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Abstract—A lower bound on the error correlation matrix of
training-based channel estimators is derived for multiple-input
multiple-output (MIMO) systems over block-fading frequency-se-
lective channels with symbol-spaced receivers. The bound is
obtained in a constructive way by evaluating the asymptotic
performance of an estimator that fully exploits the algebraic
structure of the multipath channel. In particular, the estimator
is assumed to be able to estimate the long-term features of the
channel consistently (e.g., second order statistics of fading, delays,
angles) while tracking the fast-varying fading fluctuations by
Wiener filtering. Known estimators that are able to attain the
bound under simplified settings are referred to, and general
guidelines for designing novel estimators are discussed.

Based on the simple analytical expression of the bound, the im-
pact of channel estimation error on the link capacity is investigated
for different system parameters and channel characteristics (e.g.,
Doppler shift, spatial correlation of fading). Numerical results are
provided to corroborate the analysis.

Index Terms—Channel capacity, channel estimation, fading
channels, MIMO systems.

I. INTRODUCTION

THEORETICAL analysis as well as algorithms devoted
to multiple input multiple output (MIMO) systems have

mostly relied on the assumption of perfect channel estimate
(also referred to as perfect channel state information). However,
a practical approach has to take into account the consequences
of estimation errors. A setting of recognized effectiveness
in the pursuit of Shannon’s capacity sees the transmission
organized in bursts, each divided into a training period and
(one or more) payload section(s) (see, e.g., [1]–[3]). Training
sequences are used to sound the radio channel that in a general
framework can be modeled as frequency selective. The choice
of system parameters (size of the burst, length of the training
sequence) is usually aimed at guaranteeing that the channel is
approximately constant within each burst and possibly varying
from burst to burst (block-fading [3]–[5]). In this framework, it
is of theoretical and practical relevance to derive a lower bound
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on the error correlation matrix of the channel estimate. The
bound is obtained by computing the asymptotic performance
of an estimator that fully exploits the structure of the multipath
channel.

In this paper, the lower bound will be derived for two different
multipath MIMO channel models corresponding to different as-
sumptions about the geometry of antenna arrays and scatterers
(see Fig. 1).

1) Beamforming model [6]: The elements of both transmit-
ting and receiving antenna arrays are co-located, and the
scatterers can be considered as point sources. Each path
of the multipath channel is characterized by a direction
of departure (DOD) and a direction of arrival (DOA) that
“steer” the array response at the transmitter and receiver,
respectively, toward a delay and a complex amplitude
(fading). The latter is in turn modeled as a temporally
correlated Gaussian stationary process. As a general rule,
this model appears to be well suited for outdoor channels
[7] and has been used in a single input multiple output
(SIMO) context in, e.g., [8] and [9].

2) Diversity model [4]: The elements of both the transmitting
and receiving antenna arrays are not co-located and/or
the different scatterers have to be modeled as distributed
sources (see, e.g., [10]). These assumptions are generally
appropriate for an indoor scenario [11]. For each delay of
the multipath, the channel gains between different trans-
mitting and receiving antennas can be modeled as spa-
tially and temporally correlated jointly Gaussian random
variable with zero mean (Rayleigh fading). This model
has been used (with some simplifications) by [12] and [13]
in the context of MIMO-OFDM transmission.

The time-varying multipath channel has some characteristics
that are stationary (or varying over a long-term) and other
features that are fast-varying (e.g., fading amplitudes). This
property has been recently used in designing signal processing
algorithms for wireless communications [8], [14], [15]. A simple
example can illustrate the different varying rates: While the
fading amplitudes can vary completely when either end of the
communication link moves as little as ( is the carrier
wavelength), the angles (DOAs and DODs) remain constant
with changes in position of several wavelengths (i.e., 10 to

). We show that entries of the frequency-selective MIMO
channel matrix within the th block can be arranged into a
vector so that the slowly varying term, which is
represented by the matrix , and the fast varying fading vector

can be decoupled. We consider an estimator that a) is able
to consistently estimate the long-term features of the channel
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Fig. 1. Geometry of the beamforming (upper part) and diversity (lower part) models.

so that for a large number of bursts (ideally
these can be assumed to be acquired with any accuracy and
b) performs optimum [minimum mean square error (MMSE)]
tracking of the variations of the fast-varying features . Notice
that many known estimators proposed in the literature under
simplified settings have (at least one of) the aforementioned
properties [8], [12], [16]. By deriving the asymptotic
error correlation matrix of the estimate for this method, we set
a lower bound on the achievable performance of any channel
estimation algorithm over the considered channel models.

The error correlation matrix provides a useful measure to
compare the performance of different estimators. Nevertheless,
in terms of system performance, it appears to be more sound to
investigate the impact of channel estimation error on the link
capacity. Toward this end, we extend the analysis carried out in
[17] to a MIMO system over a block-fading frequency-selec-
tive channel, obtaining a lower bound on the information rate in
presence of imperfect channel state information.

The outline of the paper is as follows. In Section II, the
problem is formulated, and the notation is set. The beam-
forming and diversity channel models are introduced in
Section III. It is shown that the channel can be decomposed into
long-term/fast-varying features within a unifying mathematical
framework for both models. Section IV elaborates on these
models and derives the corresponding lower bound on the error
correlation matrix of the channel estimate. Furthermore, it
provides a thorough discussion on the bound, showing the con-
nections with known results for a uniform Doppler spectrum.
Practical channel estimators and their performance relative to
the bound are discussed in Section V. The impact of channel
estimation error on the information rate of the link is addressed
in Section VI for a time-slotted MIMO system. Finally, in Sec-
tion VII, numerical evaluations of the bound related to specific
examples are proposed. Below are some essential notations
useful to make the analysis of MIMO system more compact.

Notation: Lowercase (uppercase) bold denotes column
vector (matrices), is the matrix transpose, is the

complex conjugate, is the Hermitian transposition, and
is the pseudoinverse. denotes the th eigenvalue

of the matrix , and eigenvalues are arranged in
decreasing order . is
the Kronecker matrix product, vec is the stacking
operator, and the following property is extensively used:
vec vec . is the identity ma-
trix, and is a factorization of such that .

II. PROBLEM FORMULATION

A. Signal Model

A MIMO link with receiving and transmitting an-
tennas over a frequency-selective fading channel constitutes
the scenario of interest of this paper. Letting be the link
between the th transmitting and the th receiving antennas
( and ), the baseband model of
the transmitted data-sequences within the th burst (denoted as
subscript) at symbol rate is

(1)

The multipath channel is time-varying. According to
the block-fading assumption, the time-variations are sufficiently
slow to guarantee that the assumption of a static channel within
each burst (and generally varying from burst to burst) is reason-
ably satisfied. The th antenna receives the combination of the
simultaneous transmissions from the transmitting antennas
so that , where is
the additive Gaussian noise (AGN). The received signals are
arranged into the vector ,
and the model (1) becomes

(2)
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Fig. 2. Burst structure.

where is , and is the
MIMO impulse response as .

After sampling at symbol-rate , the discrete-time channel
is assumed causal and temporally sup-

ported over samples: for . Each
burst contains a data field and a training sequence (Fig. 2). Here,
we tailor the model (2) for the estimation of the MIMO-FIR
channel from periodic training sequences simul-
taneously transmitted by each of the transmitting antennas
during the training period.

Letting be the sample long training se-
quences that are independent on the burst, the
discrete-time model is

(3)

AGN is assumed temporally uncorrelated but spatially
correlated with covariance matrix

. In order to avoid interference from the data- block,
the training sequences contain a preamble of samples
(or, equivalently, are supported over sam-
ples) that is discarded at receiver to yield received samples
free from interference. Therefore, the received samples of
the training sequences can be arranged into the matrix

, leading to

(4)

where is the
MIMO-FIR channel matrix, is the convolution
matrix obtained from the training sequences so that the th
column of is has
the same structure as , and . The spa-
tial (among the transmitting antennas) and temporal correlation
of the training sequences is given by the matrix
(see the next section).

For channel estimation, it is convenient to arrange the
columns of the matrix into a vector vec ,
and according to the properties of vec , the model (4) be-
comes

(5)

The columns of are similarly stacked into a
vector vec . The spatial covariance matrix for the
AGN vec is , and the training
sequence matrix is now .

B. Problem Definition

According to the propagation model described below (Sec-
tion III), the channel vector can be parametrized as the

product of a stationary (or slowly varying) matrix and the
fast-varying fading vector

(6)

The paths (or clusters) model is , and is .
Matrix is stationary across a large number of bursts (say )
as it depends on the DODs, DOAs, delays, and power profile
of fading. Instead of estimating the entries of for
each burst, methods based on the parameterization (6) estimate
the matrix from bursts, whereas the fading is
estimated on a burst-by-burst basis or tracked across bursts.

Different paths having the similar propagation parameters
do not always contribute to the matrix with linearly in-
dependent columns (see [9] for a discussion in the context
of SIMO systems). In fact, when the separation between
delays (and/or angles) is below the temporal (and spatial
resolution), the matrix is rank-deficient and, in practice,

rank . Therefore, matrix is
not identifiable. In order to write the model (6) in terms of an
equivalent minimal and identifiable parametrization, it is thus
necessary to introduce a full rank matrix such
that span span . A convenient choice is to select
as an orthonormal matrix, i.e., in terms of the singular value
decomposition (SVD) of , so that the model
(6) can be restated as

(7)

where the vector that contains the newly defined fading
amplitudes is

(8)

The equivalent parametrization (7) provides the rationale for
efficient subspace-based channel estimators (Section V) and
allows the computation of the lower bound that depends on the
specific channel models (see Section III).

Let be any estimate of the MIMO channel. The purpose is
to evaluate a bound on the error correlation matrix

(9)

for Rayleigh fading channels [expectation in (9) is w.r.t. noise
and fading]. The corresponding MSE bound MSE is

MSE tr MSE tr (10)

A bound on the error correlation matrix will be obtained by com-
puting the asymptotic performance of a channel estimator that
fully exploits the structure (7). As a reference to conventional
estimators, we recall that the unconstrained maximum likeli-
hood (UML) estimate of the channel vector for is

[5], [19]. The corresponding error correlation
matrix

(11)

depends on the covariance of AGN and on the correlation
properties of the training sequences.
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III. CHANNEL MODELS

In a multipath environment, the link can be described
by a combination of delayed replica of the waveform
given by the convolution of the transmitted baseband pulse and
the receiving filter

(12)

where each path is characterized by delay , power , and
amplitude . The MIMO channel impulse response ob-
tained by arranging the channels is

(13)

where . After sampling and ordering the
matrices into the MIMO-FIR

channel matrix , we get

(14)

where is the vector that gathers the -spaced sam-
ples of the delayed waveform . Appropriate definitions
of the matrices generalize the MIMO cannel model (14) to
beamforming and diversity models, as described below.

The channel matrix in (14) can be rearranged to sep-
arate the stationary and fast-varying terms by stacking the
columns of the channel taps (i.e.,

, where vec ):

vec

(15)

where vec vec vec is
diag , and

the matrix collects
all the delayed waveforms. According to the model (5),
the channel vector can now be obtained as

vec vec . Factorization (6) can be derived
by considering that delays and power

are independent on the bursts so that and
for . Scattering corresponding to different delays can
be assumed to be uncorrelated [20], and the amplitudes
are varying from burst to burst according to the mobility of the
ends of the link.

A. Beamforming Model

According to the geometry depicted in Fig. 1 with antennas
closely spaced apart ( or smaller), the beamforming model
for narrowband signals describes the th path
as characterized by a DOD , a DOA , and a complex
amplitude (fading) so that

(16)

where (or ) is the (or ) vector
containing the array response to a plane wave transmitted (or
received) with the angle . Notice that the two arrays need not
have the same arrangement of sensors.

The DODs and DOAs in (16) are considered to be slowly
varying features of the channel in that even though the two
ends of the link are moving (translating) during bursts, the
variations of DOAs and DODs are smaller than the angular
resolution of the arrays [8], [14]. This implies that the vec-
tors and
are stationary. The fading amplitudes are uncorrelated zero
mean circularly symmetric normal (Rayleigh fading) with unit
power: . Their temporal cor-
relation across different bursts is the same for all the paths, and it
accounts for the mobility of the terminals
with for . This assumption is mainly for
mathematical convenience since a more realistic model would
allow the Doppler spectrum to be dependent on the delay [21].
Recall that the power-delay profile is accounted for by the burst-
independent matrix . We emphasize that the stationary param-
eters (i.e., angles, delays, and power-delay profile) are assumed
to be deterministic, whereas the fading amplitudes are random
variables.

According to (16), the matrix in (15) can be further fac-
torized into the burst-independent term that con-
tains the spatial signatures of the stationary angles and

and the burst-varying random vector , where we
have (17), shown at the bottom of the page. The
channel vector reduces now to model (6), where each column
of the stationary matrix contains the space-time signature of
one path:

(18)

where denotes the Khatri–Rao (or columnwise Kronecker
product). The faded amplitudes are correlated across
time as . The

diag (17)



SIMEONE AND SPAGNOLINI: LOWER BOUND ON TRAINING-BASED CHANNEL ESTIMATION ERROR 3269

amplitudes of the channel model (7) are still randomly varying
with correlation

(19)

where diag . Since

(20)

these eigenvalues represent the power-delay/angles profile that
accounts for the power on each vector of the basis .

B. Diversity Model

In case the elements of the antenna arrays are sufficiently far
apart and/or the propagation occurs in a rich scattering envi-
ronment with large angular spread, the model (16) is no longer
appropriate. To simplify and referring to Fig. 1, let paths be
grouped into subsets (or clusters) of paths each
such that . Each path within the th cluster is char-
acterized by the same delay but different amplitudes with
overall power . By assuming the stationarity of and , for

clusters, the model becomes

(21)

where and contain the fading gains between
different receiving and transmitting antennas, respectively. The
model (21) can be reduced to (14) once the random
matrix is defined for each cluster.
Notice that for the beamforming model, . Here, we
consider very large and assume that scattering
from different paths is uncorrelated so that according to the
central limit, vec , where the
matrix accounts for the correlation of fading among the
transmitting and receiving antennas. This is normalized so that
along the diagonal, . Even if this is not necessary
for our analysis, the fading correlation can be considered to
be separate as , where and are
the correlation matrix of the fading at the transmitting and
receiving antennas, respectively. The separability of the spatial
correlation matrix is an assumption that is widely accepted in
the literature in order to simplify the analysis (see, e.g., [4]) or
to have a simple model to match the measurements [22]. For a
discussion on the limits of the separable model for the spatial
correlation based on simple geometrical reasoning, see [23].

Vectorization of (21) reduces the channel vector to (6)
with

(22)

where is the matrix obtained from the
stationary matrix . The burst-varying fading

is vec vec . These

amplitudes are spatially (i.e., among sensors) correlated, and the
correlation is

(23)

with diag block-diagonal, and ac-
counts for the temporal correlation. A simplification arises in
(23) when spatial correlation is the same for each cluster (i.e.,

), as

(24)

If can be further assumed to be separable, it is
.

Temporal signatures in are not linearly
independent when cluster delays are closely spaced, com-
pared with the temporal resolution of the system [9]. Letting

rank be the order of
temporal resolution of the channel and taking the SVD of

, we get the equivalent model (7)
with

(25)

The amplitudes in (8) are
, and their correlation depends on the eigenvalues of

as

(26)

In general, the correlation of the amplitudes is

(27)

that simplifies when the spatial correlation is independent on the
path, as in (24):

(28)

Remark: Mixed beamforming/diversity models for MIMO
links that present asymmetric geometry of arrays and/or scatters
at their ends (see, e.g., [24]) can be derived by generalizing the
discussion above. This aspect will not be covered here.

IV. LOWER BOUND ON THE ERROR CORRELATION MATRIX OF

THE CHANNEL ESTIMATE

The previous section justified the parameterization of the
MIMO channel vector into a stationary (or slowly varying)
and a fast-varying term, here rewritten from (6) and (7):

(29)

The stationary features of the channel are given by the basis
along with the statistics of noise ( and fading amplitudes

. According to Section V, the matrix can be estimated
in a structured (i.e., in term of angles, delays, and power-delay
profile) or unstrucured way (i.e., by estimating or for the
diversity model). However, for the purpose of obtaining the MSE
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bound, it is enough to consider a consistent (but not necessarily
efficient) estimator of —be it structured or unstructured—so
that can be considered to be known for . Moreover,
the correlation of noise and fading amplitudes
are assumed to be reliably estimated for . Similar
assumptions have been exploited to evaluate the performance
of a multichannel MLSE with channel estimation [25].

The signal model (5) can be restated in terms of the known
matrix as

(30)

The optimum (MMSE) channel estimator for reduces
to the MMSE estimation of the amplitudes . According to
the (theoretically) infinite temporal horizon of our framework,
we consider a Wiener filter that estimates the amplitudes in the
frequency domain

(31)

where denotes the discrete-time
Fourier transform of the crosscorrelation matrix between
and , is similarly defined. Since the spatio-tem-
poral correlation of the fading is separable [i.e.,
as in (19) or (28)], the MMSE estimate (31) depends on the
power spectral density of the fading variations
as

(32)

where we used the equalities
and

. The error correlation matrix depends on
the estimate of the amplitudes , as , where

. In the frequency domain, the
error correlation matrix of the amplitudes reads

(33)

and for the second equality, we used the matrix inversion
lemma,1 and

(34)

Notice that can be written in terms of the error correlation
matrix of the UML estimate (11) as if

.
By using the Parseval theorem, we have

(35)

1(A +VC V ) = A�AV(C +V AV) V A

Computation of the bound (35) requires integration over the
Doppler spectrum . In order to ease the analysis and allow
us to gain insight into the bound (35) in the following, we con-
sider a uniform Dopper spectrum.

Remark: The bound (35) has been computed under the
asymptotic condition . Whenever it is of interest to
have the bound for any , the analytical derivation can not be
simplified as herein, but it has to be evaluated from the hybrid
Cramér–Rao bound [10]. It can be shown [32] that the hybrid
Cramér–Rao bound coincides with the lower bound (35) for

.

A. Lower Bound for a Uniform Doppler Spectrum

The error correlation matrix bound can be easily
evaluated in closed form for a uniform Doppler spectrum

over the support
. In this case, the bound (35) simplifies as

(36)

and the corresponding MSE (10)

MSE tr

(37)

depends on the eigenvalues of the matrix .
The bound of (36) and (37) generalizes some known results

on the performance of MMSE or ML channel estimation, where
some of these connections are discussed below under some sim-
plifying assumptions (recall that ).

1) Static Channel : In a static channel, fading is
not varying across blocks so that and from (36), it is

. Indeed, in this case, the channel vector is constant
and can be consistently estimated with covariance by
just averaging the UML estimates obtained from the
different slots.

2) Ideal Training and Uncorrelated Noise (
and ): Let us consider spatially white noise

and ideal training sequences (i.e., orthogonal
between any two transmitting antennas that are temporally
uncorrelated: ); in this case, ,
and the MSE can be evaluated for the two models from

.
Beamforming Model: The eigenvalues for the beamforming

model can be evaluated as
, and the MSE (37) is

MSE (38)

For low SNR (or ),
the MSE (38) is

MSE (39)
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for high SNR or small Doppler frequency (i.e.,
), the MSE

MSE (40)

is proportional to rank . Notice that is the number of
parameters (amplitudes) to be varying on a burst-by-burst basis
according to the minimal model (7). If terminals are moving
fast enough to let the fading amplitudes be temporally uncorre-
lated across bursts but the block-fading assump-
tion and stationarity of hold true, the MSE (40) for
(SIMO system) coincides with the MSE bound on the channel
estimation error derived in [26] for the multislot estimator (see
Section V).

Diversity Model: According to the model (28), the
eigenvalues depend on

and , and if spatial correlation of MIMO channel
is separable , the set depends on

and according to the properties
of Kronecker products. The MSE bound (37) becomes (41),
shown at the bottom of the page. In spite of its complexity,
bound (41) can be simplified in some useful cases. For low
SNR (i.e., ), the
MSE (41) coincides with (39), which has been derived for the
beamforming model. For high SNR, it is

MSE (42)

thus showing that for high SNR, the MSE bound is proportional
to the minimal number of fading amplitudes of size

that are varying on each burst. Furthermore, the MSE bound
(42) is upper bounded by the worst case of uncorrelated fading

.
The diversity model for the frequency-flat fading channel is

commonly used in the MIMO literature. This occurs if the de-
lays are not temporally resolvable (compared with the system
bandwidth) so that and . In this case, ,
and the MSE bounds (36) and (37) depend on the spatial prop-
erties of fading as

(43a)

MSE (43b)

For spatially uncorrelated fading at both ends of the link
, the bounds (43a) and (43b) reduce to the results in [2]:

(44a)

MSE (44b)

Moreover, if the faded amplitudes are uncorrelated across bursts
and for large SNR , the MSE

(44b) becomes

MSE (45)

which coincides with the MSE for UML estimator (11), which
is also derived as the Cramér–Rao bound in [5].

V. ESTIMATORS FOR BLOCK-FADING MIMO CHANNELS

The unconstrained ML method [5], [19] performs a burst-by-
burst estimation of the MIMO channel matrix without the
exploitation of the structural or statistical side information dis-
cussed in Section III. According to the model (6) or (7), different
approaches can be devised to estimate the long-term ( or )
and the short-term ( or ) parameters from a set of bursts.

A. Estimators for Long/Short-Term Parameters

The long-term part of the MIMO channel can be obtained by
following either a structured or an unstructured approach. The
structured approaches are parametric methods that estimate
angles and delays according to the models in Section III. Such
techniques have been developed for SIMO systems to exploit
the stationarity of angles/delays in for TDMA [8], [14], [9]
or TD-CDMA systems [27]. The extension to MIMO system
is conceptually trivial, and it is just a matter of increased
complexity when compared with SIMO systems. Basically,
the angle and delay estimation methods are based on the min-
imization of nonlinear objective functions to compute the
triplets DOD/DOA/delay (for the beamforming model) or the

delays (for the diversity model) according to the knowledge
of the waveform and the spatial manifolds. Even if these
parametric methods can closely reach the MSE bounds derived
in Section IV (see [27] for the analytic derivation of the MSE
for SIMO systems), there are several drawbacks that prevent
their practical use. Nonlinear optimizations are known to have
local minima so that iterative methods can estimate and track
the slowly-varying angles and delays, provided that the inizia-
tization has been very carefully chosen. The need for regular
spatial and temporal manifolds imposes strict constraints on
array calibration errors and modeling mismatches. Further-
more, angle and delay estimation suffers from threshold effects
at low SNRs that are typical for nonlinear estimators.

Instead of estimating angles and delays in , it is possible to
directly evaluate the basis (unstructured approach [26], [28]).
This choice not only poses less stringent requirements on array
calibration and modeling accuracy (the relationship between
and angles/delays is not of concern) but also avoids the impair-
ments of nonlinear estimation since it reduces to a quadratic
optimization problem.

MSE (41)
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As an example, let us consider the ideal case of
and (the more general case can

be reduced to the one discussed here by prewhitening for
spatial correlation of noise and temporal correlation of the
training sequences: see [16] for a general discussion). Since

and span span , the estimate
of the basis can be obtained from the leading eigenvectors
of the sample correlation matrix computed from the set of

UML estimates

(46)

The estimate is consistent (cov if ) if the
fading is asymptotically uncorrelated (i.e., for
or equivalently ) [26]. Once has been estimated from

bursts, the amplitudes can be evaluated burst-by-burst as
so that the estimate of the MIMO channel

becomes

(47)

i.e., the projection onto span of the estimates . It
can be easily shown that this burst-by-burst estimate of the am-
plitudes corresponds to the optimum MMSE strategy for un-
correlated fading and high SNR so that the performance of the
estimator (47) attains the bound (40) for
and SNR . Interestingly, [26] shows numerically that for
a SIMO system (i.e., ), the asymptotic MSE bound
(40) can be reached within a reasonable small number of bursts

.
If , fading is correlated across bursts, and their

variations can be tracked by Kalman filtering or any suboptimal
techniques [29]. In the context of MIMO systems, Kalman fil-
tering has been recently proposed to track the amplitudes of
the diversity model by assuming an autoregressive model and
known sample-spaced delays (or, equivalently, or is di-
agonal and known) [12]. On the other hand, the estimator pro-
posed in [30] for a SIMO setting estimates the basis from
the matrix (46) and tracks the fading variations by LMS or
RLS approaches. The performance of both techniques are lower
bounded by the MSE in (40).

B. SISO/SIMO/MISO versus MIMO Approach to Channel
Estimation

Instead of performing channel estimation in a MIMO system
by jointly considering all the (frequency-selective) SISO chan-
nels corresponding to each pair transmitting-receiving antenna,
one could use suboptimum approaches that estimates sepa-
rately the SISO or the MISO/SIMO links. These approaches
are detailed below:

• SISO approach: Estimate separately the SISO chan-
nels corresponding to each pair transmitting-receiving
antennas.

• MISO approach: Estimate jointly all the SISO channels
relative to the links between all the transmitting antennas
and one receiving antenna ( separate channel estimates).

• SIMO approach: Estimate jointly all the SISO channels
relative to the links between one transmitting antennas and
all the receiving antennas ( separate channel estimates).

Based on the discussion above, these approaches are just a
special case of MIMO estimators. However, it is of interest
here to evaluate the performance loss of these suboptimal ap-
proaches. To simplify the analysis, herein we assume that there
is no interference between the training sequences at the trans-
mitting antennas (i.e., orthogonal training sequences:

).
The MSE bound on the performance of the SISO ap-

proach can be easily obtained by evaluating the MSE (37)
for for each of the SISO channels

composing the
MIMO link. The basis, which is referred to as , reduces
to the temporal basis (26), as span
span , and rank .
If all the SISO channels share the same characteristics (as for
transmitting and receiving antennas spaced not too far apart),
the MSE bound for the SISO approach can be derived by spe-
cializing the MSE bound (37) for (with obvious
notation):

MSE MSE (48)

According to the previous section, for high SNR and
, the MSE (48) becomes

MSE (49)

either for beamforming or diversity models. For high SNR,
the comparison between (49) and (40) shows that for beam-
forming model, the joint MIMO approach outperforms the
SISO approach by

MSE
MSE

(50)

which is greater than one since . On the
other hand, for the diversity model, the SISO approach shows
no degradation compared with the MIMO approach in (42).

The MSE bound on the performance of the SIMO (or dually
MISO) approach to estimate the MIMO channel can be similarly
obtained by evaluating the MSE (37) for for each of
the SIMO channels composing the
MIMO link:

MSE MSE (51)

Since the basis is now with rank
, the performance comparison is

MSE
MSE

(52)

which is larger than one as for the beamforming model (the
MISO approach yields a similar conclusion). Under the said
assumptions, the degree of improvement of the MIMO approach
to channel estimation compared with the SISO or SIMO (or
MISO) approaches depends on the dimension of the temporal
and/or spatial subspaces, which are closely related to the specific
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model. The rank order of these subspaces ( or )
increases when the multipath environment is dense in time
and/or space. For a number of (well-resolved in space and/or
time) paths large enough, we have

and so that there is no practical advantage
in estimating jointly the MIMO channel. These conclusions
are validated numerically in Section VII-B.

VI. INFORMATION RATE WITH IMPERFECT

CHANNEL KNOWLEDGE

Here we focus on a time-slotted system designed according
to the principle of synchronized detection [1]. As discussed in
Section II and shown in Fig. 2, the training sequence (of length

) is followed by a burst of data symbol of length . The over-
head for the transmission of one block of data with the guards
required to avoid any block interference is .

The impact of imperfect channel knowledge on the system
performance is investigated in [17] for a SISO link in terms
of capacity. In particular, an upper bound on the information
rate assuming a Gaussian input distribution is derived. The
choice of a Gaussian input distribution might not lead to the
maximization of the information rate and, thus, to the capacity
of the system, but it greatly simplifies the mathematical anal-
ysis. Extending the treatment of [17] to a frequency-selective
block-fading MIMO system, it can be easily shown that for
Gaussian uncorrelated (among transmitting antennas) signaling
with power and an estimate , we have ,
where the lower bound on the information rate is

bit/s/Hz (53)

where the temporal index is dropped for convenience, and
and denote the signal vectors, respectively, received and trans-
mitted during the data burst. Herein, denotes the

convolution matrix of the MIMO channel ob-
tained from the estimate and .
Under the assumption (which is consistent with the in-
finite temporal horizon of information theory), the signal model
(30) is linear in the fading amplitudes, and similar to [2], [3],
and [17], we consider the matrix as obtained from the MMSE
estimator of Section IV so that can be derived from the
error correlation matrix (see Appendix A). Notice that a dif-
ferent choice for the channel estimator would decrease the lower
bound (53) so that the inequality holds for a
channel estimator that reaches the performance (36).

According to [17], the lower bound (53) has a simple intuitive
explanation that follows once compared with the capacity for
perfect channel state information:

bit/s/Hz

(54)

Compared to the capacity (54), the worst possible effect of the
channel estimation error is to behave as AGN since the lower
bound (53) experiences a noise covariance matrix
modified by the covariance matrix due to the estimation error

TABLE I
DEFAUL PARAMETER SETTING

. In other words, let the received signal be written (with
appropriate definitions) as

(55)

The worst case (which leads to the lower bound on the informa-
tion rate) treats the term as additional Gaussian noise
with covariance .

Similarly to the information rate (53), the capacity (54) is
scaled by in order to take into account the loss due
to the transmission of the training sequences. In other words,
while computing , we assume that training sequences of length

lead to perfect channel state information, whereas while com-
puting , the channel is assumed to be estimated according to
the method discussed in Section IV.

VII. NUMERICAL EXAMPLES

In the following, we present numerical evaluations of the
bound (36) and (37) related to some specific problems. The
simulation settings are in Table I. The power-delay profile
is scaled so that , and the SNR is defined
as SNR (see Section IV-A for definitions). To gain
some insight into the effects of system parameters and channel
characteristics on the estimation error, the correlation matrices
involved in signal modeling are assumed to be obtained from
an autoregressive model: denotes a Toeplitz
matrix with first column . Here, accounts
for the spatial correlation of noise and for auto-
and mutual-correlation of the training sequences of different
antennas (training sequences in practical systems are usually
designed to have ). For the beamforming model,
the arrays at both ends are assumed to be uniform linear
with half-wavelength interelement spacing. For the diversity
model, the correlation matrix is separable; the correlation
coefficient and characterize the spatial correlation of
the fading at the transmitter and receiver side, respectively.

A. Performance of Known Estimators

Here, we corroborate the discussion of Sections IV-A and V
with some numerical examples in order to show the relation-
ship between the performance of known estimators, namely, the
UML estimator and the parametric estimators with the lower
bound derived in Section IV. By parametric estimators, we refer
to methods (e.g., multislot [26] and JADE [8]) that perform a
consistent estimate of the long-term features of the channel and
a burst-by-burst estimate of the amplitudes (see also Section V).
The parametric estimators thus exploit only structural informa-
tion about the model (7). We set as necessary
for the UML, JADE, and multislot estimators .

The MSE of the UML (11) and parametric estimators (40)
with is evaluated for the beamforming (Fig. 3) and
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Fig. 3. Beamforming model: MSE of the UML and the parametric estimators
compared with the MSE bound versus Doppler shift f . (Top) For SNR= 0; 20
dB and d = 4 and number of paths d. (Bottom) For SNR = 0 dB and f =
0:1; 0:5.

diversity model (Fig. 4) and compared with the MSE bound
(37). Performance degradation of these techniques occurs as
these estimators fail to fully exploit the information on the
MIMO channel matrix. Indeed, as discussed in Section V, the
UML estimator does not use any deterministic or statistical
information, whereas the parametric methods only capitalize
on structural modeling of the channel (29). However, when
the information neglected by the estimator is not helpful in
improving the performance, no degradation is expected.

Consider, for instance, the upper parts of Figs. 3 and 4,
which show the MSE versus the Doppler frequency . For
increasing , i.e., increasingly uncorrelated fading amplitudes
across different bursts, no benefits can be obtained by tracking
the amplitudes, and as a consequence, the degradation of the
two estimators decreases. Similarly, for the diversity model, a
decreasing spatial ( or temporal ( correlation renders
the Wiener approach of the optimum estimator increasingly
ineffective, and the degradation decreases, as shown in the
lower part of Fig. 4. An increased SNR would make this
effect less noticeable (not shown in the figure). The impact

Fig. 4. Diversity model: MSE degradation of the UML and parametric
estimators compared with the MSE bound versus Doppler shift f (Top) For
SNR = 0; 20 dB and � = � = 0:3 and � (or � ) with � = 0 (or
� = 0). (Bottom) For SNR = 0 dB and f = 0:1;0:5.

of the SNR, which is studied in the upper part of Figs. 3 and
4, can be interpreted in the same way: An increasing SNR
makes the Wiener approach of the optimum estimator closer
in performance to an ML approach, and as a consequence,
the degradation decreases.

Let us focus on the performance comparison between the
UML and the parametric estimators. Following the same logic
of the discussion above, the parametric approach is expected to
outperform the UML estimator as long as the structural informa-
tion about the model (29) yields some benefits for the estimation
process. In particular, this happens if the structural information
allows us to reduce the set of parameters to be estimated. In fact,
the UML approach entails the need to estimate param-
eters for each block, whereas the parametric methods (asymp-
totically for ) require the estimate of amplitudes only.
The rank increases with the number of path . Accordingly,
the lower part of Fig. 3 shows that for increasing , the perfor-
mance gap of the two estimators shrinks and eventually vanishes
for (not shown in the figure).
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Fig. 5. MSE degradation of the SIMO, MISO, and SISO approaches compared
with the MIMO estimation versus the number of paths d for the beamforming
model (SNR = 10 dB, and f = 0:1; L = 32).

B. SISO/MISO/SIMO versus MIMO Channel Estimation

To compare different strategies, we study in Fig. 5 the
MSE degradation MSE MSE MSE MSE
of SISO, MISO, or SIMO channel estimation approaches
compared with the more general MIMO approach for the
beamforming model and varying number of paths . The
Doppler shift is set to SNR dB and .
Notice that the choice allows a simple decoupling of
the channel estimation for different transmitting antennas (see
Section V-B).

The benefits of using a MIMO channel estimator compared
to SISO, MISO, or SIMO become smaller for the increasing
number of paths when for the SISO approach,

for the MISO, and for the SIMO
approach. In addition, for , the
SISO, MISO, and SIMO approaches have the same performance.

These results can be easily justified by recalling the dis-
cussion in Section V-B. For instance, from (50), we have
that MSE MSE , where the last
(approximate) equality stems from the direct proportionality
of the rank of (or ) and the number of paths , as long
as the signatures of the paths are linearly independent. It
follows that for , the degradation of the SISO
approach decreases as , as confirmed by Fig. 5. Similar
considerations can be used to prove analogous conclusions for
SIMO and MISO approaches.

C. Impact of Channel Estimation Error on System Performance

The influence of system parameters and channel charac-
teristics on the lower bound on the information rate in the
presence of imperfect channel state information (53) and on
the capacity for a known channel (54) is investigated numer-
ically. The computation of the bound (53) is carried out by
averaging over the distribution of fading amplitudes (recall
that angles, delays, and power-delay profile are deterministic)
by using runs of Monte Carlo simulations. Similarly to
the experimental analysis carried out in [2], the estimate
of the fading amplitudes has a circularly symmetric Gaussian

Fig. 6. Average capacity with known channel and lower bound on the
information rate with imperfect channel state information I versus the length
of the training sequence L (diversity model � = � = 0:3).

distribution with covariance matrix , i.e., .
The size of the block is , and the power of the
data symbol is set equal to the power of the training sequence

(see [3] for a discussion on the benefits of exploiting
the degree of freedom in the choice of the ratio and
SNR dB.

Information Rate versus L: The optimal choice of the length
of training sequences is investigated first. We focus on the

diversity model since the beamforming model leads to similar
conclusions. Fig. 6 shows the average capacity (dashed lines)
and the lower bound on the information rate (solid lines) versus

for different Doppler shifts
and number of paths . Increasing has two oppo-
site effects on the information rate: It increases the overhead

(which reduces both the scaled capacity and the information
rate), and it decreases the channel estimation error (which has a
beneficial impact on the information rate). Therefore, the bound

versus shows an optimum tradeoff between transmission
overhead and channel estimation error, as in Fig. 6. The op-
timum training sequence length depends on both the number
of paths and the Doppler shift. For , the information
rate peaks at approximately , whereas for larger ,
the maximum moves toward slightly higher values of . This
can be simply interpreted by pointing out that in a block-fading
channel, it is advisable to increase in order to experience a
constant channel for a longer interval if the channel itself varies
rapidly over consecutive bursts. Interestingly, under the assump-
tion of known long-term features of the channel, the optimum
is much smaller than the number of training symbols required
to obtain the UML, i.e., , which is the choice of
third-generation cellular standards [31].

versus and : Fig. 7 shows the degradation
of the average information rate when employing an estimator
that reaches the MSE bound derived in this paper compared
with the case of known channel as a function of Doppler spread

, spatial correlation (for the diversity model), and
number of paths (for the beamforming model). The degrada-
tion is measured as (notice that being ,
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Fig. 7. Degradation of the average information rate compared with the
capacity with perfect channel state information versus Doppler shift f for
different values of spatial correlation � = � (diversity model) and number
of paths d (beamforming model).

Fig. 8. Degradation of the average information rate compared with the
capacity with perfect channel state information versus correlation �: i) � = �
and � = 0. ii) � = � with � = 0.

the selected quantity is an upper bound on ) and set
. The values of the capacity are in a table in the upper

left corner.
For decreasing Doppler shifts, the degradation decreases and

vanishes for since a static channel can be estimated with
any accuracy as (see Section IV-A). Moreover, the
degradation decreases with increasing spatial correlation (for
the diversity model) since higher correlations lead to a smaller
channel estimation error. In order to keep the example consis-
tent, as for the diversity model, the delays are selected
as for with for
the beamforming model (i.e., the delays span the first four sam-
ples of the channel). With this choice, increasing the number of
paths in the beamforming model has qualitatively the same ef-
fect as decreasing the spatial correlation in the diversity model,
as shown in Fig. 7. As a final remark, the degradation for the
beamforming model is smaller than for the diversity model since

in the first case, the number of parameters (amplitudes) to be
tracked is , whereas in the latter it is larger .

versus Training Sequence Properties: The effect of the
correlation properties of the training sequences ( and ) on
the system performance is addressed in terms of the informa-
tion rate degradation, as in the previous example. The results
for the diversity model with and (
bit/sec/Hz, as shown in Figs. 6 and 7) are depicted in Fig. 8.
The degradation of the average information rate versus with

and versus with show that both and have
a similar impact on the information rate. The correlations range
from 0 to 0.9 since a complete correlation ( or )
would not be compatible with the assumption of a consistent es-
timate of the basis.

VIII. CONCLUSION

A lower bound on the error correlation matrix for training-
based channel estimators over a block-fading frequency-selec-
tive MIMO channel has been derived. The bound has been
obtained in a constructive way by computing the asymptotic
performance (performance for are in [32]) of an
estimator that is able to estimate the long-term features of the
channel (e.g., second-order statistics, delays, angles) consis-
tently while tracking the fast-varying fading fluctuations by
Wiener filtering. A connection of the bound with known results
have been discussed both analytically and through simulation.
Moreover, a lower bound on the information rate of a MIMO
system over a block-fading frequency-selective MIMO channel
with imperfect channel state information has been adapted from
the SISO counterpart. The bound on the information rate has
been thoroughly investigated through numerical results in order
to show the impact of system parameters (e.g., length of the
training sequence versus size of the data block and correlation
properties of the training sequences) and channel character-
istics (e.g., Doppler shift, spatial correlation) on the system
performance.

APPENDIX A
COMPUTATION OF FROM

The matrix has a Toeplitz
structure with first block-column given by

...
...

...

(56)

The covariance matrix
can be written as a

block matrix

...
. . .

(57)
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where the blocks are . If , the matrix
assumes a symmetric Toeplitz structure [33], i.e.,
and , with

.
The blocks can be computed from the MSE matrix

evaluated in (36). In fact, is a block matrix
such that the th block, which is denoted as , is the

matrix vec vec
for . can in turn be written

as a block matrix composed of blocks such
that is equal to the sum of
the blocks on its main diagonal.
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