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1 Introduction

In this enlightening and stimulating paper, Professors Romano, Shaikh, and Wolf con-
struct two novel resampling-based multiple testing methods using the bootstrap and
subsampling techniques and theoretically prove that these methods approximately
control the FDR under weak regularity conditions. The theoretical results provide
a satisfactory solution to an important and challenging problem in multiple testing
on developments of FDR controlling procedures by exploiting unknown dependence
among the test statistics using resampling techniques.

In my comments, I address the related statistical and computational issues when
applying their bootstrap method to analyze high-dimensional, low sample size data
such as microarray data and suggest several possible extensions.

2 High-dimensional, low sample size data analysis

The bootstrap method provides asymptotic control of the FDR when the sample size
approaches infinity. Its finite sample performance is evaluated through some simu-
lation studies and analysis of two real data. For the simulated data, the number of
hypotheses tested is s = 50, and the sample size is n = 100. For the real data, one is
with s = 209 and n = 120, and another is with s = 21 and n = 31. For such simu-
lated and real data, the bootstrap method is competitive with existing methods, such
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as Benjamini et al. (2006), under independence and outperforms them under depen-
dence. A common feature of the simulation settings and real data is that s is relatively
small and 7 is relatively large. However, in practice, there are a number of applica-
tions where the number of null hypotheses of interest is very large relative to the
sample size. For example, in microarray experiments, often there are thousands or
tens of thousands of genes, but the sample size is just less than a dozen. A natural
question is: Can the bootstrap method be used for analyzing such high-dimensional,
low sample size data?

It is often likely for microarray data to contain several extreme outliers. When
the bootstrap method is applied to such microarray data, the extreme outliers may
appear in some bootstrap samples due to small sample size, resulting in a very large
bootstrap statistic. To compute the largest critical value c¢;, we take the (1 — sa)
quantile of the maximal bootstrap statistics. But, if quite a large fraction of those
maximal bootstrap statistics is very large, then the largest critical value will also be
very large, which leads to a situation where no hypothesis can be rejected by the
stepdown method. Therefore, to make the bootstrap method work well, it is perhaps
necessary to perform a preprocessing step to remove these outliers or choose some
robust statistics such as the median.

It is also likely that the data sets corresponding to many of the genes in a microar-
ray experiment are skewed. In any bootstrap sample, the maximal bootstrap statistic
over a large number of hypotheses is then likely to be quite large, thus resulting in
a very large bootstrap critical value to which to compare the largest observed statis-
tic. Since the suggested bootstrap method is a stepdown procedure, it is possible that
no hypothesis can be finally rejected at all. Therefore, when applying the bootstrap
method to microarray data analysis, it might be necessary to do some transformation
to alleviate the skewness of the data or choose some more appropriate test statistics.

With the help of Professor Wolf, I directly applied the bootstrap method in the
context of a two-sample ¢ test to a real microarray data (Hedenfalk et al. 2001). Per-
haps due to the presence of a few extreme outliers and a large number of skewed data,
the bootstrap method could not find any significant gene in this data set.

3 Computational problem

When the bootstrap method is applied to analyzing microarray data, it is a challenge
to compute all the critical values. For example, when Professor Wolf applied this
method, on my request, to a simulated data set with 4,000 variables, it took him
more than 70 hours to do the computations. In the following, we present a possible
improvement on the computational method of the critical values.

For a given estimate P of the unknown joint distribution P of the underlying
test statistics, the critical values, ¢;,i = 1,..., s, are defined recursively as follows:
having determined ¢y, ..., ¢;_1, compute ¢; according to the rule

¢j :inf{c ceR: FDRJ. pl0) < a},
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where
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is the FDR of the bootstrap method when there are exactly j true null hypotheses
under P, and the unknown P is estimated using the empirical distribution P of the
bootstrap test statistics generated by B bootstrap samples. That is, ¢; is the «-quantile
of FDRj p(0).
Note that in the above expression of FDRj p(0),
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For every b=1,..., B, let r;‘b denote the total number of rejections when apply-
ing a stepdown procedure with the critical constants ¢;,i = 1,..., j — 1, to the or-
dered test statistics Tl*;’ :i=1,...,j — 1. Then, (1) can be simplified as I{T;‘:’; >c,

r=s— r}”’ }, and hence FDRj p(c) can be expressed as

R
J b
FDRjy};(c):EZmI{Tj:jzc}. )
b=1 J
The expression (2) might be able to greatly simplify computation of the critical val-
ues.

Another point we need to be careful about is how the computational precisions
of former critical values influence that of the latter. When s is large, the maximum
critical value is determined by a large number of former critical values. Even though
these former critical values are slightly imprecise, their total effect on the maximum
critical values might be huge and thereby greatly changes the final decisions on null
hypotheses.

4 Some possible extensions
As we pointed out in Sect. 2, the bootstrap method is sensitive to a few extreme out-
liers or a large number of skewed data. For such data, it may lead to a very large value

for the maximum critical value. Since the bootstrap method is a stepdown procedure,
we may fail to detect any false null hypothesis using this method. To overcome the
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problems caused by the outliers or skewed data, a possible solution might be to de-
velop stepup procedures that are not sensitive to a few large maximum critical values.

As seen in Sect. 3, the computation of all critical values for the bootstrap method
is a challenging task. To apply the method, we need to go through two steps. We first
need to calculate all the critical values and then apply the corresponding stepdown
procedure to the observed test statistics. The reason is that the computation starts
from the minimum critical value and continues to the larger ones. In practice, it is
common that there are only a few false nulls in a large number of null hypotheses of
interest. Thus, one natural question is: Could we derive an algorithm which combines
computation of every critical value with the corresponding hypothesis testing? For
this algorithm, it starts by calculating the maximum critical value and continues up to
the critical value for which the corresponding hypothesis is not rejected. Therefore,
it is very likely that the whole test will stop in a few earlier steps, and thus we only
need to calculate a few of the larger critical values.

The asymptotic control of the suggested methods is proved when the sample size
approaches infinity, not the dimension of the data. However, in practice, the data sets
with high dimensions and low sample size are becoming more common due to the
developments of high throughput technologies. Therefore, it will be interesting and
important to develop similar resampling-based methods which can asymptotically
control the FDR in theory when the dimensions of the data approach infinity.
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