, the rate at which new infecteds are
produced is A.X, where X is the number of individuals in class S. This force of infection
{¥ intuitively proportional to the number of infectious individuals. For directly transmitted
puthogens, where transmission requires contact between infecteds and susceptibles, two
general possibilities exist depending on how we expect the contact structure to change with
poputation size: A = BY/N and A = BY (where Y is the number of infectious individuals,
N is the total population size, and f is the product of the contact rates and transmission
probability). The first of these formulations will be referred to as frequency dependent (or
mass action) transmission and the second as density dependent (or pseudo mass action)
{runsmission. (We note, however, that Hamer (1906) refers to A = Y as mass-action;
this duality of nomenclature causes much confusion), A mechanistic derivation of the
(runsmission term is provided in Box 2.1.

[t is important to distinguish between these two basic assumptions in terms of the
underlying structure of contacts within the population. Frequency-dependent transmission
reflects the sitvation where the number of contacts is independent of the population size.
Al least as far as directly transmitted diseases are concerned, this agrees with our natural
intuition about human populations. We would not expect someone living in, for example,
l.ondon (population 7 million), or New York (population 8 million), to transmit an
Infectious disease over 50 times more than someone living in Cambridge, United Kingdom
{population 130,000) or Cambridge, Massachusetts (population 100,000). The number of
close contacts that are likely to result in disease transmission will be determined by social
constraints, resulting in similar patterns of transmission in any large town or city. Indeed,
estimates of measles transmission rates in England and Wales demonstrate no relationship
with population size (Bjgmstad et al. 2002). In contrast, density-dependent transmission
gssumes that as the population size (or more accurately, as the density of individuals)
Increases, so does the contact rate. The rationale is that if more individuals are crowded
into a given area (and individuals effectively move at random), then the contact rate will be
greatly increased. As a rule of thumb, frequency-dependent (mmass action) transmission is
considered appropriate for vector-bome pathogens and those with heterogeneous contact
siructure. Density-dependent (psnedo mass action) transmission, however, is generally
considered to be more applicable to plant and animal diseases, although care must be taken
in the distinction between number and density of organisms (for further discussion, we
refer interested readers to McCallum et al. 2001; Begon et al. 2002).

The distinction between these two transmission mechanisms becomes pronounced
when host population size varies, otherwise the 1/N term can be absorbed into the
purameterization of B in the mass-action term. As a simplification to our notation, it
is convenient to let S(= X/N) and I{=Y/N) to be the proportion of the population
that are susceptible or infectious, respectively. In this new notation our mass-action
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(frequency-dependent) assumption becomes 57, which informs about the rate at which
new infectious individuals (as a proportion of the total population size} are infected.

In some instances, such as when we need to employ integer-valued stochastic models
{Chapter 6), variables need to reflect numbers rather than proportions. To distinguish
between these different approaches, this book will consistently use X, Y, and Z to
represent the rumbers in each class and §, /, and R to represent proportions (see
Parameter Glossary).

Box 2.1 The Transmission Term
Here, we derive from first principles the frequency-dependent (mass action) transmission term
(also called proportionate mixing; Anderson and May 1992), which is commonly used
epidemic medels. It assumes homogenous mixing in the population, which means everyone
interacts with equal probability with everyone else; it discards possible heterogeneities arising
from age, space, or behavioral aspects (see Chapters 3 and 7).

Consider a susceptible individual with an average « contacts per unit of time. Of these, a
fraction ] = ¥/ N are contacts with infected individuals (where Y is the number of infectives and
N is the total population size). Thus, during a small time interval (from £ to £ +9 1), the number
of contacts with infecteds is (x¥/N) x (81). If we define ¢ as the probability of successful
disease transmission following a contact, then 1 — ¢ is the probability that transmission does
not take place. Then, by independence of contacts, the probability (denoted by 1 —&qg) that a
susceptible individual escapes infection following (Y /N x 8t) contacts is

i —8g =(1— )TV

Hence, the probability that the individual is infected following any of these contacts is
simply dg. .

We now define § = —« log{1 — ) and substitute into the expression for 1 — &g, which allows
us to rewrite the probability of transmission in a small time interval 8¢ as

g =1— e PN,

To translate this probability into the rafe at which transmission occurs, first we expand the

exponential term (recalling that e =1+ x + ‘;— + ’;—3, ...), divide both sides by 3¢, and take the
_limit of 8¢ /8¢ as &t — ©. This gives:

dyq

which is the transmission rate per susceptible individual. In fact, this quantity is often
represented by A and referred to as the “force of infection™—it measures the per capita
probability of acquiring the infection {Anderson and May 1991). Then, by exiention, the total
rate of transmission to the entire susceptible population is given by

dX
e =—AX=—-BXY/N,
o7 BXY/
where X is defined as the number of susceptibles in the population. If we rescale the variables
{by substituting § = X/N and [ = ¥/N) so that we are dealing with fractions (or densities), the
above equation becomes
das

— =-pI§.
dr A
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The transmission term is generally described by frequency dependence 8XY/N (or
{181}, or by density dependence S X7Y.

The differences between frequency- and density-dependent transmission become
important if the population size changes or we are trying to parameterize disease
models across a range of population sizes.

2.1.1. The ST R Model Without Demography

To Introduce the model equations, it is easiest to consider a “closed population” without
flemographics (no births, deaths, or migration). The scenario we have in mind is a
large naive population into which a low level of infectious agent is introduced and
where the resulting epidemic occurs sufficiently quickly that demographic processes are
not Influential. We also assume homogeneous mixing, whereby intricacies affecting the
pattern of contacts are discarded, yielding 8SI as the transmission term. Given the
premise that underlying epidemiological probabilities are constant, we get the following
8§17 R equations:

a8

= =BSL. (2.1)
dI
= =BSI-yl, (2.2)
dR
=yl (2.3)

The parameter y is called the removal or recovery rate, though often we are more interested
in its reciprocal (1/y), which determines the average infectious period. For most diseases,
the infectious period can be estimated relatively precisely from epidemiological data. Note
that epidemiologists typically do not write the equation for the R class because we know
that §+ 7+ R = 1, hence knowing § and 7 will allow us to calculate R. These equations
have the initial conditions S(0) > 0, 1(0) > 0, and R(0) = 0. An example of the epidemic

jogression generated from these equations is presented in Figure 2.1; the conversion of .

susceptible to infectious to recovered individuals is clear.

Despite its extreme simplicity, this model! (equations (2.1) to (2.3)) cannot be solved
explicitly. That is, we cannot obtain an exact analytical expression for the dynamics of S
and [ though time; instead the model has to be solved numerically. Nevertheless, the model
hiw been invaluabie for highlighting at least two very important qualitative epidemiclogical
principles.

2111, The Threshold Phenomenon

First, let us consider the initial stages after 7(0) infectives are introduced into a popu-
lition consisting of S(0) susceptibles. What factors will determine whether an epidemic
will occur or if the infection will fail to invade? To answer this, we start by rewriting
guation (2.2) in the form

ar
= IBS—7). 24)

B B

This is
online
program
2.1
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Figure 2.1. The time-evolution of model variables, with an initially entirely susceptible population
and a single infections individual. The figure is plotted assuming B = 520 per year (or 1.428 per
day) and 1/y =7 days, giving Ry = 10. (See the following pages for a definition of the crucial
parameter Ry)

If the initial fraction of susceptibles (S(0)) is less than y /8, then % < 0 and the infection
“dies out.” This is a famous resuit due to Kermack and McKendrick (1927) and is referred
to as the “threshold phenomenon™ because initially the proportion of susceptibles in the
population must exceed this critical threshold for an infection to invade (see also Ransom
1880, 1881; Hamer 1897). Alternatively, we can interpret this result as requiring y /£, the
relative removal rate, to be small enough to permit the disease to spread. The inverse of
the relative removal rate is called the basic reproductive ratio (universally represented
by the symbol Ry) and is one of the most important quantities in epidemiology. It is
defined as:

the average number of secondary cases arising from an average primary case in an entirely
susceptible population

and essentially measures the maximum reproductive potential for an infectious disease
(Dickman and Heesterbeek 2000). We can use Ry to re-express the threshold phenomenon;
assuming everyone in the population is initially susceptible (S(0) = 1), a pathogen can
invade only if Ry > 1. This makes very good sense because any infection that, on
average, cannot successfully transmit to more than one new host is not going to spread
(Lloyd-Smith et al. 2005). Some example diseases with their estimated Rys are presented
in Table 2.1; due to differences in demographic rates, rural-urban gradients, and contact
structure, different human populations may be associated with different values of Ry for
the same disease (Anderson and May 1982). The value of Ry depends on both the disease
and the host population. Mathematically, we can calculate Ry as the rate at which new
cases are produced by an infectious individual (when the entire population is susceptible)
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TAIBLE 2.1,
Kume Hstimated Basic Reproductive Ratios.

Infectious Disease Host Estimated Ry Reference

Y Domestic Cats 1.1-1.5 Smith {2001)

Hibies Dogs (Kenya) 2.44 Kitala et al. (2002)

Phouine Distemper Seals 2-3 Swinton et al. (1998)

Tuberculosis Catile 2.6 Goodchild and

Clifton-Hadley (2001)

Iifluenze Hurnans 34 Murray (1989)

{uo-pnd-Mouth Livestock farms 3.54.5 Ferguson et al. (2001b)
Diesase (UK)

Hinallpox Humans 3.5-6 Gani and Leach (2001)

Ribella Humans (UK) 6-7 Anderson and May (1991)

£ !llekanpox Humans (UK) 10-12 Anderson and May (1991)

Meaxlos Humans (UK) 16-18 Anderson and May (1982)

Whouping Cough Humans (UK) 16-18 Anderson and May (1982)

multiplied by the average infectious period:

For an infectious disease with an average infectious period given by 1/y and a
transmission rate 3, its basic reproductive ratio R, is determined by 5/y.

- {n a closed population, an infectious disease with a specified Ry can invade only if
{here is a threshold fraction of susceptibles greater than 1/ R,.

Vaccination can be used to reduce the proportion of susceptibles below 1/Ry and
hence eradicate the disease; full details are given in Chapter 8.

3.1.1.2. Epidemic Burnouwt

The above observations are informative about the initial stages, after an infections agent
fs been introduced. Another important lesson to be learned from this simple $7 R model
eoncerns the long-term (or “asymptotic”) state. Let us first divide equation (2.1) by
suation (2.3):

as _ ps
dR = v’
= —RpS. (2.5)

Upon integrating with respect to R, we obtain
S(t) = S(0)e ROR, (2.6)

avsuming R(0) = 0. So, as the epidemic develops, the number of susceptibles declines and
therefore, with a delay to take the infectious period into account, the number of recovereds
increases. We note that § always remains above zero because e~ #® is always positive; in
luet given that R <1, § must remain above e~ % Therefore, there will always be some
susceptibles in the population who escape infection. This leads to the another important

=]
=]
=
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Basic Reproductive Ratio, R,

Figure 2.2. The total fraction of the population infected as a function of disease R;. The curve is
obtained by solving equation (2.7) using the Newton-Raphson method, and assuming that initially
the entire population is susceptible, S(0) = [, which generates the largest epidemic size.

and rather counter-intuitive conclusion that emerges from this simple model:

The chain of transmission eventually breaks due to the decline in infectives, not due
to a complete lack of susceptibles.

This approach to model analysis can also shed some light on the fraction of the pop-
ulation who eventually confract an infection (Kermack and McKendrick 1927, Waltmann
1974). As shown in the steps leading to equation (2.6), it is possible to remove the variable
I from the system by the division of equation (2.1) by equation (2.3), which (after
integrating) gave an expression for § in terms of R. Bearing in mind that by definition
S+ 7+ R=1, and that the epidemic ends when I =0, we can rewrite the long-term
behavior of equation (2.6):

S(co)=1— R(c0) = S(0)e R0

= 1 — R(oo) — S(0)e R — g, 2.7

where R(co) is the final proportion of recovered individuals, which is equal to the total
proportion of the population that gets infected.

This equation is transcendental and hence an exact solution is not possible. However,
by noting that when R(00) = 0, equation (2.7) is positive, whereas if R(co) =1 then the
equation is negative, we know that at some point in between the value must be zero and a
solution exists, Using standard methods, such as the Newton-Raphson (Press et al. 1988),
or even by trial and error, it is possible to obtain an approximate numerical solution for
equation (2.7); this is shown for the standard assumption of S{0) =1 in Figure 2.2. This
figure reinforces the message that if Ry < 1, then no epidemic occurs. It also demonstrates
the principle that whenever an infectious discase has a sufficiently large basic reproductive
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Flgure 2.3. The epidemic curve. The filled circles represent weekly deaths from plague in Bombay
frsm December 17, 1905 to July 21, 1906. The solid line is Kermack and McKendrick’s approximate
sulutlon given by d R /dt = 890 sech?(0.2r — 3.4).

o (Ry is larger than approximately 5), essentially everyone (>99%) in a well-mixed
population is likely to centract it. ‘

Note that the expression derived in equation (2.7) is not specifically dependent on the
steucture of the STR model. It can be alternatively derived from a probabilistic argument
uk follows: If a single individual has been infected, then assuming the rest of the population
ure susceptible, they will on average infect Ry others. Therefore, the probability of a ran-
domly selected individual escaping infection and remaining susceptible is exp(—Rop/N).
MNow, if Z individuals have been infected, then the probability of an individual escaping
infection is exp(—Z Ro/N). If at the end of the epidemic a proportion R(co)=Z/N
huve been infected, then the probability of remaining susceptible is clearly S(co) = exp
{= R(co) Ry}, which again must be equal to 1 — R(oo). Therefore, we once again find that:
| — R{o0) = exp(— R(c0) Ry), which is independent of the exact stracture of the model.

As we mentioned above, an exact solution of the ST R model (equations (2.1) to (2.3))
{5 not feasible due to the nonlinear transmission term, S1. It is possible, however, to
ubtain an approximate solution for the “epidemic curve,” which is defined as the number
of new cases per time interval (Waltmann 1974; Hethcote 2000). A classic example of
the epidemic curve is provided in Figure 2.3 which shows the number of deaths per week
from the plague in Bombay during 1905-1906. Assuming new cases are identified once an
individual exhibits the characteristic symptoms of the infection, we can get a handle on the
¢pidemic curve by exploring the equation involving dR/d¢ (details provided in Box 2.2).
I'his gives the following inelegant but useful approximation:

dR yo? N (1 )
— = ————sech” | -yt — . 2.8
dt ~ 28(0)R2 PR (2.8)

‘the quantities o and ¢ depend in a complex way on the parameters and initial conditions,
il are defined in Box 2.2. For any specific epidemic, the parameters in equation (2.8) can
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Box 2.2 The Epidemic Curve
To obtain an expression for the epidemic curve, we start by considering equations (2,1)-(2.3).
As shown in the steps leading to equation (2.6), it is possible to remove the variable / from
the system by the division of equation (2.1) by equation (2.3), which (after integrating) gives
an expression for 5 in terms of R. Bearing in mind that by definition S+ 7+ R =1, we can
rewrtte equation (2.3):

dR
— =y(1-5—R).
a7 = V¢ )
After substituting for S from equation (2.6), this gives
dR
= p(1 = SO~ Rk _ R). (2.9

As it stands, this equation is not solvable. If, however, we assume that RoR is small, we can
Taylor expand the exponential term to obtain:

dRr 2
— =y (1 — SO+ (S(O)Ro - I)R - mRz). (2.10)
dt 2
It is messy but possible to solve this equation. Omitting the intermediate sieps, we get
1 1
= — - - 2.11
R(t) RESO) (S(O)Rg I + e tanh (zayt ¢)) s 2.11)
where
a = [{(SO)R ~ 1) +2S(0)I(O)R§]% .
and

¢ =tanh™! [i (S(OYRy — 1)] ;

To obtain the epidemic curve as a function of time, we need to differentiate equation (2.11) with
respect fo time, giving

C dR yor? 51 .

reported cases per unit time P 2SO sech (ant q&) . {2.12)
As usual, it is important to scrutinize the assumptions made while deriving this result. The
key step was in going from equation (2.9) to equation (2.10) and it involved the assumption
that RpR is small. This condition is most likely to be met at the start of the epidemic (when
R < 1) or if the infection has a very small Ry. Hence, the approximation will, in general,
probably not be very accurate for highly infectious diseases such as measles, whooping cough,
or rubella with estimated R, values of 10 or higher (see Table 2.1.). In addition, the ease with
which these equations can be numerically integrated largely negates the need for such involved
approximations on a regular basis.

be estimated from the data, as shown in Figure 2.3. Note that the derivation of this equation
requires RoR to be small, which is unlikely to be the case for many infectious diseases,
especially near the end of the epidemic when R typically approaches 1 (see Figure 2.2),
but is a good approximation during the early stages often up to the peak of the epidemic.
For most practical purposes, however, we need to numerically solve the SIR equations to
calculate how variables such as X and ¥ change through time. The basic issues involved
in such an endeavor are discussed in Box 2.3 and the associated figure.
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Box 2.3 Numerical Integration

{liven the nonlinearity in epidemiological models, it is typicaily not possible to derive an
exict equation that predicts the evolution of model variables through time. In such cases, it
% Itecessary to Tesort to numerical integration methods. By far the simplest algorithm is called
Huler's method, due to the cighteenth century Swiss mathematician. It involves the translation
uf differential equations into discrete-time analogues. Simply, if we are interested in integrating
the §7 R equations, we consider the change in each variable during a very small time interval,
§¢. This is approximately given by the rate of change of that variable at time f multiplied
by 4t. For example, the equation describing the dynamics of the fraction of infectives is
plven by

dI
Ie+8) ~ 0 +8x —

e I(f)+ 8t % (BSOIE — (+y)ID).

1J6ing this scheme, we can simulate the dynamics of a system of ordinary differential equations
(ODEs) through time. The problem with the method, however, is that it is rather crude and
possesses low accuracy (the error in predicted trajectories scales with 8¢ rather than a higher
power). In extreme cases (with dt too large), the method has been known to generate spurious
dynamics such as cyclic trajectories when it is possible to demonstrate analytically that all
golutions converge to a stable equilibrium (see figure below).

o ox 10~ x 107~ x10~™

g 26 ODE45| o oDEz |, o ODE15s

: AAA

£ 258 A oo 2.58 2.58

I AN VY

g 2.56 ' 2.56 2.56

L 199.8 1999 200 199.8 1999 200 199.8 199.9 200
Time (years) Time (years) Time (years)

This figure demonstrates SET R (see Section 2.5) dynamics predicted by different numerical
jntegration schemes. The gray line depicts model predictions using untransformed variables, and
the black line represents log-transformed variables (see below). The three different integration
schemes demonstrated are the Runge-Kutta Dormand-Frince (“FODE45" in Matlab; left},
Runge-Kutta Bogacki and Shampine pairs (“ODE23”; center), and Gear’s method (“ODE15s™;
right) (see Shampine and Reichelt 1997 for more details of these methods). As shown by
the Auctuations in the left and center, numerical integration schemes can generate spurious
dynamics, highlighting the impertance of a thorough examination of model dynamics using
slternative methods, as well as potentially substantial gains from log-transforming variables.
{Parameter values are = 1250 per year, y = 0.02 per year, 1/¢ = 8 days, and 1/y =5 days.)

Such numerical issues can be easily overcome using more sophisticated integration methods,
where the deviation from the true solution scales with higher powers of 8¢ (see Press et al.
(1988) for a review of different methods, as well as algorithms for their implementation).

However, no numerical scheme will ever be exact due to computational rounding error
and therefore it is optimal to reformulate the equations so that such errors are minimized.
Bietz (1976) suggested the use of log-transform variables (£ =log($) and ¥ =1log({)). The
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transformed ST R equations become

A% = p—pe’t —pe
L _ gt (e,
dt
which after simplification become

dsz oy

o = He B —pu
dy R

7l Be' —p—v.

These new equations, although looking inherently more complex, are far less prone to numerical
error. In the above figure, we show that although some integration schemes applied to the
standard S R equations can generate spurious fluctuating dynamics (gray lines}, the use of log-
transformation of variables (black lines) can overcome this problem—as can the use of more
sophisticated integration methods.

2.1.1.3. Worked Example: Influenza in a Boarding School

An interesting example of an epidemic with no host demography comes from an outbreak
of influenza in a British boarding school in early 1978 (Anon 1978; Murray 1989). Soon
after the start of the Easter term, three boys were reported to the school infimary with
the typical symptoms of influenza. Over the next few days, a very large fraction of the
763 boys in the school had contracted the infection (represented by circles in Figure 2.4).
Within two weeks, the infection had become extinguished, as predicted by the simple SR
meode} without host demography.

We can get an understanding into the epidemiology of this particular strain of influenza
A virus (identified by laboratory tests to be A/USSR/90/7T7 (HIN1)} by estimating the
parameters for the STR model from these data. Using a simple least squares procedure
(minimizing the difference between predicted and observed cases), we find the best fit
parameters yield an estimated active infectious period (1/y) of 2.2 days and a mean
transmission rate (8) of 1.66 per day. Therefore, the estimated Rg of this virus during this
epidemic is 8/ = 1.66 x 2.2, which is 3.65. As shown in Figure 2.4, model dynamics with
these parameters is in good agreement with the data. Note, however, that as pointed out by
Wearing et al. (2005), the precise value of Ry estimated from these data is substantially
affected by the assumed model structure (in Section 3.3 we deal with this issue in
more detail). :

2.1.2. The S7R Model With Demography

In the last section, we presented the basic framework for the STR model given the
assumption that the time scale of disease spread is sufficiently fast so as not t0 be
affected by population births and deaths. Some important epidemiological lessons were
learned from this model, but ultimately, the formalism ensured the eventual extinction of
the pathogen. If we are interested in exploring the longer-term persistence and endemic
dynamics of an infectious disease, then clearly demographic processes will be important.
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Pigure 2.4, The STR dynamics. The filled circles represent the number of boys with influenza in an
Engtish boarding school in 1978 (data from the March 4th edition of the British Medical Journal).
Tha cutves represent solutions from the S7R model fitted to the data using least squares. Estimated
parameters are § = 1.66 per day and 1/y = 2.2 days, giving an Ry of 3.65.

In particular, the most important ingredient necessary for endemicity in a population is the
influx of new susceptibles through births.

The simplest and most common way of introducing demography into the S7 R model is
{0 ussume there is a natural host “lifespan”, 1/u years. Then, the rate at which individuals
(In any epidemiological class) suffer natural mortality is given by w. It is important to
emphasize that this factor is independent of the disease and is not intended to reflect the
pithogenicity of the infectious agent. Some authors have made the alternative assumption
thut mortality acts only on the recovered class (see Bailey 1975; Keeling et al. 2001a;
Brauer 2002), which makes manipulation easier but is generally less popular among
gpldemiologists. Historically, it has been assumed that u also represents the population’s
trude birth rate, thus ensuring that total population size does not change through time
(‘{%—' + ‘;.—;’ 5 % =0). This framework is very much geared toward the study of human
infections in developed nations—our approach would be different if the host population
gxhibited its own “interesting” dynamics (as is often the case with wildlife populations;
sge Chapter 5). Putting all these assumptions together, we get the generalized SIR
nivdek:

ds
— = p— B8 — 2.13
7 p—_4 S, (2.13)
dI
Dl g [ 2.14
= BSI—yI~pl, 2.14)
R
R I-urR 2.15)

dar
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Note that for many diseases, such as measles, newborns may have passive immunity
derived via the placental transfer of maternal antibodies (f the mother had experienced
infection or had been vaccinated). Given that the average age at which this immunity to
measles and other childhood infections is lost (approximately 6 months) is considerably
smaller than the typical age at infection (4-5 years in developed nations; Anderson & May
1982), the assumption that all newborns enter the susceptible class is not unreasonable. In
cases when the mean age at infection is very small—in developing nations, for example—
maternally derived immunity needs to be explicitly incorporated into models (see McLean
and Anderson 1988a,b; and Hethcote 2000).

Before proceeding further, it is useful to establish the expression for Ry in this model.
Starting with the basic definition of Ry (number of secondary infectives per index case
in a naive population of susceptibles), we can look closely at equation (2.14) to work it
out. The parameter § represents the transmission rate per infective, and the negative terms
in the equation tells us that each infectious individual spends an average y—}r; time units
in this class—the infections period is effectively reduced due to some individuals dying
while infectious. Therefore, if we assume the entire population is susceptible (S =1),

-then the average number of new infections per infectious individual is determined by the
transmission rate muitiplied by the infectious period:

Ry = —fi—— (2.16)
Y+

This value is generally similar to, but always smaller than, Ro for a closed population
because the natural mortality rate reduces the average time an individual is infectious.
Having established the expression for the Ry, we can now explore some of the properties
of the system. This model has proved very useful, primarily for (1) establishing disease
prevalence at equilibrium, (2) determining the conditions necessary for endemic equilib-
rium stability, (3) identifying the underlying oscillatory dynamics, and (4) predicting the
threshold level of vaccination necessary for eradication. We will successively explore these
features and discuss some of the relevant mathematical underpinnings.

2.1.2.1. The Equilibrium State

The inclusion of host demographic dynamics may permit a disease to persistina population
in the long term. One of the most useful ways of thinking about what may happen
eventually is to explore when the system is at equilibrium, with ‘:;-f = % = %ﬁ—a =0. We
therefore set each equation in the system {(equations (2.13)«2.15)) to zero and work out
the values of the variables (now denoted by §*, I*, and R*) that satisfy this condition.

Without needing to do much work, the disease-free equilibrium is self-evident. This is
the scenario where the pathogen has suffered extinction and, in the long run, everyone in the
populaiion is susceptible. Mathematically, this state is expressed as (8%, I'*, R =(1,0,0).
Below, we discuss the likelihood of observing this state in the system.

Establishing the endemic equilibrium 1equires slightly more work, Perhaps counterinfu-
itively, we start by seiting the equation for the infectives (equation (2.14)) to zero:

B8 —(y+u) =0 2.17
After factoring for I, we have

CIBS—(y +u) =0, (2.18)
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which is satisfied whenever I* =0 or §* = 53‘35?‘9 The first condition is simply the disease-
free eguilibrium, so we concentrate on the second. The guantity on the right-hand side of
the equality should look familiar: Tt is the inverse of the Ry. This leads to an important
feaulls

!ll the S/ R model with births and deaths, the endemic equilibriam is characterized
1y the fraction of susceptibles in the population being the inverse of Rj.

Having established that 5* = F}J’ we substitute this into equation (2.13) and solve for I*.
Misning out a few lines of algebra, we eventually arrive at

2 1 2

= (1__) =Z(Ry—1). (2.19)
¥ Ry B

)it universal condition on population variables is that they cannot be negative, Hence the

@iﬁdémlc equilibrium is biologically feasible only if By > 1, which agrees with our earlier

{ilean about when an epidemic is possible. Now, ntilizing 5* + I* + R* == 1, we can obtain

fii expression for R*. The endemic equilibrum is, therefore, given by:

Ly RD—1),1—i—%(RU—1)).

SR = —, =
( ) (Ro A Ro

2.1.2.2. Stability Properties

Bu {ar, we have derived expressions for the disease-free and endemic equilibrium points
of the STR system, and the restrictions on parameter values for these equilibria to be
ulogically meaningful. We now would like to know how likely we are to observe them.
{n mathematical terms, this calls for a “stability analysis” of each equilibrium point, which
would provide conditions on the parameter values necessary for the equilibrium to be
{usymptotically) stable to small perturbations. The basic idea behind stability analysis is
#xplained in Box 2.4. When this technique is applied to our two equilibrium states, we
find that for the endemic equilibrium to be stable, Ry must be greater than one, otherwise
the disease-free equilibrium is stable. This makes good sense because the pathogen
gunnot invade if each infected host passes on the infection to fewer than one other host
{he, Ry < 1). However, if successively larger numbers are infected (Rg > 1), then the
“fupping up” of the susceptible pool by reproduction ensures disease persistence in the
long term,

In the §1 R model with births and deaths, the endemic equilibrium is stable if Ry > 1,
uthorwise the disease-free eqailibrium state is stable,

2.1.2.3. Oscillatory Dynamics

An important issue for any dynamical system concerns the manner in which a stable
eipuilibrium is eventually approached. Do trajectories undergo oscillations as they approach
{kw cquilibrium state or do they tend to reach the steady state smoothly? The S§7R system is
i exeellent example of a “damped oscillator,” which means the inherent dynamics contain
u sirong oscillatory component, but the amplitnde of these fluctuations declines over time
ux the system equilibrates (Figure 2.5).

Figure 2.6, shows how the period of oscillations (as determined by equation (2.23) in
Hox 2.4) changes with the transmission rate () and the infectious period (1/y). We note
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that (relative to the infectious period) the peried of oscillations becomes longer as the
reproductive ratio approaches one; this is also associated with a slower convergence toward
the equilibrium. :

Box 2.4 Equilibrium Analysis
Here, we outline the basic ideas and methods of determining the stability of equilibrium
points. Although we are specifically concerned with the SIR model here, the description of
the concepts will be quite general and could be applied to a range of models discussed in this
book. Assume we have » variables of interest, N; (i =1, 2, ... #). The dynamics of the system
are govemed by n coupled Ordinary Differential Equations (ODEs; in the STR equations,
n is three):

%:ﬁ(NI,NZ,...,N,,), i=12,...,n 2.20$)

To explore the equilibrium dynamics, we must first determine the system’s equilibrium state
(or states). This is done by setting equations (2.20) to zero and solving for the solutions
NEONG N:—noting that multiple solutions may exist. We know that if the system is at
equilibrium, then it will remain at equilibrium (by definition). But what happens when the
system is (inevitably) perturbed from this state? In mathematical jargon, we are interested in
determining the consequences of small perturbations to the equilibrium state. This is achieved
by looking at the rates of change of these variables when each variable is slightly shifted
away from its equilibrium value. This is done by making the substitutions N; = N+ ¢; in
equations (2.20) and exploring the growth or decline of the perturbation terms, ¢;, over time.
In any specific case, we can carry out each of these steps, but there is a more generic
methodology.

Mathematical results dating back some 200 years have established that for a series of
equations such as those described by equations (2.20), the stability of an equilibrium point
is determined by quantities known as eigenvalues, here represented by A;. For a system of 1
ODEs, there will be n eigenvalues and stability is ensured if the real part of all eigenvalues are
less than zero—these eigenvalues are often complex numbers. Having established the usefulness
of eigenvalues, we need to explain how to calculate these terms. Before we can do that, a matrix,
J., known as the Jacobian must be introduced. It is given by:

ar A afy

aN, aN, ' an,

afy  af an

aN, N, T 3N,
j — 1 2

oy B 2l

3N, aN; N,

The terms /7 refer to the functions fi(Ny, Nz, ..., N,) caleulated at equilibrium, ie.
Si(NF, Nf, ..., N*). The eigenvalues A; (( = 1,2, ..., n) are the solutions of det(J — AT) =0;
where I is the identity matrix. That is, we subtract A from each diagonal element of the Jacobian
and then work out the determinant of the matrix. This will give rise to a polynomial in A of order
7. This is called the characteristic polynomial, which, when set to zero and solved, gives rise to
the eigenvalues (Ag, Ao, ..., Ay).
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|.et us demonstrate these ideas by applying them to the SR system of equations. Finding
ll# two equilibrium states is described in the main text. So next, we work out the Jacobian:

~pr—p S 0
J= B B8 —(u+y) 0
0 14 —1

T obtain the characteristic polynomial, we subtract A from the diagonal elements and calculate
the cleterminant. This gives:

(BI* —p— AYBS" —(u+y) = AN—p — M)+ (BI"HBS" )~ — A) =0.

Nutice that (—w — A) can be factored immediately, giving one eigenvalue (A, = —u) that
I tiegative, The remaining two solutions Az 3 are found by solving the following quadratic
dijuition;

(BI*—pu— AXBS" — (u+y) - M)+ IS =0. 221

|t us first consider the disease-free equilibrium. If we make the appropriate substitutions
(N = 1 and [* =0), we have
(=B —(n+y)—A)=0.

‘Phls clearly has two solutions, Az = —u and A3z = § — (u+y). For this equilibrium io be
gtuble, we need to ensure all eigenvalues are negative, hence the stability criterion becomes
f « g+ y, which translates into ensuring Ry < 1.

Ta explore the endemic equilibrium, again we substitute the expressions for 5* and [* into
equation (2.21) and explore the condition required for the remaining two eigenvalues to be
negative, After making some simplifications, we arrive at the following quadratic equation,

AP+ pRoA +{u + y)uRo— 1) =0, (2.22)
the solutions of which can be obtained by the standard formula, giving:

Ry R — =

Aoy = ——2
23 2 2

where the term 4 = _7L; denotes the mean age at infection (see Section 2.1.24) and G = pren
d¢termines the typical period of a host’s infectivity.
To make further progress with this equation, we notice that often (L Ro)? is small enough to

lgnore and hence we can approximate the above solutions to

,LLRQ i

2 AG
where { = «/—1. Therefore, the endemic equilibrium is feasible only when Rp is greater than
Dhe, but it is always stable. The fact that the largest (“domninant”) eigenvalues are complex
vonjugates (they are of the form A3 = x £iy) tells us that the equilibrium is approached via
nselllatory dynamics. The period of these damped oscillations, T, is determined by the inverse
of the complex part of the eigenvalues multiplied by 2m:

T ~2r+ AG. (2.23)

Ay = —

3.1.2.4. Mean Age at Infection

When dealing with infectious diseases in the real world, an important indicator of
prevalence is the host’s mean age at infection, 4 (if it possible to contract the infection
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Figure 2.5. The SR model’s damped oscillations. The main figure shows how the fraction of
infectives oscillates with decreasing amplitude as it settles toward the equilibrium. The inset
shows a slice of the time-series with the period of fluctuations as predicted by equation (2.23).
The figure is plotted assuming 1/u =70 years, 8 =2520 per year, and 1/y =7 days, giving
Ry = 10. Initial conditions were S(0) = 0.1 and {0} =2.5 x 107

Period of Oscillations (years)

(ouS
J’ea/;?afq 1000 20 efectiod

Figure 2.6. The period of damped oscillations in the ST R model as the transmission rate (8) and in-
fectious period {1/y) are varied. The gray line on the surface depicts the oscillatory pericd whenever
the parameters combine to yield an Ry of 15. The figure is plotted assuming 1/ = 70 years.
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Figure 2.7, The mean age at infection for the $7R model as a function of the basic reproductive
Fgtlo (Ry) and the average life expectancy (1/41). Using equation (2.24), we see that as R, increases,
{lere is a dramatic decline in the mean age at infection, whereas changes in & are not as influential.

multiple times, then we would be interested in the mean age at first infection). This
{jitantity can be measured in a straightforward way for many human or animal infections
By a nuly.zing age-specific serological data, which detect the presence of antibodies specific
ti puthogen antigens. The raze at which individuals seroconvert (from negative to positive)
provides information on the force of infection (see Box 2.1). Age-stratified serological
#urveys, when conducted randomly through the population, can yield a relatively unbiased
population level estimate of the mean age at infection. Typically, we may also have accurate
independent estimates for some of the model parameters such as the host life expectancy
(from demographic data) and the infectious period (from clinical epidemiology data). Thus,
0fice we have an estimate of the mean age at infection from serological surveys, we can
entimate the transmission rate 8 as long as we have an expression for 4 derived from the
mudel (see Fgure 2.7).

How do we calculate the average age at which susceptibles are infected, especially given
# nonage-structured model? We can approach this question by taking equatien (2.13) at
éyuilibrinm and calculating the mean time an individual remains susceptible—that is, the
mean time from birth (or loss of maternally derived immunity) to infection. Ignoring the
small, disease-independent mortality term, the average period spent in the susceptible class
i« approximated by the inverse of the force of infection, namely Ef;; Upon substituting for
{* ftom equation (2.19), we obtain an expression for the mean age at infection:

1
Ars—— (2.24)
p(Ro—1)
This equation can be rephrased as Ry — 1 & %, where L is the host’s life expectancy. The

ithuve step has proven historically very important in establishing a robust link between
madel parameters and population level quantities such as L and A. In their classic work,
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Anderson and May (1982; 1991) used the estimates of 4 and L to calculate Ry for
numerous infections in different geographical regions and eras (see Table 2.1).

The mean age of (first) infection is equal to the average life expectancy of an individual
divided by Ry — 1.

2.2. INFECTION-INDUCED MORTALITY AND S/ MODELS

The models described in the previous section have implicitly assumed that the infection
is essentially benign. Transmission results in a period of illness, which is followed by
recovery and lifelong immunity. This scenario is reasonable for Jargely harmless infections
such as the common cold or chickenpox. However, numerous infectious diseases are
associated with a substantial mortality risk. Examples include malaria, measles, whooping
cough, SARS, and dengue fever, among others. How do we explore the consequences of
infection-induced mortality? Specifically, how do we incorporate a mortality probability
into the SIR equations? The obvious approach would be to add a term such as —m/
to equation (2.14), where m is a per capita disease-induced mortality rate for infected
individuals. However, this may be tricky to interpret biologically or estimate from data.
Instead, it is preferable to think about the probability, o, of an individual in the I class
dying from the infection before either recovering or dying from natural causes. This is the
quantity most likely estimated from clinical studies or case observations. Mathematically,
this translates into the following equation:

dar 0

— =pSI—(y+ ) —— +wl, (2.25)
dt 1—p

where p represents the per capita probability of dying from the infection and takes values
from zero to one. (The S equation remains as before.) Therefore, in order to convert this to
a mortality rate, we should set m = Tf_p(l’ + ). This equation for the infection dynamics

can be tidied up to give

dI v+

— = pBSI - I 2.26
=8 1~ (2.26)
Note that as p approaches unity, new infectives die almost instantaneously and Ry drops
to zero; for such diseases it may be more appropriate to further subdivide the infections

period and allow mortality only in the later stages of infection (see Section 3.3).

2.2.1. Mortality Throunghout Infection

Because infection actively removes individuals from the population, we can no longer
implicitly assume that the population size is fixed—disease-induced mortality could lead
to an ever-declining population size. One way around this is fo incorporate a Jixed birth
rate (v} into the susceptible equation (2.13), independent of the population size:

das

— =u—88I—us. 2.
R v—pg8f—us .27

However, the fact that the population size N can vary means that we need to consider
the transmission term BS/ in much more detail. Until now, it has made little difference
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whether density or frequency-dependent transmission was assumed, because the N term
witi constant and could be absorbed by rescaling the population size or rescaling the
{rihwmission rate 8. However, because N is now variable, this is no longer possible and
the choice of transmission mechanism can profoundly affect the dynamics. Given that this
problem illustrates an important (and often confusing) issue in epidemiclogical modeling,
we will deal with the two cases separately, paying particular attention to the underlying
fAssumptions, To make matters explicit, we will deal with numbers rather than proportions
titoughout this section.

2.2.1.1. Density-Dependent Transmission

Fur density-dependent (psendo mass action) transmission, we specifically consider the case
where as the total population size N decreases, due to discase-induced mortality, there is
feduced interaction between hosts. In this density-dependent formulation, the rate at which
fiew cases are produced is 8 XY, which scales linearly with both the number of susceptibles
i the number of infectious individuals. We start by considering the values of v and w and
the dynamics of the disease-free state. In the absence of disease, we find that

AN
=v—pN = N2 (2.28)
dt I

Hence, we can equate ﬁ with the ecological concept of a carrying capacity for the

populntion.

Wt can now repeat the kinds of analyses that were carried out on the generalized STR
tiodel in Section 2.1.1.2. Once again, we find the system possesses two equilibrium points;
e endemic (X*, ¥*, Z*) and one disease free (ﬁ, 0, 0). Missing out a few lines of algebra,
we find the endemic equilibrium to be:

X o= MY _1)__, 2.29
B —p} Ry @2
vt = %(30-1), (2.30)
7= Yr,—1). (2.31)
B
= N* = ——[14(1 - p)Ro— 1)]. (2.32)
20

b this case, Ry (= %ﬁ:—”))") contains a correction term (1 — o) that takes into account the
retlueed period of infectivity due to disease-induced mortality, as well as a term that takes
ifito uccount the population size at the disease-free equilibrium. The condition necessary
fu ensure the feasibility of the endemic equilibrium (and hence the instability of the
iseqve-free steady state) is found by ensuring ¥* > @, which translates to Ry > 1, as we
Imve previously seen. This means that if p > 0, then the pathogen has to have a higher
fransmission rate per unit of infectious period (ﬁi;) in order to remain endemic, compared
fr o similar infectious disease that is benign—due to the fact that the effective infectious
period is reduced by disease-induced mortality.

The stability properties of this system are similar to the basic SIR model. Indeed,
atuhility analysis reveals the endemic equilibrium to be always locally asymptotically

This is
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program
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stable. The approach to the equilibrium is also via damped oscillations, the (natural) period
of which are determined by the following equation:

T ~2nvAG. (2.33)

This is identical to equation (2.23), though note that here the terms 4 (the average age of
infection) and G (the average generation length of infection), respectively, both contain a
correction term due (o taking infection-induced mortality into account.

When disease-induced mortality is added to the SIR model with density-dependent
transmission, the equilibrium and stability properties simply reflect a change in
parameters.

2.2.1.2. Frequency-Dependent Transmission

For frequency-dependent (mass action) transmission, the calculation s somewhat more
involved. Recall that if X and ¥ are the number of susceptible and infectious hosts, then the
mass-action assumption means that the transmission rate is given by BX¥/N. Previously,
we rescaled the variables such that § and 7 represented fractions of the population,
which removed the N term in the transmission rate, leaving us with more elegant-looking
equations. However, in this scenario N is varying and that trick is no longer appropriate.
Instead, we retain the notion that X and ¥ are numbers of hosts. Our equation for the
number of infectious individuals is therefore:

ary _ W
- = BXY/N T Y. (2.34)

We note that the mass-action assumption means that even when the population size is
reduced, each individual still has the same average number of contacts.

It will not be a surprise that two equilibria exist: the endemic (X*, ¥* Z*) and the
disease-free (i, 0,0). The endemic equilibrium can again be found by setting the rates
of change cqual to zero:

v(1 — p)(y + ) N (y +u) 1
X* = =, e — =,
WBA—p—po—m) R S T BI—» R 015
. _ VBU=pP —v(u+y)1-p) B '
= , = ———(Ry— 1),
e+ yXB(L—p)— up — yp) B(l-—-p
oo Bi-p? v (Ro(l—p))

uwBA—p)—pp—yp) w\(Ro—p) /)’

As the expressions on the right-hand side demonstrate, equilibrinm values are easier to
understand intuitively if we deal with the proportion of the population in each state, rather
than the absolute number. Again, we note that Ry > [ is necessary and sufficient for the
disease to invade the population and for the equilibrium point to be feasible and stable.
For both the frequency- and density-dependent models, the population size can be
reduced from its carrying capacity of ﬁ by the impact of the disease. Not surpris-
ingly, infectious diseases with the highest mortalities (o close to one) and largest R
have the greatest impact on the population {(Figure 2.8). Although for low mortality
levels both mixing assumptions lead to similar results, when the mortality is high the
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trequency-dependent (mass-action) assumption leads to the largest drop in the total
population size. This is because pseudo mass-action mixing places a natural damping on
fransmission, such that as the population size decreases so does the contact rate between
Individuals, limiting disease spread and reducing disease-induced mortality. From this
rélatively simple example it is clear that when population sizes change, our assumption
#thout mixing behavior can have profound effects on the dynamics,

When disease-induced mortality is added to the S/R model with frequency-
tlependent transmission, the equilibrium and stability properties can change substan-
tinlly, especially if the probability of mortality is high.

2.2.2. Mortality Late in Infection

One difficulty with equation (2.26) is that when the mortality rate is very high, the
Infectious peried is substantially reduced. In some cases, we may wish to consider a disease
where mortality generally occurs at (or toward) the end of the infectious peried. This is
often plausible because the onset of disease {and symptoms) may be significantly delayed
from the onset of infection. In such cases, the following model would be appropriate:

ds

4 ST — 2.36
T =V BSI—puS, (2.36)
drI

— =BSI—(y + ), (2.37)

dr
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dR
S =U—pwI-pR. (2.38)

For this form of model mortality, we again need to consider the precise form of
transmission. For frequency-dependent transmission, the reduction in the recovered pop-
ulation has no effect on the dynamics and hence this model has the same properties
as the standard SIR model. However, for density-dependent transmission, we find

that X* = W and Y* = 0‘%%’ although again this is stable and feasible

. _ ﬁu
if Ro= o = 1-

The equilibrium levels of diseases that cause mortality are critically dependent upon
whether frequency- or density-dependent transmission is assumed, due to the changes
in the total population size that occur. However, we generally find that the endemic
equilibrium is feasible and stable as long as Ry > 1.

2.2.3. Fatal Infections

LT
L o,

The models of Sections 2.2.1 and 2.2.2 represent cases where infection does not always kill.
There are, however, numerous examples of animal and plant pathogens that are always fatal
(Feline Infectious Peritonitis (FIP), Spongiform Encephalopathy (BSE), Leishmaniasis,
Rabbit Haemorrhagic Disease, and Highly Pathogenic Avian Influenza (H5N1)). In this
situation, we can simplify the STR equations by removing the recovered class, which
leads to a family of models known as 57 models. Here, infecteds are assumed to remain
infectious for an average period of time (1/y), after which they succumb to the infection.
Assuming frequency-dependent transmission, the equations describing the S model
are simply:

X _gx¥/N-ux, (2.39)
dt
dy
i BXY/N —(y +)Y. (2.40)

- It is straightforward to demonstrate that the endemic equilibrium (X* = ﬁ—"—, Y¥ =

=
G%) is feasible as long as Ry = (u_i?ﬁ > 1 and is always locally stabie.
"~ Alternatively, if we assume pseudo miass-action transmission, such that the contact rate

scales with density, we obtain:
dXx

Ly —BXY —uX, : 2.41
o v—p5 nX, (2.41)
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dy
i =BXY —(y +)Y. (242)
Slmllarly, for this system the endemic equilibrium (X* = %, V¥ = 5 — &) is feasible

i long as Ry = ﬁ; > 1 and is again always locally stable,

for lifelong immunity once recovered. However, numerous infectious diseases confer
long-lasting immunity, such as rotaviruses, sexually transmitted infections, and many
ieterial infections. For these diseases, a individuals can be infected multiple times
roughout their lives, with no apparent immunity. Here, we concentrate briefly on this
glogg of models, called SIS because recovery from infection is followed by an instant
felurm to the susceptible pool.

S LLLLET

e

Simply, these SIS models are described by a pair of coupled ordinary differential
{juations: ’

das

- = vI-BIS, (2.43)
dr
< = BSI-yL (2.44)

The parameters are as defined in the previous section, but with S+ 7 = 1. In this simple
exnmple, demography (births and deaths) has been ignored. Despite this lack of susceptible
births, the disease can still persist because the recovery of infectious individuals replenishes
the susceptible pool. We can, therefore, substitute 5=1— 7 into equation (2.44) and
simplify to get

al :
7 = B—BI—-y) = B —1/Ry)~ D), (2.45)

where, as usual, Ry = B/y. This equation is the equivalent of the logistic equation used to
tescribe density-dependent population growth in ecology (Murray 1989). The equilibrium
itnnber of infectives in this population is obtained by setting equation (2.45) to zero and
kolving for I*. This gives 7* = (1 — 1/ Ry), hence yet again §* = 1/ Ry, and the equilibrium
will be stable as long as Ry > 1. However, for this class of model, convergence to the
eyuilibrium is monotonic with no oscillatory behavior. The dynamics of S/ models and
xexually transmitted diseases is described in more detail in Chapter 3.

For an infectious disease that does not give rise to long-term immunity, as long as the
Infection is able to invade the population, loss of immunity will guarantee its long-
ferm persistence,

2l
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2.4. WANING IMMIINITY: THE S/R MODEL

The SR and SIS models are two behavioral extremes where immunity is elther lifelong
or simply does not occur. An intermediate assumption is that immunity lasts for a limited
period before waning such that the individual is once again susceptible.

Ry,
- Tay

-*

This translates into the following model:

ds

- = pw+wR—BSI—uS (2.46)
ar _ BSI —yI—pul (247
dt

dR

o = yI—wR — 4R, 248
= yI—wR—p (2.48)

where w is the rate at which immunity is lost and recovered individuals move into the
susceptible class. Not surprisingly, the dynamics of this model provide a smooth transition
between the ST R framework (when w = 0) and the S7S model (when w — ©0). As before,
Ey= £ andwe require Ry > 1 to obtain a plausible stable endemic solution. Once again,
it is possible to obtain the oscillatory damping toward endemic equilibrium that was seen
in the ST R model; the period of these oscillations is given by:

4
= =
11 71 1
AMRo— D — [ = = =
\[( o~ D G (GR A)
where 4 = —23EYY g a0ain the average age at first infection, whereas Gy = 1/(y +

, (w+pd(B—y—10) . . t .
) is the average period spent in the infectious class, and Gg = 1/(w + w) is the average

time spent in the recovered class.

Figure 2.9 shows the dramatic effects of changing the level of waning immunity: As the
period of immunity (1/w) is reduced (and the dynamics more closely resemble those of the
S18 model), we observe a dramatic increase in the prevalence of infectious disease together
with a marked drop in the period of the damped oscillations. This waning immunity result
was used by Grassly et al. (2005) to explain the 9—10-year cycle observed in syphilis cases
in the United States. It was postulated that these cycles were determined by the natural
oscillations of syphilis infection if waning immunity was assumed. Grassly et al. (2005)
found that oscillations consistent with those abserved could be generated by a model
with Ro= 1.5, 1/w = 10 years, 1/y =2 months, and 1/ = 33 years—this high birth

rate accounts for individuals entering and leaving the pool of sexually active individuals.
We note that although the deterministic model predicts that eventually such osciltations
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Figurﬁ 2.9. The effects of waning immunity on the equilibrivm infection prevalence (left graph) and
the period of the damped oscillations (right graph). (B = 10, 1/ = 70 years, 1/y = 10 days.)

will decay to zero, the chance nature of transmission can lead to sustained oscillations
generally close to the natural period, T (see Chapter 6).

2.4, ADDING A LATENT PERIOD: THE S% 7R MODEL

We briefly introduce a refinement to the S7 R model to take into account the latent period.
The process of transmission often occurs due to an initial inoculation with a very small
number of pathogen units (e.g., a few bacterial cells or virions). A period of time then
#nsues during which the pathogen reproduces rapidly within the host, relatively unchal-
lenged by the immune system. During this stage, pathogen abundance is too low for active
{rahsmission to other susceptible hosts, and yet the pathogen is present. Hence, the host
eannot be categorized as susceptible, infectious, or recovered; we need to introduce a new
¢ategory for these individuals who are infected but not yet infectious. These individuals are
referred to as Exposed and are represented by the variable £ in SEIR models.

EpAEERATEE R i mANN .,
nas?® eny
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Assuming the average duration of the latent period is given by 1/a, the SE R equations
ure:

s
= = u—(BI+wS, (2.49)
dE
= = BSI—(u+o)E, (2.50)
di
o = OE—HpL @51)
dR

= yI—puR. (2.52)

dar

This is
online

program
2.6
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As before, we typically assume S+ £ + I + K = 1 and hence equation (2.52) is redundant.
The addition of a latent period is essentially akin to introducing a slight time delay into the
system and we may expect that such a feature may act to destabilize and slow the system.
As we will demonstrate, the dynamic properties of the SE7R model are qualitatively
similar to those of the STR system.

Standard equilibrium stability analysis proceeds by finding the steady states of the
system and determining the criteria for their stability. As with previous disease models,
the SEIR model also possesses both an endemic (S*, £*, I'*, K*) and a disease-free
(1, 0,0, 0) equilibrium solution. As usual, the endemic fixed point is of greater interest
and is given by

_{p+ydp+o) 1

5 = T = (2.53)

B BETV) p g (2.54)
Bo

I* = %(Ro—l), (2.55)

with R* =1 — §*+ E* - I*. The expression for Ry is now slightly different, due to the
death of some individuals in the exposed class who do not contribute to the chain of
transmission. However, this difference is often negligible because typically o/(u + o) ~ 1
as the latent is far smaller that the expected lifespan. As expected, if the latent period is
infinitesimally small (i.e., 0 — ©0), then we recover the same expression for Ry as for the
STR model (Rg = 8/(y + 1))

For the endemic equilibrium to be feasible and stable (and the disease-free equilibrium to
be unstable), equation (2.55) once again requires that the basic reproductive ratio exceed
one (Rp > 1). By exploring the Jacobian of the system (equations (2.49)—(2.51)) in the
usual way, we obtfain a quartic in the eigenvalues A. As for the STR model (Box 2.4),
A = —pt is an obvious solution, leaving us with a cubic equation:

AP+ (uRo+ 2 +0 + y)AT+ R+ 0 + ¥ )A + p(Ro — D + o)+ y) = 0.

Unfortunately, there is no obvious solution to this equation. As pointed out by Anderson
and May (1991), however, in many cases ¢ and ¥ will be much larger than w and p Rp.
If s0, then one solution to this equation is approximately A ~ —(¢ + y), which leaves us
with a quadratic for the two remaining eigenvalues:

a
A2+ uRoA + X2 Ry — 1) 0.
g4y

Clearly, this is similar to the analogous equation for the STR model (equation (2.22)),
with a slight correction term due to the death of exposed individuals. By working out
the expression for these eigenvalues, the endemic equilibrinm is stable given Ry > 1 with
perturbations dying out in an oscillatory manner. Again, we can find an expression for the
natural period of oscillations in this case, which is given by T ~ 2w+/ 4G, where G (the
“ecological generation length” of the infection) is slightly medified to include the latent
period: G = u_-}-y + M—i;

From this analysis, one may be tempted to conclude that the SE/R model is an
unnecessary complication of the 57 R model. Given a small death rate (¢ < y, o), the STR

{
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Figllm 2.10. The effects of an exposed period on the initial growth rate of an infection in a
ttully susceptible population. Although a small exposed period leads to dynamics close to those
pradicted by the STR model, a long exposed period can dramatically slow the spread of infection,
GF even prevent the spread if too many individuals die before becoming infectious. (1 /it = T0 years,
{/y = 10 days)

ﬁl!d SE1R models behave similarly at equilibrium as long as the basic reproductive ratio
Wsir/vsir = Bserr/vserg) and average infected period (1/ys;p = 1/ysp 1z + Voserr)
ire Identical. However, the two models behave very differently at invasion, with the
pesence of an exposed class slowing the dynarmics. Examining the eigenvalues at the

dluease-free equilibrium allows us to describe the increase in prevalence during the
ivasion phase:

1
Isir(®) ~ IQ)exp ( 2 VAR 1oy + @ T 0 +)] r) :

[~ 1exp (1/Bo - Dyk)  ifo= v},
whoreas without an exposed class the dynarmics are given by:

Is1r(8) = I(0) exp(f(Ry — Dy 1),

where natural mortality has been ignored to simplify the equations. This behavior is
exemplified in Figure 2.10, showing how long exposed periods can slow or even prevent
the spread of infection, Therefore, if large fluctuations in the prevalence of infection are of
Interest, or we wish to consider both invasion and equilibrium properties, the exposed class
st be realistically modeled.

Although the SIR and SEIR models behave similarly at equilibrium (when the
pirameters are suitably rescaled), the SETR model has a slower growth rate after
pathogen invasion due to individuals needing to pass through the exposed class before
they can contribute to the transmission process.



