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than that of a reference treatment by more than a specified margin. A three-arm
non-inferiority trial that includes the placebo, experimental treatment, and a reference
treatment is considered. It has been criticized that the conventional approach for three-
arm non-inferiority trials loses power for the non-inferiority hypothesis test unless the

Keywords:

Non-inferiority trials power of the assay sensitivity test is close to one. In order to overcome this situation, a
FWER novel hierarchical testing procedure with two stages for three-arm non-inferiority trials is
Extended skew-normal distribution developed. The family-wise error rate (FWER) is investigated analytically and numerically

of the proposed test procedure. Numerical studies indicate that the suggested method
controls FWER and has more power than the traditional approach particularly when the
power of that assay sensitivity test is not close to one. Through these empirical studies, it
is shown that the proposed method can be successfully applied in practice.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

One can show the superiority of an experimental treatment over a reference treatment, or when the superiority of
an experimental treatment over a reference treatment is not evident, one can show that the experimental treatment is
non-inferior to that reference treatment. An experimental treatment’s effect is declared to be non-inferior to the effect
of reference treatment when the effect of the experimental treatment on an endpoint is not worse than the effect of a
reference treatment on that same endpoint by more than a specified margin. A clinical trial used to evaluate whether an
experimental treatment’s effect is non-inferior to the effect of a reference treatment is called a non-inferiority trial. A ran-
domized, double-blind placebo-controlled trial is the gold standard in the determination of efficacy and the risk-benefit
profile of an investigational drug (EMA (2005); FDA (2016)). A placebo-controlled trial is considered appropriate in the
absence of a reference treatment. However, a placebo-controlled trial would be unethical when there is an available ref-
erence treatment (WMA (1997)). In the presence of a reference treatment, experimental treatment is compared with a
reference treatment. However, the absence of the placebo in an active-controlled trial arises assay sensitivity (D‘Agostino et
al. (2003)). For a detailed description of the problem, see D‘Agostino et al. (2003) and Hung et al. (2003). Assay sensitiv-
ity refers to the ability of a trial to distinguish between effective and ineffective treatments. To establish the effectiveness
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of experimental treatment based on its similarity to the reference treatment, an active-controlled trial assumes constancy
assumption, i.e., the patient population in the current active-controlled trial and the past placebo-control trial remains un-
changed (D‘Agostino et al. (2003)). However, it is not always straightforward to validate this constancy assumption. As a
consequence, it is often recommended to include the placebo in an active-controlled trial whenever it is feasible and ethi-
cally justifiable, as mentioned in several regulatory guidelines (EMA (2005)). These three-arm non-inferiority trials are often
considered to avoid the complications described above. A three-arm non-inferiority trial is optimal in the sense that: (i) it
is free from the constancy assumption, (ii) the effect of the experimental treatment can be directly assessed, and (iii) the
effect of an experimental treatment can be compared to the effect of active control. Following the footstep of Koch and
Rohmel (2004), Pigeot et al. (2003) introduced a systematic approach for constructing a test for three-arm non-inferiority
trials, known as fraction margin-based non-inferiority testing, where the non-inferiority margin is the pre-specified negative
fraction of the unknown effect size of the reference treatment over placebo in the current three-arm trial. This fraction
margin approach is a two-step hierarchical procedure. The first step tests the superiority of the reference treatment over
a placebo. The first step gives the internal validation of assay sensitivity (AS). The rejection of the null hypothesis or the
confirmation of AS in step one leads to testing the non-inferiority (NI) experimental treatment to the reference treatment.
Kieser and Friede (2007) demonstrates that due to this hierarchical structure of the multiple testing problem (AS and NI) in
the fraction margin-based approach, the pretest of assay sensitivity may lead to a reduction in power when testing for NI.
This finding of Kieser and Friede (2007) motivates us to develop a novel hierarchical testing procedure method for conduct-
ing fraction margin-based NI testing. The proposed method tests the NI hypothesis at a significance level «/8 whenever
the AS hypothesis is significant at level o, where B denotes the power associated with AS test. We demonstrate that the
suggested hierarchical testing method controls family-wise error rate (FWER) at level o asymptotically. For the practical im-
plementation, we estimate the power of AS test using the bootstrap method whenever AS hypothesis is significant. Through
extensive simulation studies, we provide numerical evidence of the acceptable performance of the proposed procedures in
terms of the FWER control and power.

The rest of the article is organized as follows. Section 2 reviews the fraction margin-based non-inferiority testing and
develops the proposed hierarchical testing method for three-arm NI trials. Section 3 reports the empirical findings under
different scenarios in detail. Section 4 considers a data example. A discussion follows in Section 5. For brevity, derivations
of the theoretical results are provided in Appendix.

2. A hierarchical testing method for the assessment of three-arm NI trials
2.1. Fraction margin based non-inferiority testing

To facilitate the discussion of a three-arm non-inferiority trial, we assume that Xg;, Xgj, and Xpy (i=1,...,ng, j=
1,...,ng,k=1,...,np) denote the observations corresponding to the treatment response in the experimental (E), reference
(R), and placebo (P) groups, respectively. For simplicity, we assume that the observations of all three arms are continuous,
however, the suggested methods can be extended effortlessly to other types of responses such as binary, count etc. We
assume that

iid iid iid
Xgi~ Fe(:), Xgj~ Fr(-), and Xpy~ Fp(-),
where Fj(-) are continuous distribution functions of X;, | € {E, R, P}. Let u; = E(X;) denote the mean response of the arm
I. We assume that the variances 012 are finite. Without loss of generality, we assume that the large values of the mean
responses represent desirable outcomes. Commonly, non-inferiority is assessed by considering the test problem

Hnio: g — R <8 Vs Hni1t WE — R > 6, (1)

where § < 0 denotes a prespecified clinically relevant margin. With the inclusion of the placebo arm to an active-controlled
trial, the construction of § via fraction margin approach (see Pigeot et al. (2003)) can be mathematically expressed as

8 = f(ur — np) by assuming the assay sensitivity, g > up; where f € (—1,0). Reasonable choices of f include —%, —%,

—% but must be guided by practical and clinical considerations. The hypotheses (1) can be rewritten using the expression

for § as follows
. ME— UP

REZIP _gys oy s KEZHP Ly, 2)
HUR — P MR — P

by assuming pur — pp > 0; where # =1+ f, known as the retention fraction. The ratio, (g — up)/(gr — p), of the
differences in means measures the proportion of efficacy retained by the experimental treatment. A positive but small
value of this ratio might lead to the conclusion that the reference treatment should be the standard and the experimental
treatment should not be widely adopted although it provides some benefit over placebo. However, when (g — wp)/(ig —
up) > 1 the experimental treatment provides more benefit than the active control. For the derivation of the statistical test
procedures for the test problem (2), it is helpful to express (2) as:

Hnio:
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Hnio: g —60ur — (1 —0)pp <Ovs Hnp1: g —Ougr — (1 —60)up > 0. (3)
The existing frequentist methods (Pigeot et al. (2003); Hasler et al. (2008); Hida and Tango (2011); Ghosh et al. (2017)) for
the test problem (3) do not incorporate the pretested AS, ;g — ip > 0, though NI and AS test statistics are correlated. This
disintegration between test problem (3) and the pretested AS condition can lead to a less powerful test method for the NI
test (3) unless the power of the pretest is close to unity (Kieser and Friede (2007)). In the next section we introduce a novel
procedure for test problem (3) which incorporates the pretested AS condition.

2.2. Methodology

Let Xg, Xp, and Xg denote the sample means corresponding to the samples {Xr,j}, {Xp i}, and {Xg ;}, respectively. Let
Er,%, 63, and c},:? be the sample variances based on the samples {X j}, {Xp «}, and {X ;}, respectively, where
n
=m—-1""Y (X — X2,

i=1

and [ € {P, R, E}. Let Tpas = __Xe=Xr__ pe the test statistic for the following assay sensitivity testing
V63 /nr+62/np
Haso:gr —pp <0vs Hpsq: ugp — pp > 0. (4)
Let

Xg—0Xg —(1—60)Xp

\/052 n 0262 n (1-9)263

neg ngr np

Tni=

denote the test statistic for testing problem (3). Pigeot et al. (2003)’s fractional margin approach based hypothesis testing (3)
is performed provided we reject Has . Thus, the pretested AS condition acts as a gatekeeper for the non-inferiority testing
problem (3). To test the AS and NI hypotheses, the suggested test procedure uses the following sequential steps:

Step 1: To test Has,o, if Tas > c1, reject Has o; otherwise, stop.
Step 2: If Has,o is rejected, test Hnpo. If Tni > C2, reject Hnjo; otherwise, accept Hi,o.

The pertinent choices for ¢y and ¢, are determined through controlling the familywise error rate (FWER), the probability of
making at least one type I errors, when performing hierarchical testing Has o and Hnio. The FWER requirement is

FWER = P{Reject at least one true Has o, Hni0} < o, (5)

where o € (0, 1).

Lemma 2.1 provides choices for ¢c; and c,. For mathematical easiness, Lemma 2.1 considers controlling the FWER on the
boundary conditions, HAS 0 MR —Mp=0,and HNl 0 ME—OuRr — (1 —6)up =0, of the AS and NI AS null hypotheses. We
provide a discussion on FWER control in the interior of the AS and NI null hypotheses in Theorem 2.1.

Lemma 2.1. Let denote 8 = B(lr — p) = Phyg, (Tas > c1), the power of the assay sensitivity test at fixed yug — p > 0. Suppose
that thresholds cq and c; are chosen by satisfying the equations

o
PHES,O(TAS >Cl)=« and PHAS.lﬂHﬁ”VO(TNI > C2|TA5 > C]) = E

Let E = {Reject at least one true Hgs,o’ NLoJ- Then

Aut (E) =Pys

NI.O AS,0

Pys

I nHE, | (E) = PHAs,mH,‘S,_O(E) =a, and Py, nHy,(E) =0

Lemma 2.1 guarantees that the existence of c; and ¢, that give exact control of the FWER at level « under the boundary
conditions of Has o and Hnj o hypotheses. The thresholds c; and c, are in Lemma 2.1 are optimal in the sense that c¢; and
c2 cannot be improved without losing control on «, the level of the FWER. However, it is not possible to obtain expressions
for c; and c; when the distributions of the samples from the three-arms are unknown. It is worth mentioning that it would
not be easy to compute the finite sample distribution of Tn;|Tas > c; for normally distributed samples. Hence, it is required
to obtain consistent estimators for c; and ¢, for the practical implementation of the suggested method.

c1 can be easily estimated by z,, the upper o quantile of the standard normal distribution, since the distribution of
Tas is asymptotically N(0,1) as ng +np — oo. The following Lemma 2.2 gives the asymptotic distribution of Tyi|Tas > z¢ as
min{ng, ng,np} — oo, which will be used for obtaining a consistent estimator for c;.

Let us denote n =ng +np +ng and A, ; =n;/n. The asymptotic distribution of Tni|Tas > z, is based on the following
assumptions as min{ng,np,ng} — oo:
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Al Apg— 2 €(0,1), for l € {E, R, P}.
n
A2 —”RJfHP — 7R.

A3 /ng+np(Ugr — pup) —> 38 =0.

Lemma 2.2. Let Fryy1,>2, (-) denote the condition distribution of Tn; given Tas > zo. Under the configuration that Has 1 and Hﬁu.o
are true and under the assumptions A1-A3,

Fry|Tas>z4 (%) = FEsn(X) as min{ng, ng,np} — oo,
for any real x; where Fgsy(x) is distribution function of the extended skew-normal distribution.

An excellent review of extended skew-normal distribution can be found in (Azzalini (2005, 2014). In our setup, the extended
skew-normal distribution, Fgsy(X), has the following density function

ST /1+y2+yx)

d(7)

Sesn() =@ (%) XeR,

2 2
where T = % —Zg, Yy =p/(1=p%, p= ﬁ[(l - Q)i—; - 9(;—’:] is the asymptotic correlation between Tas and Tyj, and

2 2 2 2 2 2 2

o o o o o o o
a=-—Lt+62R11-602L ay=L 4+ L2 andb=-FR 4L
AE AR Ap AR AP nR - np

Lemma 2.2 gives a large sample approximation to (1 — «/g)th quantile of the distribution Tni|Tas > z. Let q—«/p) be
the (1 — a/B) quantile of Fgsn(x), then q(1_q/p) is a large sample approximation to the c;. Based on these large sample
estimates to ¢ and cy, the suggested hierarchical testing method for Has ¢ and Hnj o is running as follows,

Step 1: To test Has,o, if Tas > z, reject Has o; otherwise, stop.
Step 2: If Haso is rejected, test Hnj 0. If Tni > q1—a/p), reject Hyyo or declare non-inferiority; otherwise, accept Hyjo.

We call this method asymptotic hierarchical testing (AHT). The next result shows that AHT asymptotically controls FWER at
any level «.

Theorem 2.1. Set ¢1 =z, and ¢ = q1—a/p)- Let E = {Reject at least one true Hgs,o’ H}\?u,o}- Under the assumptions of Lemma 2.2,

lim Py

. NH
min{ng,ng,np}—o0

(E) = lim Pys. i (E) = lim Py g (B)=a,

B B
AS,0" "INIO min{ng,ng,np}—o0 min{ng,ng,np}—

and

) lim PH,s inHy 1 (E) =0.
min{ng,ng,np}—o00 ’ ’

Theorem 2.1 establishes that the suggested AHT method asymptotically controls FWER for the boundary cases, g —up =
0and wg —Ougr — (1 —0)up =0 of Hasp and Hno, respectively. However, when (g — pp is an interior point of (—oo, 0],

~lim P(Tps > zo) =0.
min{ng,np}—o00

This can be observed from fact that
Xg — Xp _()_(R—MR)—()_(P—MP)+ KR — 1p
62/ng + 62 /np 62/ng + 62 /np J6R/ng+ 62 /np
since by CLT, Ke—pir)=(Xp—jtp) converges in distribution to N(0,1) distribution, and ——£8=£"_ s _co in probability as
62 /ng+63/np J62/ng+62/mp
min{ng,np} — oo.
For up —0pur — (1 —0)up <0 and g — up >0,

Tas = — —oo in probability,

lim P(Tas > q1—a/plTas > zo) = 0.

min{ng,np,ng}—o00

Because
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(Xg —pp) —O0Xg —ur) — (1 —0)(Xp —pp) e —Opg — (1 —0)up
= —+ — —

52 2452 _0)242 52 242 —0)2452
of 0°03 (1-0)°0p of 0°0% (1-0)0p
ng ngr np neg ngr np

Tni

in probability as min{ng, np,ng} — oo. Thus, we can conclude that the asymptotic FWER of AHT is 0 when either pgr — up
or ug —Oug — (1 —6O)up is an interior point of (—oo, 0], and consequently we have

lim P (Reject at least one true Has o0, Hni 0} < o
min{ng,ng,np}—o0

Numerically in Table 3, we show that AHT controls FWER for large sample sizes when either ugr — pp or g —Oug —
(1 —0)up is an interior point of (—oo, 0].

Another crucial observation is that g appears in AHT method and Theorem 2.1 is unknown, and hence g is required to
estimate to apply the method. To facilitate the discussion of estimation of 3, let us take

2
Op

o} N
R—Mp=C)/— T —,
w (22 ng | nip
where ¢ > 0 is a constant. Under this setup 8 can be expressed as

2 2
. - - o2/ng +03/n
,BZP(TA5+7MR add >Za)=P(TAs+C —A’E/ . AI;/ P>Zo:>,
Og/nr + 05 /np

KXe=X)=Xp=Xp) ypder the assumption of finiteness of the fourth order moment of the distributions F;(-),

where Tps = K- X
\/(7;%/'1R+<T,3/np

A —1/2
62 =02+ 0, "%, (6)

I € {R, P}. From assumption A2, (6) and a simple application of a Taylor series expansion, we may deduce that

2 2
op/Nr +0p5/n

,/—Ag/ RETBIMP g4 0, (g +np)'72), (7)
Of/nr + 05 /np

Using (7), B can be expressed as

B="P(Tas+c(14 0,((ng +np)~1/2)) > z4)
=P(Tas+c+ 0p((nr +np) "% > 2g)
=P(Tas > 24 —©) + O((ng +np)~/?)),

the last line follows from an application of delta method (Hall (1992)). }
We apply the bootstrap to estimate 8. To simplify the discussion on the bootstrap estimate of 8, let X%, and &[gz denote

the bootstrap version of Xg, and 6,%, computed from a resample {X;'g’l, el X;nR} from {Xg 1, ..., Xgng}. Similarly, )_(*I;, and
6;‘2 are the versions of Xp, and 6,%, computed from a {X;';’],...,X;ﬁqnp} from {Xp 1,..., Xp.np}. The bootstrap version of

2 2
od o5 /ng+of/np .
Tas+c,/ B ———FL5—is
AS 62/ng+63/np

~ R OA'I%/T[R-FOA‘I%/TIP
Tas+C | ==
Op /nR—i—oP /np

_ K= —Xp—ue)

where T = and ¢ = ——Xe=Xp

JOR2 /ng+652 /np 62 /ng+63/np

A2 ~2
o ~ .~ | Og/NgR+0p/n
ﬁB=P*(TK5+C\/R/R—AP/P >zO{)1

642 /ng + 652 /np

. The bootstrap estimate of g is

where P.(A) denotes the conditional probability of the event A given {Xg.1,..., Xrng}, and {Xp1,..., Xpnp}. Under the
assumption of finiteness of the fourth order moment, we can have

N A —-1/2
0[*2=U[2+Op(n, / ), (8)
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I € {R, P}. Under the assumption A2 along with (8) and a simple application of a Taylor series expansion, we can have the

~2 ~2
. Og/NR+0p /np
expansion of 5 mnt 612 mn as below
~2 ~2
Of /MR +05/n
ORMRAOHMP 4o (g +1p) ), 9)
*2 *2 p
Op°/nr+6p%/np

Using (9), 33 can be

) ~2
T Or/nR +0p/np _ )
P, T* +c %>Z>:P(T* +c(1+0 R 41 32 >Z)
*( e \/6;2/@ + 652 /np o x| Tas +( p (Mg +np) %)) > z4

= P*(ﬁ“s +c> za>
= P*(T:(s >zy — c) + 0((ng +np)~ "2y, (10)

the last line follows from an application of delta method (Hall (1992)). The bootstrap estimate P, <7~7\<s > Zy —c) of P (TAS >

zo — C | is second order correct (Hall and Martin (1988)), i.e. P, (T;s > Zy — c) = P(TAS >Zy — C) + 0p((ng + np)~ 1), so
(10) implies that

A2 A2

- o4 /ngr+ 05 /np ~ _ _

P*(Tﬁs“\/H >Za> :P<TAs>Za—C)+0p(<nR+np) 12)) = B+ 0, (g +np)~172)).
652 /ng + G52 /np

Hence Bp is a consistent estimator of f. We may easily deduce that AHT asymptotically controls FWER at level « if is
replaced by BB.

Due to the nonexistence of explicit expression of 33, we can use Monte Carlo approximation to ,33. Let {X;i,b =
(Xz,w'-"X;,nR)’b =1,...,M}, and {X’f,,b = (X;_’],...,X}S‘np),b =1,...,M} denote M independent and identically dis-
tributed resamples from {Xg1,..., Xrnz}, and {Xp1,..., Xpn,}, respectively. The Monte Carl approximation bootstrap
estimate to Bp is then

M _ _
o 1 ~ Xp — Xp
Bo= 1D (i > 20 — =),
b=1 V6B /ng+63/np
Let T;{SY], e TZ{S,M be the M values of Tas based M bootstrap samples of where Z(-) is the indicator function, and TXs.b =

(Xj p—XR)—(Xp ,—Xp)

vV 6% /MR /np .

Alternative to the bootstrap estimate of 8 is based on the normality approximation to the distribution of Tas under Has;.
The normal approximation based estimate of 8 can obtained as follows
Xr — Xp )

JOr/MR + 63 /np
In our simulation, we observe that BB gives better control on FWER of the AHT than that of ﬁN. Thus, empirical FWER and
power of the AHT are reported using the estimate Bg of 8. We now analyze the power of AHT method.

BNZI_CI)(Z(X_

Theorem 2.2. Let w1, = P(Tas > zo, Tnr > q(1_a/,3)|HA5,1,HN1,;) denote the power of AHT. Let limmin{nf,nR,np]—>oo T1,n = T1,00-
Then

(a) 7T],oo =1
(b) Let g —Ougr — (1 =0)up = ’ﬁl Under the assumptions A1-A3, then the asymptotic power of AHT has expression

T RN (RN )

6
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Fig. 1. Power curve of ATH procedure as function of p; ng =100, ng =100, np = 100.

Theorem 2.2(a) confirms that the AHT method is consistent against the alternative hypotheses in the sense that when
min{ng,ng,np} — oo AHT sets forth the non-inferiority of the experiment treatment when both the alternative hypotheses

Has1 and Hyjp are true. Theorem 2.2(b) considers the local asymptotic power of AHT. It reflects the characteristic that the
AHT’s power is between o and one when the values of g — up, and wg —Oug — (1 —0)up are close to the boundary

between the parameter spaces corresponding to the null and alternative hypotheses. By using the power function in Theo-
_8

rem 2.2(b), we can also compute the approximated power of AHT at g — wp and g —Oug — (1 — 6)p using equating
KR = P = g and g —Oug — (1 =0)p

—n

Tas and Ty, on asymptotic power of AHT.

h The next result discuss the effect of asymptotic correlation p, between
Corollary 2.1. Under the setup of Theorem 2.2(b),

1,00 IS an increasing function of p when p > 0,
and

1,00 1S a decreasing function of p when p <O.

The expression of p is discussed in Theorem 2.2. Corollary 2.1 establishes the asymptotic power of AHT for fixed values
of ur —pp and pug —Oug — (1 —0O)p, 71, increases with increased values of p when p is positive and 71, decreases
with increased values of p when p is negative.

Fig. 1 illustrates Corollary 2.1 for large ng,np, and ng. The powers w1 , of AHT are approximated for different values of
p using the expression in Theorem 2.2(b). Left side of the figure was generated under Xp ~normal(2,5), Xg ~normal (2.8,
5), and Xg ~normal (2.88, 3). Right side of the figure was generated under Xp ~ Exp (1/2), Xg ~ Exp(1/2.8), and X ~Exp
(1/2.88). The figure shows that the asymptotic power of AHT is a decreasing and also is an increasing function of p when
p <0, and p > 0, respectively.

3. Simulation study

In this section we present empirical results based on simulated data. We compare the suggested AHT method with
(Pigeot et al. (2003)) and Hasler et al. (2008)). For our convenience we refer the Pigeot et al. (2003) and Hasler et al. (2008)

tests as the traditional (tradi) and Hasler, respectively. We considered three scenarios to generate the data. In Scenario 1, Xg,

7



Doctopic: Statistical Methodology for Data Analysis

S. Ghosh, W. Guo and S. Ghosh

Table 1

The powers of assay sensitivity test at 2.5% level.
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Sample Sizes

(ng =ng =np =100)

(ng = 150, ng = 150, np = 75)

(ng =ng =np =300)

Scenario 1 0.72 0.72 0.99

Scenario 2 0.71 0.71 0.99

Scenario 3 0.64 0.69 0.98

Sample Sizes (ng =ng =np =100) (ng =150ng = 150np = 75) (ng =ng =np =300)
Method = AHT Case 2 Case 2 Case 2

Scenario 1 0.81 0.75 0.99

Scenario 2 0.80 0.80 0.99

Scenario 3 0.72 0.78 0.99

Table 2

Empirical FWER at 2.5% level corresponding to the configuration Has 1 N Hfu_o-

Sample Sizes

(nE =NnR =nNp = 100)

(ng = 150ng = 150np = 75)

(nE =NnR =nNp = 300)

Method = AHT Case 1 Casel Casel

Scenario 1 0.023 0.021 0.025

Scenario 2 0.017 0.021 0.024

Scenario 3 0.023 0.022 0.026

Sample Sizes (ng =ng =np =100) (ng =150ng = 150np = 75) (ng =ng =np =300)
Method = AHT Case 2 Case 2 Case 2

Scenario 1 0.023 0.026 0.024

Scenario 2 0.022 0.019 0.027

Scenario 3 0.026 0.022 0.028

Table 3

Empirical FWER at 2.5% level corresponding to the configuration Has 1 N Hr'\u.o corresponding to Scenario 1.

Sample Sizes (ng =ng =np =100) (ng =150ng =150np =75) (ng =ng =np =300)
Method=AHT Case 1 Casel Casel

MHE—Ougr — (1 —60)up =—0.02 0.021 0.018 0.014

MU —Ougr — (1 —60)up =—0.04 0.016 0.012 0.010

HUE—Ougr — (1 —60)up =—0.54 0 0 0

Sample Sizes (ng =ng =np =100) (ng =150ng = 150np =75) (ng =ng =np =300)
Method = AHT Case 2 Case 2 Case 2

HE—Ougr — (1 —0)up =—0.02 0.020 0.016 0.012

MU —0Ougr — (1 —60)up =—0.04 0.018 0.015 0.012

Mg —Ougr — (1 —0)up =—0.54 0 0 0

Xg, and Xp were generated from normal(ug, 3), normal(ug, 5), and normal(ip, 5). In Scenario 2, Xg, Xg, and Xp were
generated from double-exponential (g, 1.2), double-exponential (ig, 1.6), and double-exponential (1 p, 1.6). In Scenario 3,
Xg, Xg, and Xp were generated from Exp(1/ug), Exp(1/ug), and Exp(1/p). Scenarios 2 and 3 consider heavier tailed
distributions and skewed distributions, respectively. Second and third scenarios assess the robustness of our method and its
nonparametric extension.

Under each scenario, we considered two cases. In Cases 1, the value of the pair (ug, p) was set at (2.8, 2) and in Case 2,
we chose (g, mp) as (2.9, 2). For each combination of scenario and case, we considered three sets of the triple (ng, ng,np).
They were (100, 100, 100), (150, 150, 75), and (300, 300, 300). The powers of the assay sensitivity test corresponding to the
Case 1 and Case 2 are displayed in Table 1.

Under each combination of scenarios, cases, and sample sizes, the empirical FWERs for AHT method were computed
based on 2000 random samples. And empirical powers of AHT, tradi, and Hasler were also calculated based on 2000 random
samples. To evaluate the attained FWER of AHT, we computed empirical FWERs under the configuration Has 1 N Hni,o with
6 = 0.8. Empirical FWERs are reported in Tables 2-3.

For a given value of (ug, ;tp), we examined powers of AHT, tradi, and Hasler at (ug — up)/(g — mp) > 0.80, i.e. the
powers were calculated at (g — up)/(ugr — pp) = 0.90, 1.00, 1.10, 1.20, and 1.50. For computing empirical powers of AHT,
B =P(Tas > zy|Has,1) was replaced by its bootstrap estimate Bs. Along with the empirical powers of AHT, we also reported
the powers of AHT using the asymptotic formula given in Theorem 2.2 (b). They were displayed in parentheses in Tables 4-6.

Results from simulation data presented in Table 2 displays the empirical FWERs of AHT method under the configuration
Has 1N HE _ where HII\SII,O g —OuRr — (1 —0)ug = 0. The results in Table 2 show that empirical FWER of AHT method

NI,O’
are close the nominal size 0.025 under the all scenarios and all the cases, and they range from 0.017 to 0.028. Thus, Table 2



Table 4

Empirical Power at 2.5% FWER level corresponding to Scenario 1. The bracketed values are asymptotic powers based on Theorem 2.2(b).

nE:nR:np:lOO

KE—Ip _
MR—HP 0.90

RE—pp _
MR—[p 1.00

KE—Ip _
HR—IP 110

KE—Ip _
HR—IP 120

KE—Ip _
HR—IP 150

Method Case 1/Case 2
AHT 0.055 (0.049)/0.056 (0.054) 0.093 (0.089)/0.114 (0.104) 0.143 (0.147)/0.171 (0.181) 0.214 (0.222)/0.286 (0.281) 0.466 (0.492)/0.601 (0.617)
tradi 0.028/0.033 0.037/0.073 0.080/0.119 0.143/0.192 0.389/0.550
Hasler 0.030/0.031 0.043/0.069 0.081/0.118 0.140/0.210 0.367/0.521
_ _ _ KE—ILP _ KE=[tp _ KE=[p _ KE=Ip _ HE=Ip _
ng =150,ng =150,np =75 Hiw‘; =0.90 ufru‘; =1.00 Mfﬁﬂﬁ =110 Hiwi— 1.20 ﬁ— 1.50

Method Case 1/Case 2
AHT 0.052 (0.054)/0.064 (0.061) 0.097 (0.106)/0.136(0.128) 0.180 (0.183)/0.235 (0.230) 0.254 (0.282)/0.350 (0.362) 0.555 (0.581)/0.714(0.712)
tradi 0.040/0.045 0.063/0.102 0.139/0.211 0.213/0.306 0.523/0.687
Hasler 0.031/0.040 0.063/0.101 0.141/0.196 0.217/0.312 0.535/0.674
e —np — RE=p _ RE=Mp _ RE=Ip _ RE=IP _ KE=IP _
ng =ng =np =300 /Ai—m’; =0.90 ui—ui =1.00 ui—ui =110 ui—ui_ 1.20 Mi*#f’_ 1.50

Method Case 1/Case 2

AHT 0.083 (0.079)/0.082(0.089) 0.208 (0.195)/0.249(0.234) 0.389 (0.378)/0.469(0.456) 0.589( 0.592)/0.700(0.693) 0.966(0.963)/0.990 (0.989)
tradi 0.072/0.073 0.183/0.240 0.374/0.461 0.578/0.694 0.960/0.990

Hasler 0.080/0.075 0.186/0.230 0.376/0.445 0.585/0.712 0.970/0.987
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Table 5

Empirical Power at 2.5% FWER level corresponding to Scenario 2. The bracketed values are asymptotic powers based on Theorem 2.2(b).

nE:nR:np:lOO

KE—Ip _
MR—HP 0.90

RE—fp _
MR—Mp 1.00

KE—Ip _
HR—IP 110

KE—Hp _
MR—IP 120

HE—4p _
HR—HP 150

Method Case 1/Case 2
AHT 0.048(0.049)/0.051(0.054) 0.076(0.088)/0.111(0.104) 0.141 (0.146)/0.178(0.180) 0.204(0.220)/0.277(0.279) 0.435(0.485)/0.594(0.609)
tradi 0.017/0.027 0.046/0.064 0.071/0.111 0.137/0.215 0.387/0.526
Hasler 0.018/0.036 0.034/0.063 0.076/0.125 0.131/0.212 0.367/0.521
_ _ _ KE—IP _ KE—RP _ KE=Ip _ KE=Ip _ KE—Mp _
ng =150,ng =150,np =75 Hiwi =0.90 MEFH’; =1.00 uiﬂuﬁ =110 xtiﬁti =120 llgﬂl;”_ 1.50

Method Case 1/Case 2
AHT 0.045 (0.054)/0.062 (0.060) 0.092 (0.106)/0.134 (0.127) 0.163 (0.181)/0.219 (0.228) 0.257(0.278)/0.357 (0.357) 0.545 (0.571)/0.690 (0.703)
tradi 0.031/0.044 0.069/0.109 0.127/0.181 0.214/0.305 0.514/0.666
Hasler 0.033/0.047 0.0625/0.091 0.1230/0.191 0.2105/0.304 0.5260 /0.665
— — — — KE—IP _, KE—Kp __ KE—MP _ ME—Mp _ WE—Mp _
ng =ng =300 =np =300 ﬁ—O.BO uifu':: =1.00 ﬁ =110 ﬁ— 1.20 ui—ui_ 1.50

Method Case 1/Case 2

AHT 0.091(0.079)/0.107 (0.089) 0.213 (0.194)/0.229 (0.232) 0.387 (0.375)/0.457 (0.453) 0.588 (0.589)/0.700 (0.690) 0.956 (0.961)/0.986 (0.988)
tradi 0.077/0.098 0.190/0.225 0.377/0.437 0.570/0.690 0.955/0.973

Hasler 0.078/0.097 0.173/0.243 0.359 /0.426 0.570/0.701 0.9640/0.991
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Table 6

Empirical Power at 2.5% FWER level corresponding to Scenario 3. The bracketed values are asymptotic powers based on Theorem 2.2(b).

—np=np= KE—[p RE—ftp Ke—ftp KE—itp Re—ptp _
ng=ng =np =100 Ji—iy =090 ey = 1.00 e = 110 TP 1.20 iy =150
Method Case 1/Case 2
AHT 0.040 (0.041)/0.037 (0.043) 0.054 (0.063)/0.065 (0.069) 0.073 (0.092)/0.093 (0.104) 0.103 (0.127)/0.137 (0.147) 0.225 (0.255)/0.306 (0.304)
tradi 0.012/0.017 0.021/0.029 0.031/0.049 0.045/0.081 0.154/0.198
Hasler 0.012/0.018 0.021 /0.026 0.038/0.052 0.057/0.068 0.141/0.195
_ _ _ KE—Ip _ KE—Wp _ BRE—pp _ RE—[p _ KE—[p _
ng =150,ng =150,np =75 ﬁ—o.% ﬁ =1.00 ﬁ =110 ﬁ— 1.20 ﬁ— 1.50

Method

Case 1/Case 2

AHT
tradi
Hasler

0.060 (0.066)/0.092 (0.011)
0.043/0.067
0.035/0.058

0.098 (0.084)/ 0.112 (0.118)
0.071/0.085
0.069 /0.083

0.127 (0.113)/0.160 (0.161)
0.087/0.118
0.091 /0.117

0.159 (0.162)/0.213(0.209)
0.127/0173
0.131/0.176

0.326 (0.342)/ 0.395 (0.410)
0.249/0.331
0.2720/ 0.351

nE:nR:BOO:np:3OO

KE—Ip _
HR—[LP 0.90

KE—Hp _
i — 100

KE—Mp _
e 110

KE—Kp _
e 1.20

KE—Mp _
HR—[LP 150

Method Case 1/Case 2

AHT 0.062(0.059)/0.074 (0.063) 0.136(0.118)/0.143 (0.132) 0.219 (0.208)/0.233 (0.235) 0.337 (0.322)/0.378 (0.366) 0.702 (0.694)/0.771 (0.778)
tradi 0.045/0.060 0.107/0.126 0.182/0.214 0.317/0.358 0.682/0.764

Hasler 0.055 /0.059 0.100/0.125 0.180/0.232 0.303/0.357 0.6975/0.768
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confirms that the suggested method controls FWER. Table 3 reports the FWERs under the configuration Has 1 N Hr’xn,o' where

Hﬁu 0 ME—OuRr—(1—0)ug <0, ie. H{\H o denotes the interior of Hj,o. Table 3 reports empirical FWERs in several interior

values in (—oo, 0] assumed by g —6Oug —qQ —6)ug. These empirical FWERs demonstrate that the FWER control of AHT in
the interior of Hnjo. The empirical FWERs for Scenarios 2 and 3 under the same setup of the Table 3, not given for brevity,
are broadly similar to Scenario 1.

The empirical powers of AHT, tradi, and Hasler under the different combinations of scenarios and cases are presented in
Tables 4-6. These tables show that empirical powers and the asymptotic powers of AH are alike. Tables 4-6 indicate that
AHT method has more power than the tradi and Hasler when the power of assay sensitivity test is less than or close to 80%.
When the power of assay sensitivity close to 1, AHT method has slightly more power than the tradi and Hasler for smaller
the values of % In conclusion, Tables 4-6 demonstrate based on our simulated data that the proposed AHT is more

powerful than the tradi and Hasler.
4. Data example

We consider a study on “Mildly Asthmatic Patients to illustrate our proposed method. This study is discussed in Pigeot
et al. (2003). The primary outcome variable is FVC (forced vital capacity). The data set consists of experimental (ng = 35),
reference (ng = 19) and a placebo (np = 20) groups. The mean, and standard deviation for the outcome variable are 4.32,
and 1.16 for experimental group. The mean, and standard deviation for the outcome variable for the reference group are
4.86, and 1.03. For the placebo group the mean, and standard are 3.14 and 0.97. In order to perform non-inferiority testing,
first step is to establish the superiority of the reference group over the placebo. Since Tas = 5.36 > zg 25 = 1.96, so the
assay sensitivity is established. According to Pigeot et al. (2003), we chose 6 = 0.5, for assessment of noninferiority. The box
plots of Pigeot et al. (2003) show that the distributions of FVC for the experimental and placebo groups are symmetrical
whereas the distribution FVC for the reference group is skewed.

In the absence of study data and for assessing noninferiority of experimental to reference, we independently simulated
5000 samples of sizes 35 and 20 for the experimental and placebo groups from N(4.32,1.16) and N(3.14,0.97), respectively.
For the reference group we simulated 5000 samples of size ng =19 from a gamma (shape parameter=22.09, scale parame-
ter=0.22). Based on these 5000 simulated data sets, the powers of assessing the noninferiority of experimental corresponding
to AHT, tradi, and Hasler are 0.309, 0.279, and 0.268, respectively.

5. Discussion

This article presented a novel hierarchical testing procedure for three-arm non-inferiority trials. The developed method
does not depend on distributional assumptions on the treatment responses; thus, this procedure is robust. The analytical
and numerical studies indicate that the AHT procedure maintains FWER. Our simulation study shows that the proposed AHT
method is more powerful than the traditional testing procedure when the assay sensitivity test’s power is not close to one.
Both approaches have similar power when the power of the assay sensitivity test is close to one. Thus, we advocate using
the proposed method to analyze data from three-arm non-inferiority trials. Though this article concentrates on continuous
data, our future research in this direction considers the extension of AHT method to other data types, such as binary data
and count data.
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Appendix A

Proof of Lemma 2.1. To prove Theorem 2.1, we consider three configurations, specifically, Hﬁs,o N Hfll,ov Hﬁs_o N Hni,1, and
Hps1 N an,o- If H/}is,o is true then the FWER is controlled for the first two configurations Hﬁs,o N HEH,O and'Hﬁsy0 N A1,
provided the type I error of Hﬁs,o is controlled at level «. This observation is true under Hﬁs,o n Hﬁw because the
event, {rejecting Hll\;u,o}' occurs only when the event, {rejecting HES.O}, occurs. That is {rejecting Hf”,o} is a subset of
{rejecting Hf; ;} and the probability of {rejecting Hfg o} does not depend on the truth or falsity Hf, ,. Under Hfs o N Hni1,

type-I error of Hﬁs o is not associated with the rejection of Hﬁl o- Under the third configuration, Has 1 N Hfu 0

FWER =Py, . s ({rejecting Has,1) N {rejecting HRio)
= PHASWHQLO{TAS > Cl}PHAS_’mHﬁLO{TNI > C2|Tas > 1}

=0,
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since, by the construction PHASJQHEUYO{TAS >c1}=p and PHASJHHE]LO{TN] > €2|Tas > ¢1} = §. Under Has;1 N Hni1, FWER=0
since both Has,o and Hyj are false. Hence, we have the proof.

Xpi— Xp i— Xpp—
Proof of Lemma 2.2. Let us define Yg; = E';E“E, Yrj= R‘(’TR”R, and Ypy = %’“’ Then under Hyio, Tni can be ex-
pressed as

VNloeYE —00rYR — (1 —0)opYp — (g — Opg — (1 — 0)iup)]
\/ ot} +02% % RTR +(1— Q)ZGPTP

_ VnlogYEg —00rYr — (1 —0)opYp]

Tni=

, (A1)
\/ZET: +92 TR +(1- 9)201,1,,
mefﬁ=mr4y4ziﬁmJ—ﬂﬁamxm=%,m{aRfL
Now,
222 222 222 2 nR
OFlg | OpTR [ Oplp _ Of 1 -1 2 52
apn = + + =—E -1 v2 —DIO YR —nrY?)

"7 AEn AR.n AP AEn 121: Ei ; R K
(1-06)%0} _ _1 OF 0%0% _,(1—06)%0}
————"mp—1) <ZYP, np¥3) =ng(ng — 1) Ltnpp =17

)\P,n i—1 R.,n )LP,n

6202 B
+—<ns—1>* <ZYEI —-1)- —(nE—l) 'neYE + (nR 1>”Z<YR1—1)— R(nR — 1) 'ng Y3
i=1 i=1
( —9)201, 1 _a —0)%03 1 oo
= P mp—1 Y2 " Pmp—1"npY
T ) Z( i Ty @ = DY
2 2.2 2.2
o 005  (1-0)0; 11
=—£ 4+ + +0,(N"1?), (A2)
)LE,n )\R,n )\P,n P
the last line follows from the facts that n; ' Y1 (Y2, — 1) = (n_”z) Y2=0,m™"), and I = 0(1).

Under Has 1, Tas can be expressed as

(O'R}_/R_O'PYP)+ (R — 1P)

Tas = )
olt2  olt: okt | olt:
nR np ngr np
Vnl(orYr —opYp)l (g — pp)
= + , (A3)
olt} i olt? olt2 I olt?
AR.n AP.n MR Np,w
where n’ =ng +np, npy = C’TR and npy = —’,’. Similarly, we can have
222 222 2 2
o5t opT o _
ayp=-FR 4 PP _ R4 7P 4 o,mn?, (A4)
)NR,n )\P,n )\R,n )LP n
and
222 222 2 2
o;FT 05T o o _
byw=-2R 4+ LP_ R 4 P 4o,m1?, (A5)

nR.w np.nw nR.w np.n

since 5 = 0(1).

2

Zag (1-6)202 a,,

Let us introduce some notations a; = E + o + TU” ay = UR +
Uni = f[JEYE —0orYr—(1=6)opYp], and VN] w Based on Equations (A.1)-(A.5), we can have following
expression for (Tni, Tas) "

Vi'lpug — Mol 7

(Tnt, Tas) " = An(Uni, Vas) T + (0, \
2,n

+ 0,713, (A.6)
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where
a1 0
a
An — 1.n

[ G2
0 an’
To obtain the distribution of (Tni, Tas), we now consider the joint distribution of (Uni, Vas)'. Under the assumption
of Theorem 2.1, «/n;Y; — N(O, ){1) in distribution as min{ng,ng,np} — oo, where [ € {E, R, P}. By applying the delta

method (Serfling (1980), pp 122) to sequence {(Uni, Vas)'}, we can show that (Uni, Vas)'T — N2(0, ) in distribution
min{ng,ng,np} — oo, where 0 is zero vector, and

2 2
(1-0)op _ Oop

1 (0102)_1/2[ *p R
(1-9)o} _ %] 1

Ap AR

Y= ]

(@i1a)~

By using the above limiting distribution of (Uni, Vas)" along with Theorem 4.19 in Polansky (2011) in (A.6), we can con-
clude that

(Tni, Tas) " — Na(u, £) as min{ng,ng,np} — oo,

2 2
where p = (0, %)T, where by = ‘;—2 + Z—ﬁ is the limit of by, as min{ng,np} — oco.

Since as n — 0o, (Tni, Tas)| — Na(u, ), thus
TnilTas ~ ESN(O, 1, y, 7),

as min{ng,ng,np} — oo from the definition of extended skew-normal distribution.

Proof of Theorem 2.1. The arguments of Lemma 2.1 indicates that the suggested AHT method controls FWER asymptotically
under the configurations Hgs.o n HEH’O, Hﬁs,o N Hni,1 since the test Tas > z, is asymptotically of level «. Let’s consider the
FWER Under configuration Has1 N HE,

FWER =Py, ut (Tas > 2o, Tt > qi-a/p)
=B x PHASJanLO{TNI > q1—a/p|Tas > Za}.
-1
Under Has 1, B — |:1 —d(zg — %)] and %‘ — oc|:l —O(zy — %)] =1, as min{ng, ng,np} — oo. Since FE_S]N is a continuous
function on (0,1), thus qq/8 = FE’SlN(a/ﬂ) — @ as min{ng,ng,np} — oo. Based Lemma 2.2, we can conclude that
PHAS_mHgLO{TNl > q1-a/plTas > Za} — T,
as min{ng, ng,np} — oo. Thus,
8
FWER — |1 — ®(z4 — a_) T=«o
2

as min{ng,ng,np} — oo.
Under Has,1 N Hni,1, FWER=0 since both Hﬁs,o and Hf” o are false. Hence, we have the proof.

Proof of Theorem 2.2(a). 71, can be expressed

T1.n =P(Tas > Zg, TNI > q(1—a/p)|Has1, Hnip) =

MR — Up ME—OUur —(1—=0)up
P(Trs > 2o — TR > da—ayp) — [Has1, Hni1), (A7)
62 /ng + 62 /np \/O’E/HE + 6262 /ng + (1 —0)263/np
where T}, = <XE‘“E)f29(XRf’Z‘R>_(1_Q)A(ZX"_“”), and T} = w The arguments in the proof of Lemma 2.2 con-
A +0% 3R +(1-0)2 7E Ak 45k , o
clude that (T*, T*)T — N5(0, ¥) as n — oco. Again, z, — “E=£P and qq_ — te—fur—1-0)ip both diverge
(T Tas) ( ) g o r}ng qa-a/B) \/6§/n5+92&§/nR+(176)2&,3/11,) g

in probability to —oo. Thus, it follows that 71, — 1 as n — oo.
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Proof of Theorem 2.2(b). 771, can be written
MR — 1P
VO3 /ng +63/np
ME—0Our — (1 —0)up
\/552/715 +60262/ng + (1 —0)262/np

71,0 =P(Tas > Zo, TN > Q1—a/p) [Has1, HN1) = PHg; (TAs > Zo — )X

PHps 1, Hyia (TITII >q1-a/p) — [Tas > Za>~ (A.8)

Asymptotically, Py, (Tag > Za — HREHP Yy 51— B(zg — %) and using the similar arguments of Lemma 2.2 show that

\/5R/HR+?T§/”P

UE—0Our — (1 —0)up
/62 /ng + 6263 /ng + (1 — 0)262 np

h
PHps 1. Hyis (Tffu > q(1—a/p) — ITas > Za) — 1 — Fesn(@1—ay/p) — J_GT)

as n — oo. Thus, from (A.8) we have

) h
T1n —> [1 —D(zq — 5)] [1 — Fesn(G(1-a/p) — \/_0_1)}

as n — oQ.

Proof of Corollary 2.1. From Theorem 2.2(b), we know that
T [1 d><z 8 >:||:1 F (q h >i| (A.9)
1n—> | 1= - —resn{qa—a/p) — —— .
* o} | o3 o Jai

as n — oo. Since 1 — Fgsy <q(1_a/ﬂ) — fTT) in (A.9) depends on p, so it is sufficient to show that Fgsy <Q<1—a/ﬂ) — %) is

an increasing function of p. Using (2.48) of Azzalini (2005), we can express Fgsy (q(l,a/ﬁ) — J’—GT) as

h
h Pe(q1-a/p) — =+ T3 —P)
) _ AP~ Ya , (A10)

F _ -
ESN <Q(1 a/p) \/a ()

where ®p(u, v; p) is the standard bivariate normal distribution function. Since ®g(u, v; p) is an increasing function of p
(see Sibuya (1960)), thus ®g(q1—a/s) — JLGT T; —p) is an increasing function and a is decreasing function of p when p <0,

and p > 0, respectively. Hence, consequently, 1 — Fgsn (q(l,a /B) — ) is a decreasing and is an increasing function of p

_h
Jar
when p <0, and p > 0, respectively.
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