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3. Broken symmetry in the spherical resonator and
modeling a molecule

3.1 Lifting the degeneracy of states with differehmagnetic quantum numbers

Objective: In this series of experiments we will break the syetry of the spherical cavity and
study the resulting splitting of the resonance geakhis is analogous to the splitting of quantum
states.

Equipment Required:

TeachSpin Quantum Analog System: Controller, Hpheses, Accessories
Computer with sound card installed and Quantum égsl'SpectrumSLC.exe” running
Two adapter cables (BNC - 3.5 mm plug)

Two-Channel Oscilloscope

WARNING: The BNC-to-3.5-mm adapter cables are providesl @nvenient way to couple
signals between the Controller and sound card.ottuniately, they could also provide a way
for excessive external voltage sources to damageiiad card.lt is the user's responsibility
to ensure that these adapter cables are NOT usead signals greater than 5 Voltpeak-to-
peak The maximum peak-to-peak value for optimum penfamce of the Quantum Analogs
system depends on your sound card and can varySé@mV to 2 V.

Setup:
First, set the ATTENUATOR knob on the Controller at 10 (out of 10) turns.

Attach a BNC splitter or “tee” taiNE WAVE INPUT on the Controller. Using an adaptor cable,
connect the output of your computer sound carchtoside of the splitter. Use a BNC cable to
send the sound signal to Channel 1 of the oscolesc Plug the lead from the speaker on the
lower hemisphere tePEAKER OUTPUT on the Controller. The same sine wave now goéstio

the speaker and Channel 1.

Use a BNC cable to connect the microphone outjoum fhe upper hemisphereOCROPHONE
INPUT. Connectac MONITOR on the Controller to Channel 2 of the oscillosctpelisplay the
sound signal received by the microphone. Triggerascilloscope on Channel 1.

Important Note: You will need to adjust the magnitude of both the geaker and
microphone signals to keep the microphone input tthe computer from saturating.
Refer to Appendix 2, titled ‘Recognizing and Correting Saturation’, for instructions.

Experiment:
Measure a spectrum in the spherical resonatordimgyuonly the lower three resonances.

Now put the 3 mm spacer ring between the uppetamer hemisphere. Measure the spectrum
again. What do you observe?

Measure the spectrum again using the 6 mm spawgrand using both rings (9 mm).
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Analyze the data:

For thel = 1 resonance, you can now plot the frequencytisiglias function of spacer ring
thickness. What relationship do you find?

ADVISOR INFORMATION:

In the spectra, a splitting of the peaks is observed. This is due to a lifting of the degeneracy
of the magnetic quantum numbers m, which belong to each angular quantum number /.
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Spectrum measured in the sphere with a = 8 = 180°. Eigenstates with different m are
degenerate.
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Spectrum measured with spacer ring 3 mm. Splitting of the peaks due to broken spherical
symmetry is clearly visible. The peaks belong to different quantum numbers m.
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ADVISOR INFORMATION: continued
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Spectrum measured with spacer ring 6 mm. Splitting of the peaks is increased
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Splitting of the I = 1 resonance as function of the spacer ring thickness.
The splitting is proportional to the ring thickness with a slope of 18.7 Hz/mm.

End of Advisor Information
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Background:
In a spherical resonator, each resonance with angghantum numbel is (2+1)-fold
degenerate. These states with quantum nunmberd, ..., O, ...,I all have the same resonance

frequency. In the spherical resonator, we haven dbat the quantization axis (z-axis) is
determined by the position of the speaker. They am@ivefunction that has a non-zero
amplitude on the z-axis is the one with= 0. This is the reason why the= 0 resonance is
exited in the sphere, exclusively.

When a spacer ring is introduced, the sphericalnsgtry is broken and the degeneracy of the
eigenstates is lifted. The quantization axis (&) now determined by the symmetry axis of
the resonator, which is the vertical axis. Thea&pe, which has 8=45° position with respect to
the symmetry axis, can now excite all states witfeignt quantum numbers. The sketches in
Figure 3.1 will help you to visualize the changeha direction of the quantization axis.

Fig. 3.1a:In the spherical resonator, the quantization axdetermined by the position of
the speaker because it is the only part that bregksnetry

‘micro ‘micro ‘micro

>

speaker

m=0 m=1 m=2

Fig. 3.1b: In the resonator elongated by spacer rings, thatization axis is given by the
symmetry axis of the resonator. The degeneratlyeo$tates with differermis lifted.

The degeneracy is not lifted completely becausestéiges with positive and negative magnetic
guantum numbetm are still degenerate. States with positive arghtieem belong to waves

in the resonator circulating around the quantirataxis in right-handed and left-handed
directions, respectively. Both of these waves ex@ted by the speaker and have the same
amplitude for eachm. A superposition of such two waves results inanding wave with
respect to the azimuthal angte

€™ +e'™ = 2cosMmg) (3.1)
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In quantum chemistry, the superposition of the tpasiand negative versions of the magnetic
quantum numbem is used to form orbitals. Examples of the wayséhare labeled are;,py,
Oxz, 0y for m=1 and ¢, de.y2 for m=2.

In the sense of perturbation theory, the eigenfanstin broken symmetry are modified only
slightly compared to the eigenfunctions of the sjglaé symmetric case, as long as the
perturbation is small. We can therefore expectefawctions very similar to the spherical
harmonics.

In the next experiments you can measure the azahapendence of the wavefunctions and
identify the magnetic quantum number of the peaks.

Experiment:

Using in turn the 3 mm, 6 mm and 9 mm spacer riaggquire a high-resolution spectrum of the
| = 1 resonance that resolves the two peaks atibbeitom =0 andn=+1.

ADVISOR INFORMATION :

Ampltude

1900 2000 2100 2200 2300 2400 2500
Frequency [He]

Highly resolved spectrum with 3 mm (red), 6 mm (green) and 9 mm (pink) spacer rings
of the I = 1 resonance that is split into the two peaks with m =0 and m = £1.

Experiment:

Now we will measure the amplitude as function & #zimuthal anglg. We will then identify
which m belongs to each peak. Click the left mouse butnrtop of a peak to choose this
particular frequency. Then, open the window to soea the wavefunction (> Windows >
Measure Wave Function). Check the box labeledédiidegeneracy” to tell the program that the
guantization axis is now vertical and that the amgbn the scale is equal to the azimuthal angle
@. In this mode the wavefunction is displayed iaegr.

Now you can measure the amplitude of the peak stibn of azimuthal angl¢. Repeat the
same measurement for the other peak. Use thelossope to determine how changing the
azimuth angle affects the sign of the microphogeai

Alternatively, you can measure the amplitude bydhaRead the amplitude from the oscilloscope
and the azimuthal angle= o from the scale.
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Analyze the data:
Identify the magnetic quantum number for each efghaks. Compare your results for the
amplitude as function ap with the theoretical predictiof(¢) = cos(mg) .

ADVISOR INFORMATION :

Experiment Calculation

[ o

Left: Measurement of the amplitude as function of the azimuthal angle ¢ for the left
resonance at 2073 Hz. Right: calculated angular dependence cos(m¢ ) with m=0.

Experiment Calculation

[y o

z70e

Left: Measurement of the amplitude as function of the azimuthal angle ¢ for the right
resonance at 2240 Hz. Right: calculated angular dependence cos(m¢ ) with m=1.

From the shape of the wavefunctions, the magnetic quantum numbers can be identified
easily. If the splitting is smaller than the width of the peaks, a superposition of both
wavefunctions is measured. The shape depends on the frequency chosen. It may be
different for frequencies on top of the peak and on the left or right shoulder, respectively.
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Spectrum of the | = 1 doublet labeled with magnetic quantum number m.

Experiment:

Choose the frequency of the 1 andm = 0 resonance and measure the phase of the mameph
signal in the upper hemispherecat 180°. Then, connect the cable to the microphoriee

lower hemisphere and measure the phase again.aRépesame experiment with thne= 1
resonance.

ADVISOR INFORMATION:
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The sign of wavefunction is different in the upper / lower hemisphere for m = 0 but the same
for the m = £1 states. In the latter case sign changes from left to the right (a=0° and a=180°,
respectively. The left one corresponds to a p-orbital, the right one to a py-orbital.

The signal of the m = 0 resonance has different sign (phase shift 180°) in the upper and
lower hemispheres, respectively. The phase of the m = 1 resonance is the same in upper
and lower hemisphere. It changes sigh when a is changed from 180° to 0°.
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Experiment:

Measure a highly resolved spectrum with 3 mm, 6 ameh 9 mm spacer rings of the 2
resonance. It will split into three peaks with= 0, m=+1 andm = £2.

ADVISOR INFORMATION

18
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0 1 ] ] ]
3300 3400 3500 3600 3700 3800

Frequency [Hz]

Highly resolved spectrum with 9 mm spacer rings of the | = 2 resonance that is
split into three peaks withm =0, m =x1 and m = £2.

Experiment:

For each of the three peaks, measure the ampbisifienction of azimuthal angleand identify
the magnetic quantum numbers.

ADVISOR INFORMATION:

The m = 1 and m = 2 wavefunctions look very similar to the theoretical prediction. The m = 0 pealk,
however, overlaps strongly with the m = 1 peak, which results in a superposition of the m = 0 and
m = 1 wavefunctions. The m = 1 state corresponds to a dx-orbital, the m = O state to a dz-orbital
and the m = 2 state to a dxy>-orbital.
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ADVISOR INFORMATION continued

Experiment Calculation

o o

Left: Measurement of the amplitude as function of the azimuthal angle ¢ for the left resonance at
3448 Hz. Right: calculated angular dependence cos(m¢ ) with m = 1.

Experiment Calculation

o o

Left: Measurement of the amplitude as function of the azimuthal angle @ for the middle resonance at
3470 Hz. Right: calculated angular dependence cos(m¢ ) with m = 0.

Experiment Calculation

o o

Left: Measurement of the amplitude as function of the azimuthal angle ¢ for the right resonance at
3620 Hz. Right: calculated angular dependence cos(m¢@ ) with m = 2.
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Experiment:

You may measure the splitting of states with highbut the increasing overlapping of several
peaks with different magnetic quantum number malkeislentification ofm more and more
difficult.

One possible way to overcome this problem is tosuesaspectra for all anglglsand use the
peak fitting procedure to determine the peak amngdis. With this technique the overlapping of
the peaks becomes irrelevant.

Another possibility is to measure at certain anglésr which nodes in the wavefunction are
expected for particular magnetic quantum numbH#rsne of the peaks in the spectrum
disappears at the nodes of a certain magnetic goanmamber, its number has been identified.

ADVISOR INFORMATION:

35

30

25

20

Amplitude [arb. units]

10

0 ] ] 1 ] 1
5600 5800 6000 6200 6400 6600

Frequency [Hz]

Highly resolved spectrum with 9 mm spacer rings of the n = 1, | = 4 resonance (left part) and the
n =2, | =1resonance (right part). Some of the peaks have been identified with respect to their
magnetic quantum number.
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3.2 Modeling a molecule
Objective: We will use a pair of spheres to create an anal@ghydrogen molecule.

Equipment needed:

TeachSpin Quantum Analogs System: Controller,Misgheres, irises

Computer with sound card installed and Quantum égsl'SpectrumSLC.exe” running
Two-Channel Oscilloscope

Two BNC - 3.5 mm plug adaptors

Setup:

Set a hemisphere with a hole on top of the hemigphéh the speaker. Through this hole, the
sound in the lower sphere will couple to a sec@ites. The strength of the coupling can be
adjusted by choice of the iris diameter. Choosedarthe irises and put it in place. (Iris
diameters are 5 mm, 10 mm 15 mm or 20 mm.) Setdhein the next hemisphere against the
iris.  Use the hemisphere with the microphoneotmglete the upper sphere.

Put BNC splitters on both trseNe WAVE INPUT and theac-MONITOR of the Controller box. Using
a BNC to 3.5 mm jack converter, connect the outfitihe computer’s sound card to one side of
the BNC splitter orsiNE WAVE INPUT. Connect the other side to Channel 1 of the loscibpe.
Connect the speaker cable from the lower hemispbereEAKER OUTPUT 0N the Controller. (The
sound card signal now goes to both the speakettendcope.)

Use a BNC cable to connect the microphone in thehtemisphere toICROPHONE INPUT. Use a
BNC cable to send the microphone signal from ode ef the splitter oac-MONITOR to Channel
2 of the oscilloscope. Use an adaptor cable imect the other arm of the splitter ac
MONITOR to the microphone line-in of your sound card.

Important Note: You will need to adjust the magnitude of both the geaker and
microphone signals to keep the microphone input tthe computer from saturating. Refer
to the Appendix titled ‘Recognizing and CorrectingSaturation’ for instructions.

Experiment:

Measure a spectrum in the “molecule” (two coupleldesical resonators) of the resonance at
2300 Hz. Repeat the measurement with the diffarisets. Compare with a measurement of this
peak in the “atom” (spherical resonator).

Open questions:

Why does the peak split? What is lifting the desggany? Which quantum numbers can we use
to label the peaks in the molecule? What do thiecudar orbitals look like? Let’'s answer these
guestions step by step.

Experiment:

Measure a spectrum in the frequency range from GHD00 Hz first in the “atom” and then in
the “molecule”. Repeat the measurement with theratises.

Analyze the data: Make a plot of the resonance-frequency as funafdns diameter.
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ADVISOR INFORMATION:

At frequencies between 200 Hz and 500 Hz, depending on the iris diameter, a new state is
observed that has not been observed in the atom. The resonance is derived from the 1s
state, which cannot be observed in the “atom” since its frequency is zero. In the molecule,
the 1s state splits into a bonding and an antibonding state. The bonding state has the
frequency zero, but the antibonding state can be observed as a new resonance peak.

arnplitude

. . \ \ . . . . .
100 200 200 400 500 600 700 =] =(uu] 1000
Freguency [Hz]

Antibonding state derived from the 1s state measured with the irises 5 mm (red),
10mm (green), 15 mm (pink) and 20 mm (black). The state belongs to the “molecular
orbital” ou[1s].
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Experiment:

Use one of the bigger irises and choose exactljrédgeiency of the resonance. This can be done
by clicking the left mouse-button on the top of emk. For the upper sphere, measure the phase
of the microphone signah€-MONITOR connected to Channel 2 of the oscilloscope) vatpect

to thesNE WAVE INPUT signal (Channel 1 of the oscilloscope). Now catiee microphone in

the lower sphere to the amplifier and repeat thasuement.

Question:
What is the phase difference between upper and lspleere?

ADVISOR INFORMATION:
The phase difference is 180°.

Experiment:

In the upper sphere, you can measure the azimdépaindence of amplitude to identify the
symmetry of the wavefunction.

ADVISOR INFORMATION:
It has s-wave symmetry with respect to the symmetry axis of the molecule:

Amplitude as function of azimuthal angle a = ¢ measured with the 20 mm iris at
440 Hz.
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Background:

The two, coupled spherical resonators model a ghatonolecule with two identical nuclei, a so-
called homonuclear diatomic molecule. The simpégsimple of such a molecule is*H Since

this molecule has only one single electron movinthe potential of two protons, it is an ideal
model system to discuss quantum mechanical effect®lecules. Many of the observations can
be transferred to molecules like,HD,, N, and F.

Diatomic molecules have cylindrical symmetry wigispect to the axis going through the nuclei.
Due to this symmetry, we expect timais a good quantum number for the molecule, just ias

in the atom. The quantum numbehowever, cannot be used in molecules. In theeseh
perturbation theory, we expect a continuous chérage the atomic orbitals into the molecular
orbitals as function of the nuclear distance. Viletherefore label the molecular states
additionally by the atomic states from which theg derived in square brackets (for example:
lo,[1s]).

For a small coupling of the two atoms (a largerimigclear distance), a superposition of atomic
orbitals is a fairly good approximation for the mollar orbitals. In general, the two atomic
orbitals can be superimposed in two different waysroduce a molecular orbital: with the same
sign or with different signs (phase shift 180°)ed@nding on the sign, the molecular orbital is
labeled with an index: g for the German word gera@®en, when the signs are the same and u
for the German word ungerade = odd, when the sigaslifferent.

The quantum number m is labeled with Greek letters andd form=0,m= 1, andn= 2,
respectively. This corresponds to the way therLlgtiters s, p, d are used in the atom for the
guantum numbdr Additionally, a principal quantum number is useciumber states with the
same symmetry but with increasing energy. Indkisse, the states][1s] describes a molecular
orbital derived from two 1s atomic states that hia@en superimposed with different sign. It has
the magnetic quantum number m = 0 and is thediede with this symmetry.

In the following figure, the molecular orbitals dexd from 1s states are plotted.

1s 1oy 1s o

Fig. 3.2: Atomic 1s orbitals for two atoms with large distarand corresponding moleculg
orbitals calculated by superposition of 1s atonnlutals.
The color indicates the sign: red = positive, iugegative

=
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Molecular orbitals with a high probability of finaly the electron between the two nuclei are
called bonding states, because they form a molebolad. States that have a node between the
nuclei, resulting in much lower electron densityzen the nuclei, are called anti-bonding. If
they are occupied by electrons, it weakens the Istretigth between two atoms. In the case
shown in Fig. 3.2, as in most cases, the even &gfts] is bonding and the odd state flLs] is
anti-bonding.

What is analogous, what is different?

In the acoustic analog, we have a situation vemylar to that of the real molecule. The two,
coupled spheres with same diameter corresponcttwih identical nuclei that are coupled
through the iris between them. The diameter ofrisaletermines the coupling strength, which
corresponds to the internuclear distance of thiemneéecule. The symmetry is cylindrical, as it is
in the real molecule. Therefore, we can use theesguantum numbers and labeling of states as
in the real molecule. Due to different boundargditons, and the absence of a potential, the
eigenstates have a different order than in reaboubés. The eigenstates can be identified
experimentally by the “atomic” states from whicleyrare derived by the quantum numbeand

by the phase of the wave function in the two sphere

The eigenstate with a wave function that has neraadll (equal phase everywhere in space) has
the frequency zero in the acoustic case. Thisiestd Neuman’s boundary conditions that would
result, for this case, in a constant amplituderegpure everywhere. It cannot oscillate. In the
case of a molecule this state is tlig[1s] state, the ground state of thg'#holecule. It cannot

be observed as resonance in the acoustic analog.

The state with lowest frequency in the acoustidanes the by[1s]. Itis derived from 1s states
of the uncoupled “atoms”, even though the 1s statéise uncoupled atoms cannot be observed
because, for both, the frequency is zero. Withgasing coupling strength, the frequency of this
state increases, as you observed in the experabewe. Since the state is odd, the phase of the
wave function has different sign in both spherésu observed this on the oscilloscope when
you measured the signal at the two different micooe locations in the two spheres. The state
is ao-state since the amplitude is constant as funafah = a as you observed by rotating the
top hemisphere. For higher, the amplitude would show a dependence asrgg)s(
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mtand & orbitals

From atomi orbitals, we derive molecular orbitals that caméhmnagnetic quantum numbers
=0 (©) andm=1 (m). Due to even and odd superposition, this resultsur different molecular
orbitals:oy , 0y, Ty, T,,. In the case of atomic d-orbitals the numberesfi@dd molecular orbitals

IS siX: 0y, Oy, Ty, T, Og , &y. The following figure shows the molecular orlstalong with the
atomic orbitals they are derived from.

2p (m=0)

@
loiomg

2i¢m=0)

Fig. 3.3a:Molecularo-orbitals derived from the atomic 2p-orbital.

a,
antibonding

2p (mF+1)

I
antitating

mExL)

Fig. 3.3b: Moleculartrorbitals derived from the atomic 2p-orbital.

1,
bonding
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Experiment
Let us now investigate the molecular orbitals dedlifrom the first atomic p-state that is observed
at about 2300 Hz.

Measure a resonance spectrum in the “atom” foreafee and then take a measurement in the
“molecule”. Use the 20 mm iris to produce the maxin splitting of the peaks.

Before measuring, press down firmly on top of the pf hemispheres. Good contact is
necessary to resolve peaks that are close to ¢laeh orou should scan slower than 50 ms/Hz.

Take spectra at different azimuthal angles.

ADVISOR INFORMATION:

With azimuth a = 180°, there will
be three peaks at about 2288 Hz,
2298 Hz, and 2447 Hz.

With azimuth a = 0° there are also
three peaks, but the middle one is
observed at 2295 Hz. This makes it
clear that there are actually four
peaks present, corresponding to

(Ig ’ (IUy 11é ’ 11h-

Amplitude

At different azimuth angles, the
peaks interfere differently with
each other, which produces very
different line shapes. In the 2150 2200 2250 2300 2350 2400 2450 2500 2550 2600
following figures, the spectra for eyl

the resonance in the “atom” and in
the “molecule” are shown.
Measurements should be taken
with sufficiently slow scanning
speed to make the small splitting
visible.

Amplitude

2150 2200 2250 2300 2350 2400 2450 2500 2550 2600
Frequency [Hz]
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Experiment

Now we want to identify the peaks in the spectraaddition to the peak at about 2450 Hz there
arethree peaks around 2300 Hz, even though it looks like a dotg#eak structure.

You can measure the phase difference between ther apd lower spheres for the different
peaks. Note that it is only in tlee= 180° position that the microphone positionseareivalent

for the upper and lower hemisphere. For all otherou have to take the azimuthal dependence
into account.

In the case of strongly overlapping peaks, it fidlilt to measure the phase directly. Here you
may observe how the amplitude develops as funci@zimuth.



Adv. Man. Rev 2.0 12/09

ADVISOR INFORMATION:

The following figure shows the double-peak structure at 2300 Hz measured in the a = 0° position
(red) and in the a = 180° position (green). Itis clearly visible that there are actually four peak
positions with 2288 Hz, 2295 Hz, 2298 Hz and 2447 Hz.

Ty
Og
T|g 0-U
3
z
£
£
<L
2250 2300 2350 2400 2450 2500
Frequency [Hz]
Double-peak structure at 2300Hz measured in the a = 0° position (red)
and in the a = 180° position (green).

The left peak shows a constant amplitude as function of azimuth, indicating that it is a o-state. It has
the same phase in the upper and lower sphere. It is therefore identified as 0g. The peak at 2447 Hz
also has a constant amplitude as function of azimuth, but shows a 180 °-phase difference between
the spheres (different sign in amplitude). It is therefore identified as Ou.

The remaining peaks are obviously T, Tk. In the a = 0° position the peak at 2295 Hz interferes
constructively with the agg-state while the peak at 2298Hz interferes destructively. This is a hint that
the sign of wave function at the microphone position is the same as for ag. In the a=180° position
the situation is opposite. As consequence the peak at 2295Hz would belong to Ti, and the peak at
2298Hz to 1. However, a unique identification of the Testates is difficult.



