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Abstract

In applications such as clinical safety analysis, the data of the experiments usu-
ally consists of frequency counts. In the analysis of such data, researchers often face
the problem of multiple testing based on discrete test statistics, aimed at control-
ling family-wise error rate (FWER). Most existing FWER controlling procedures are
developed for continuous data, which are often conservative when analyzing discrete
data. By using minimal attainable p-values, several FWER controlling procedures
have been developed for discrete data in the literature. In this paper, by utilizing
known marginal distributions of true null p-values, three more powerful stepwise pro-
cedures are developed, which are modified versions of the conventional Bonferroni,
Holm and Hochberg procedures, respectively. It is proved that the first two proce-
dures strongly control the FWER under arbitrary dependence and are more powerful
than the existing Tarone-type procedures, while the last one only ensures control of
the FWER in special scenarios. Through extensive simulation studies, we provide
numerical evidence of superior performance of the proposed procedures in terms of
the FWER control and minimal power. A real clinical safety data is used to demon-
strate applications of our proposed procedures. An R package “MHTdiscrete” and a
web application are developed for implementing the proposed procedures.

Keywords: CDF of p-values, clinical safety study, multiple testing, stepwise procedure



1 Introduction

In the applications of clinical trials, multiple hypotheses testing is a very useful statistical
tool to analyze experimental data. Simultaneously testing multiple hypotheses is often
required in such applications. In single hypothesis testing, a typical error measure which
needs to be controlled is called type I error rate, the probability of falsely rejecting the
hypothesis while the hypothesis is true. There are several possible measures for the overall
type I error rate while testing multiple hypotheses. A standard error rate for clinical trials
is the familywise error rate (FWER), which is the probability of making at least one false
rejection.

In the existing literature, most FWER controlling procedures are developed for contin-
uous data and some widely used FWER controlling procedures include Bonferroni proce-
dure, Holm procedure [10], Hochberg procedure [9], etc. The first two procedures control
the FWER under arbitrary dependence and the last one controls the FWER under posi-
tive dependence. However, these procedures might be conservative when they are used to
analyze discrete data. A few researches have been devoted to develop FWER controlling
procedures for discrete data. Tarone [19] proposed a modified Bonferroni procedure for dis-
crete data, which reduces the number of tested hypotheses by eliminating those hypotheses
with relative large minimal attainable p-values. The Tarone procedure is more powerful
than the conventional Bonferroni procedure, but it lacks a-consistency, that is, a hypothesis
which is accepted at a given « level may be rejected at a lower a level. To overcome this
issue, Hommel and Krummenauer [11] and Roth [17] developed two modified versions of the
Tarone procedure, which not only control the FWER, but also satisfy the desired property
of a-consistency. By using Tarone’s idea, Hommel and Krummenauer [11] also developed
a step-down procedure for discrete data, which improves the conventional Holm procedure.
By using the similar idea, Roth [17] introduced a two-stage step-up procedure based on the
Hochberg procedure by eliminating non-significant tests at first stage, but this procedure
lacks of the property of a-consistency. Westfall and Wolfinger [20] introduced a resampling
based approach by simulating the null distribution of minimal p-value, which uses full set
of attainable p-values for each p-value. Gutman and Hochberg [7] developed new stepwise

procedures by using the idea of Tarone and the algorithm of Westfall and Wolfinger, but



these procedures are computationally intensive and only ensure asymptotic control of the
FWER. For references of recent developments in this area of research, see Heyse [8], Chen
et al. [2] and Déohler [4], and for applications of multiple testing procedures in clinical
safety studies, see Mehrotra and Heyse [14], Gould [6], Jiang and Xia [12], Dimitrienko et
al. [3], Goeman and Solari [5].

It is noted that these existing procedures for discrete data are mainly developed based
on minimal attainable p-values. In practice, if the minimal attainable p-values are known,
the corresponding true null distributions of the p-values are often also known. By fully uti-
lizing the true null distributions rather than the minimal attainable p-values, we develop
three simple and powerful stepwise procedures for discrete data. Specifically, we develop
new single-step, step-down, and step-up procedures for discrete data, which are modi-
fied versions of the conventional Bonferroni, Holm, and Hochberg procedures, respectively.
Theoretically, we prove that the first two procedures strongly control the FWER under
arbitrary dependence, whereas the last one only ensures control of the FWER in special
scenarios. We also show that the proposed procedures have several desired properties: (i)
the proposed single-step procedure is more powerful than the existing Tarone and modi-
fied Tarone procedures, whereas the proposed step-down procedure is more powerful than
the existing Tarone-Holm procedure; (ii) the proposed procedures satisfies the properties
of a-consistency and p-value monotonicity, which are desired for a multiple testing proce-
dure; (iii) simple formulas for adjusted p-values are given for these proposed procedures.
Through extensive simulation studies, we provide numerical evidence of superior perfor-
mance of the proposed procedures in terms of the FWER control and minimal power. Even
for the proposed step-up procedure, although we cannot provide theoretical guarantee of
its FWER control for general cases, we find out numerical validation of its FWER control
under various simulation settings. A real data set of clinical safety study is also used to
demonstrate applications of our proposed procedures.

The rest of the paper is organized as follows. With notations, assumptions and several
existing procedures for discrete data given in Section 2, we present our proposed stepwise
procedures and discuss their statistical properties in Section 3. The numerical findings

from simulation studies are given in Section 4 and a real application of clinical safety study



is presented in Section 5. Some concluding remarks are made in Section 6 and all proofs

are deferred to the appendix section.

2 Preliminary

Consider the problem of simultaneously testing m hypotheses Hy, ..., H,,, among which
there are mg true and m; false null hypotheses. Suppose the test statistics are discrete. Let
P; denote the p-value for testing H; and P; denote the full set of all attainable p-values for
H; such that P, € P;. Let F; denote the cumulative distribution function (CDF) of P; when
H; is true, that is Fj(u) = Pr(P; < u|H; is true). Let Py) < --- < P, denote the ordered
p-values and H(y), ..., H,) denote the corresponding hypotheses, with F{; denoting the
corresponding CDF of P;) when H;) is true and P(;) the corresponding set of all attainable

p-values of F;. We make the following assumption regarding Fj:

Assumption 2.1. The marginal distribution functions F; of all true null p-values P; are

known and satisfy F;(u) = u, for any u € P;; otherwise, Pr(P; < u) < u.

The assumption implies that the marginal distributions of discrete true null p-values are
exactly U(0, 1) distributed when u takes the attainable p-values of P;, and stochastically
larger than U(0,1) when u takes other values. For the joint distributions of the p-values,
throughout the paper we only consider two types of dependence structure, arbitrary depen-
dence structure, which allows any joint distribution of the p-values, and positive regression
dependence on subset (PRDS) (Benjamini and Yekutieli [1]; Sarkar [18]), which is often
satisfied in many multiple testing situations. The PRDS property is defined as follows.

Assumption 2.2. A set of p-values {Py...P,} is said to be PRDS, if for any non-
decreasing function of the p-values ¢, E{¢(Pi,...,Py)|P; < p} is non-decreasing in p
for each true null hypothesis H;.

For any multiple testing procedure (MTP), let V' denote the number of falsely rejected
hypotheses. Then, the FWER of this procedure, defined by FWER = Pr(V > 1) is
said to be controlled at level «, strongly unless stated otherwise, if it is bounded above

by a. That is, for any combination of true and false null hypotheses, the FWER of this



procedure is less than or equal to . In the literature, there are several popular FWER
controlling procedures available for any test statistics, such as Bonferroni, Sidak, Holm
(1979), Hochberg (1988), Hommel procedures, etc. Specifically, for discrete test statistics,
Tarone (1990) introduced a modified Bonferroni procedure below by using the smallest
attainable p-values to eliminate the non-significant tests, which has larger critical constant

than the conventional Bonferroni procedure.

Procedure 2.1 (Tarone). Suppose that p; are the smallest attainable p-values for H;. Let

Mo, k)= > I{p; < %} and K(a) = min{l <k <m: M(a,k) < k}. Then, reject H; if
i=1

(8%
P < .
~ K(o)

Note that the Tarone procedure does not satisfy the desired property of a-consistency
defined in Section 3.4 (Hommel and Krummenauer [11]). In order to overcome this issue,
Hommel and Krummenauer developed a modified Tarone procedure as follows, which is

proved satisfying the property of a-consistency.

Procedure 2.2 (Modified Tarone). Suppose that p} are the smallest attainable p-values
for H;. For any v € (0,a], let M(v,k) =Y I{p; < %} and

i=1
K(y) =min{l <k <m: M(v,k) < k}. Then reject H; if there exists an v € (0, ], such

that P, < ——

K(v)

By incorporating the idea of Tarone [19] into the conventional Holm procedure, Hommel
and Krummenauer [11] also developed a modified Holm procedure as follows for discrete

test statistics.
Procedure 2.3 (Tarone-Holm).
1. Set I ={1,...,m}.
2. Fork =1,...,|1], let Mi(v,k) = X I{p} < %} and K;(7) = min{k = 1,...,|I] :
My, k) < K}

v

3. Fori € I, reject H; if and only if P; <
Kr(v)

for some 0 < v < a. Let J be the
index set of the rejected hypotheses.

4. If J is empty, stop testing; otherwise, set I = I — J and then return to step 2.

5



In addition, Roth [17] developed a modified Hochberg procedure for discrete test statis-

tics based on the conventional Hochberg procedure by using the idea of Tarone [19].

3 Proposed Stepwise Procedures for Discrete Data

Many existing FWER controlling procedures for discrete data are developed based on the
idea of Tarone (1990), which only utilize partial information of true null p-values, so these
procedures might be conservative. In this section, we develop more powerful stepwise

procedures by fully exploiting known marginal distributions of true null p-values.

3.1 A new single-step procedure

By using the CDFs of true null p-values, we develop a new modified Bonferroni procedure

for discrete data as follows.

m m

Procedure 3.1 (Modified Bonferroni). Let s* = max{p € |JP;: > Fi(p) < a} and set
i=1 i=1

o
s* = — if the maximum does not exist. For any hypothesis H;, reject H; if its corresponding
m

p-value P; < s*.

It should be noted that the proposed modified Bonferroni procedure for discrete data
is a natural extension of the usual Bonferroni method. When all true null p-values are
U0, 1], its critical value s* = max{p € (0,1] : mp < a} = %, which is the same as that of
the usual Bonferroni procedure. Thus, the modified Bonferroni reduces to the conventional

Bonferroni procedure under such case. For the proposed procedure 3.1, the following result

holds.

Theorem 3.1. Procedure 3.1 (Modified Bonferroni) strongly controls the FWER at level

a under Assumption 2.1.

Compared to the existing Tarone’s procedure (Procedure 2.1) and modified Tarone’s

procedure (Procedure 2.2) for discrete data, we have

Proposition 3.1. Procedure 3.1 (Modified Bonferroni) is universally more powerful than
Procedures 2.1 (Tarone) and 2.2 (Modified Tarone), that is, for any H;, if it is rejected by
Procedure 2.1 or 2.2, it is also rejected by Procedure 3.1.
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It is useful to calculate its adjusted p-values for a multiple testing procedure, since one
can make decisions of rejection and acceptance as in single hypothesis by comparing the
adjusted p-values with the given significance level. By Westfall and Young, the adjusted
p-value for a hypothesis in multiple testing is the smallest significance level at which one
would reject the hypothesis using the given multiple testing procedure. Thus, the adjusted

p-values pl MBonf Of Procedure 3.1 for H; can be derived as follow:

pi,MBonf:min{l, ZF}(R)}, fOT?:: 1,...,m. (1)
j=1

It is easy to see that the adjusted p-values of Procedure 3.1 are smaller than or equal to
those of the conventional Bonferroni procedure, since for each fixed i and any j = 1,...,m,

F;(P,) < P;, then ) F;(P;) < mP; for any given p-values P,. Therefore, Procedure 3.1 is
j=1

uniformly more powerful than the conventional Bonferroni.

3.2 A new step-down procedure

By using the similar idea as in Section 3.1, we develop a new modified Holm procedure for

discrete data as follows.

Procedure 3.2 (Modified Holm). Fori=1,...,m, leta; = max{p € |J Py : > F;)(p) <
j=i j=i
Q@
m—i+1
reject Hy, ..., Hey and retain Higyqy, ..., Hiny, where i = max{i : Puy < oq,..., Py <

} with ag = 0. Then

a} if the mazimum exists, otherwise set cy; = max {ozi_l,

a;}, if the mazimum exists, otherwise accepts all the null hypotheses.

It should be noted that when all true null p-values are U|0, 1], the critical values

«

ai:max{pE(O,l]:(m—i+1)p§a}=m-

Thus, the proposed modified Holm procedure reduces to the conventional Holm procedure

under such case.

Theorem 3.2. Procedure 3.2 (Modified Holm) strongly controls the FWER at level o under
Assumption 2.1.



Compared to the existing Tarone-Holm procedure for discrete data (Procedure 2.3), we
can show that Procedure 3.2 is universally more powerful than Procedure 2.3, that is, for

any H;, if it is rejected by Procedure 2.3, it is also rejected by Procedure 3.2.

Proposition 3.2. Procedure 3.2 (Modified Holm) is universally more powerful than Pro-
cedure 2.3 (Tarone-Holm,).

Similar to Procedure 3.1, the adjusted p-values [f’(i), wmHoim Of Procedure 3.2 for corre-

sponding hypotheses H(; can be directly calculated as follows.

P(i),MHolm =

min {1, Z F(j)(P(l))} s 1= 1,
j=1

(2)
max {p(,-_l)MHolm,min {1, ZF(j)(P(i)>}} y 1= 2, oo,

3.3 A new step-up procedure

Similar to Procedures 3.1 and 3.2, by fully exploiting the marginal distributions of true
null p-values, we can also develop a new modified Hochberg procedure for discrete data as
follows, which has the same critical constants as Procedure 3.2.

Procedure 3.3 (Modified Hochberg). For i = 1,...,m, let a; = max{p € [J P :

j=i

> Fj(p) < a} if the mazimum exists, otherwise set o; = max {%‘1, Lﬂ} with
j=i m — 1

ag = 0. Then reject Hyy, ..., Hyy and retain Hgx iy, ..., Hyyy, where 0" = max{i : Py <

a;}, if the mazimum exists, otherwise accepts all the null hypotheses.

It should be noted that when all true null p-values are U|0, 1], the above procedure

reduces to the conventional Hochberg procedure.
Proposition 3.3. Suppose that the true null p-values are identically distributed, then

(1) Procedure 3.3 (Modified Hochberg) strongly controls the FWER at level o under As-
sumptions 2.1 and 2.2.

(ii) Procedure 3.3 (Modified Hochberg) rejects the same hypotheses as the conventional
Hochberg procedure.



When the true null p-values are not identically distributed, let us consider a special
case of testing two null hypotheses H;,i = 1,2 for which corresponding p-values P; under

H; only take two attainable values in [0, 1]. Denote the domain of P; under H; as
P; = {p;, 1}, where 0 < p; < 1.
Without loss of generality, assume p; < py and at least one of two hypotheses is true.

Proposition 3.4. Under the special case of testing two hypotheses described as above,

Procedure 3.3 (Modified Hochberg) strongly controls the FWER under Assumption 2.1.

Similar to Procedures 3.1 and 3.2, the adjusted p-values of Procedure 3.3 for corre-

sponding hypotheses H(; can be directly calculated as follows.

Fln) (Pmy) i=m,

ﬁ(i),MHoch = ] - m ]
min P(i+1),MHoch;ZF(j)(P(i)) , =M — 1,...,1.
J=1

3.4 Statistical property

In multiple testing, a-consistency is a desired statistical property for a multiple testing

procedure in terms of the significance level «, which is defined as follow:

Definition 3.1. A multiple testing procedure is called to be a-consistent if any hypothesis
that is rejected at a given « level by the procedure is always rejected at a higher o level by

the same procedure.

The property of a-consistency implies that for a given o/ > «, the set of rejections
determined at o' level will not become smaller than that at « level. This is a desirable
property in practice. For single hypothesis testing, it is trivial that this property is always
satisfied by any test. However, for multiple hypotheses testing, not all multiple testing
procedures satisfy this property. For example, Tarone’s procedure (Procedure 2.1) does
not satisfy this property. For our proposed Procedures 3.1, 3.2 and 3.3, it is easy to see
that they all satisfy this property.

Another favorable property of a multiple testing procedure is monotonicity in terms of

p-values, which is defined as follow:



Definition 3.2. A multiple testing procedure is called to be p-value monotone if one or
more p-values are made smaller, then at least the same or even more hypotheses would be

rejected by the same procedure.

It is easy to see that the property of p-value monotonicity is always satisfied by con-
ventional stepwise procedures and thus it is satisfied by all of our proposed procedures.
This property helps to avoid logical inconsistency of decisions of rejection and acceptance;
as such it is an essential requirement for a multiple testing procedure. Summarizing the

above discussion, we have

Proposition 3.5. Procedures 3.1, 3.2 and 3.3 satisfy the properties of a-consistency and

p-value monotonicity.

4 Simulation studies

In the following, simulation studies were performed to investigate the performances of the
proposed procedures in terms of the FWER control and minimal power. Our simulations
are conducted based on two typical discrete tests settings: Fisher’s Exact Test (FET) and
Binomial Exact Test (BET). Suppose we have two groups, study (1) and control (2) group.

1. FET: There are m independent binomial responses X;; observed for each of N
individuals in each group 4, such as X;; ~ Bin(N,pi1), Xio ~ Bin(N,p;) for
1 =1,...,m. The goal is to simultaneously test m one-sided hypotheses H; : p;1 = pio
vs. H} : pj1 < pi2, where p;; is the success probability for the i-th response in group
J,andi=1,...,m, j =1,2. We conduct the experiment using one-sided FET under

a level, then the test statistic T; ~ Hypergeometric(X;1, N, X1 + X2, 2N).

Set the number of hypotheses m = {5,10,15}, with true null proportion 7, =
{0.2,0.4,0.6,0.8} respectively. The sample size for the binomial response per group
used are N = {25,50,75,100,125,150}. For true null hypotheses, set the success
probability parameter of binomial response in each group as 0.1, and for false null
hypotheses set the success probability for study group as 0.1, and for control group as
0.2. Set a = 0.05. The observed individuals in the two groups are chosen randomly

from the Binomial distributions.
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2. BET: There are m Poisson responses observed in each group, such as X;; ~ Poi(\;1),
Xia ~ Poi(Ag) for i = 1,...,m. The goal is to simultaneously test m one-sided
hypotheses H; : A\i; = Ao vs. H] : Ay < Ay, where )\;; is the mean parameter
for the i-th response in group 7, and ¢ = 1,...,m, 7 = 1,2. We conduct the ex-
periment using one-sided BET under « level, then the test statistics for reference

group follow binomial distribution. Here we assume group 1 as reference group, then
Ait

it + A

Set the number of hypotheses m = {5,10,15}, with true null proportion 7y =

T; ~ Bin(Xiu + Xio, p;), where p; =

{0.2,0.4,0.6,0.8} respectively. For true null hypotheses set the mean parameter
of Poisson response in each group as A\;; = Ay; = 2, and for false null hypotheses
set the mean parameter for group 1 as A\;; = 2, and for group 2 as \y; = 10. Set
a = {0.05,0.1} respectively. The study and control group observed individual are

chosen randomly from the Binomial distributions.

By using the FET or BET one can calculate the available p-values P; and all attainable
p-values in the set P;. Then compute the simulated FWER, minimal power, number of
rejections as follows by taking average of B = 2000 iterations. The power comparisons are
based on the minimal power, which is defined as the probability of correctly rejecting at

least one false null hypotheses.

4.1 Numerical comparisons for single-step procedures

We now present simulation studies comparing the proposed Procedure 3.1 with available
single-step procedures we have introduced: Bonferroni procedure, Sidak procedure and
Modified Tarone procedure. Figures 1 and 2 show the simulated FWER levels and minimal
powers of all four procedures using the FET statistics. The detail results can be found
in Tables S1 and S2 in the supplementary material. From the simulation results one can

observe:

(i) The proposed Modified Bonferroni procedure (Procedure 3.1) always has higher FWER
level, and more powerful than the other three procedures. The simulation results

also verify that two discrete FWER controlling procedures (Modified Bonferroni and
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Simulated FWER
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Figure 1: Simulated FWER comparisons for different single-step procedures based on FET.

(iii)

Tarone) have higher FWER levels and provide more power than the other two classic

procedures (Bonferroni and Sidak).

The FWER levels are less conservative, and the power advantages are larger for
smaller size IV, since the data was more discrete for smaller N, then the improvement
is more obvious. For example, when testing m = 10 hypotheses, my = 0.2, which
implies there are 2 true nulls and 8 false nulls, the simulation result shows that the
FWER improvement of Procedure 3.1 (0.0020) is 300% higher than Tarone procedure
(0.0005) when the simulated data is from binomial with N = 5. But when sample
size N = 125, the improvement is only 35.7% (0.0095 versus 0.0070).

As the true null proportion becomes bigger, the proposed procedures FWER is closer

to nominal significant level 0.05, but power becomes smaller. The power of Procedure
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Methods MBonf -4 Tarone -=- Sidak Bonferroni

pi0=0.2 pi0=0.4 pi0=0.6 pi0=0.8
1.00 A .
< i —A
0.75 1 g " ot
e » w”
P / 7 <
0.50 A / w0 S ~ Al i
n” 4 / o % o1
7 L 4 e x”
0.251¢.7 7 F vl
& 1% -
¥ g
g 0.00- =
3 1.00 A = 1
o = ~ o |
TEU 0.751 s - A
i o g .
£ os0{ /S '/ /“/g i
> ,'3' ﬂ/ = x// 5
© J R ,/ L
2 0.254,7 4 7 o
"_35 - A7 yod ot o
“'»
€ 0.00+ L
U 1.00 i =
f 2 e - &
e x e
0.75 1 » , .
/ " X %
»° S )y i <
0504 / # 7 » i a
p g g, 5
0.25{47/ Sy @ ..
/ &/ ‘_,;'ﬁ
0.00+— : : : : : : : ; = ; ;
40 80 120 40 80 120 40 80 120 40 80 120
N

Figure 2: Simulated minimal power comparisons for different single-step procedures based

on FET.
3.1 becomes larger when testing more hypotheses or using larger sample size V.

We also conduct simulations by using the BET statistics. The results for the FWER
levels and minimal powers comparisons are shown in Tables S3 and S4 in the supplementary
material. One can observe the proposed Procedure 3.1 also controls FWER and are more
powerful than other three procedures under BET settings. For other findings, they are
similar to the simulation results based on FET.

The simulations for dependent true null p-values can also be performed. We conduct
simulation under specific block dependence structure for BET, the details for generating
the dependent simulation data can be found in supplementary material. Set the number
of hypotheses m = {5,10}, with true null proportion my = {0.4, 0.6, 0.8} respectively, and

the correlation p = {0,0.1,...,0.9}. The simulation results are shown in Figures 3 and
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4. Simulation results for more different scenarios can be found from Tables S9 and S10

Methods -+ MBonf -4 Tarone -=- Sidak — Bonferroni
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Figure 3: Simulated FWER comparisons for different single-step procedures based on the
blocking dependent BET.

in the supplementary material. From the simulation results, one can observe all the four
procedures simulated FWER are lower than the significant level 0.05. The powers for
each procedure are decreasing as the correlation coefficient becomes larger, and Procedure
3.1 are always more powerful than other three procedures no matter how the correlation

changes.
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Methods -+ MBonf -+ Tarone -=- Sidak — Bonferroni
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Figure 4: Simulated minimal power comparisons for different single-step procedures based

on the blocking dependent BET.

4.2 Numerical comparisons for step-down procedures

Similar to the single-step procedures, simulation studies for step-down procedures are per-
formed to compared the proposed Procedure 3.2 in terms of the FWER level and minimal
power compared with two existing step-down procedures: Holm procedure and Tarone-
Holm procedure in Hommel and Krummenauer (1998). We only applied FET to the step-
down procedures simulations, since using binomial exact test produces similar patterns.

Figures S1 and S2 in the supplementary material show the simulated FWER levels and
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minimal powers of the compared the step-down procedures using the FET statistics. The
detail results can also be found in the Tables S5 and S6 in the supplementary material.
The results show that proposed Procedure 3.2 always controls FWER and provides more
power than other procedures. Other numeric findings are similar to the single-step proce-
dures simulations. Moreover, compared with the Tables S1 and S2 results, the proposed
step-down Procedure 3.2 is more powerful than proposed single-step Procedure 3.1.

We also conduct simulation for step-down procedures under the block dependence struc-
ture for BET. Set the number of hypotheses m = {5,10}, with true null proportion
mo = {0.4,0.6,0.8} respectively, and the correlation p = {0,0.1,...,0.9}. The simulation
results comparing the step-down procedures are displayed in Figures S5 and S6. Simulation
results for more different scenarios can be found from Tables S11 and S12 in the supple-
mentary material. From the simulation results, one can observe the simulated FWER's
of all the three procedures are lower than the significant level 0.05. The powers for each
procedure are decreasing as the correlation coefficient becomes larger, and Procedure 3.2
are always more powerful than the other two procedures no matter how the correlation

changes.

4.3 Numerical comparisons for step-up procedures

Similar to the single-step procedures, simulation studies for step-up procedures are per-
formed to compared the proposed Procedure 3.3 in terms of the FWER level and minimal
power compared with two existing step-up procedures: Hochberg procedure and Roth pro-
cedure in Roth (1999). We only applied FET to the step-up procedures simulations, since
using binomial exact test produces similar patterns. Figures S3 and S4 in the supplemen-
tary material show the simulated FWER levels and minimal powers of the compared the
step-down procedures using the FET statistics. The detailed results canlso be found in the
Tables S7 and S8 in the supplementary material. The results show that proposed Proce-
dure 3.3 always controls FWER and provides more power than other procedures. Other
numeric findings are similar to the single-step procedures simulations. Moreover, compared
with the single-step and step-down procedures results, the proposed step-up Procedure 3.3

is more powerful than proposed single-step and step-down procedures 3.1 and 3.2.
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We also conduct simulation for step-up procedures under the block dependence structure
for BET. Set the number of hypotheses m = {5,10}, with true null proportion my =
{0.4,0.6, 0.8} respectively, and the correlation p = {0,0.1,...,0.9}. The simulation results
comparing the step-up procedures are displayed in Figures S7 and S8. Simulation results
for more different scenarios can be found from Tables S13 and S14 in the supplementary
material. From the simulation results, one can observe the simulated FWER's of all the
three procedures are lower than the significant level 0.05. The powers for each procedure
are decreasing as the correlation coefficient becomes larger, and Procedure 3.3 are always

more powerful than the other two procedures no matter how the correlation changes.

5 A clinical safety example

We apply the proposed stepwise procedures in clinical safety studies, since clinical safety
data is usually based on the count of patients to illustrate the adverse events exposures.
The example is from Mehrotra and Heyse (2004, Table 1), which reports the AE types for
two groups of toddlers for Body System 10. For illustration purpose, we reorder the data
based on the corresponding p-values, shown in the first three columns of Tables 1-3. The
goal of this clinical safety studies is to detect significant AEs (so-called “flagging”).

Our analysis includes nine AE types of No. 10 body system (skin), which are those with
a sufficient number of AE types to possibly detect statistical significance at the significant
level o = 0.05 using Fisher’s Exact Test (FET), conditional on the fixed marginal totals,
and assuming independence between sites. In the data, N; is the total number of toddlers
at group j, and Xj; is the observed number of the j-th group toddlers experiencing the
i-th AE, which is the events of interest, where i = 1,...,9 and j = 1,2 (1 is control
group receiving MMR and 2 is study group receiving the candidate vaccine MMRV). Here
N; = 148 and N, = 132. The first column of each table shows the index of the AE
types after reordering the data. The second and third columns are the numbers of toddlers
experiencing the corresponding AE in the control and study groups. By using two-sided

FET, available p-value P; and minimal attainable p-value p! for i-the AE type are calculated
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as follows: o N N

P,=Pr{T > Xy} = > Na (3)
= ()
where Xl = Xli + X2i7 NZ = Nli + NQi-
()
Pi = TN (4)
(%)

Table 1: A comparison of adjusted p-values for the Bonferroni Procedure, Sidak Procedure,
Procedure 2.2 and Procedure 3.1 when testing the hypotheses for nine AE types of Body
System 10 in the clinical safety data example from Mehrotra and Heyse [15], where the
numbers of patients for two groups are N; = 148 and Ny = 132.

1| Xy | Xog P P; Bong | Pisidak | Pir+ | PiMBong
1] 13 3 0.0209 | 0.1880 | 0.1731 | 0.0836 0.0534
2 8 1 0.0388 | 0.3490 | 0.2995 | 0.1551 0.1343
3 4 0 0.1248 | 1.0000 | 0.6986 | 0.8734 0.7134
4 0 2 0.2214 | 1.0000 | 0.8948 | 1.0000 1.0000
5| 6 2 1 0.2885 | 1.0000 | 0.9533 | 1.0000 1.0000
6 2 0 0.4998 | 1.0000 | 0.9980 | 1.0000 1.0000
7 1 2 10.6033 | 1.0000 | 0.9998 | 1.0000 1.0000
8 4 2 0.6872 | 1.0000 | 1.0000 | 1.0000 1.0000
9 2 1 1.0000 | 1.0000 | 1.0000 | 1.0000 1.0000

One can make decisions of rejection and acceptance by comparing the above adjusted
p-values for these procedures with the given significance level. Table 1 shows that for the
first three AE p-values P, ..., Ps, the adjusted p-values of Procedure 3.1 is smaller than
those of other traditional procedures, which implies these hypotheses are more likely to be
rejected by Procedure 3.1 than others, that is, those AEs are more easily flagged by using
Procedure 3.1.

Table 2 shows that for the AEs corresponding to hypotheses H(yy, Hip) and Hs), the
adjusted p-values of Procedure 3.2 are smaller than those of Holm and Tarone-Holm pro-
cedures. It implies that Procedure 3.2 has more chances to reject these three hypotheses
than the other two procedures, which in turn implies our proposed Procedure 3.2 could be

more powerful than the other two.
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Table 2: A comparison of adjusted p-values for the Holm Procedure, Procedure 2.3 and
Procedure 3.2 when testing the hypotheses for AE types of Body System 10 in the clinical
safety data example from Mehrotra and Heyse [15], where the numbers of patients for two

groups are Ny = 148 and N, = 132.

(@) | X1 | X2 | Pay | Paygoim | Payra- | Play.vHolm
(1) | 13 3 0.0209 | 0.1880 0.0836 0.0534
(2) 8 1 0.0388 | 0.3103 0.1163 0.0982
(3) 4 0 0.1248 | 0.8734 0.6238 0.5050
)| 0 | 2 |02214] 1.0000 | 1.0000 | 1.0000
(5) 6 2 0.2885 1.0000 1.0000 1.0000
(6) 2 0 | 0.4998 1.0000 1.0000 1.0000
(7) 1 2 0.6033 1.0000 1.0000 1.0000
(8) 4 2 | 0.6872 1.0000 1.0000 1.0000
(9) 2 1 1.0000 1.0000 1.0000 1.0000

Table 3: A comparison of adjusted p-values for the Hochberg Procedure, Roth Procedure
and Procedure 3.3 when testing the hypotheses for AE types of Body System 10 in the
clinical safety data example from Mehrotra and Heyse [15], where the numbers of patients

for two groups are N; = 148 and N, = 132.

(i) | X1 | Xoi | Puy | Py mochverg | Pliy,roth | Playstioen
(1) | 13 3 0.0209 0.1880 0.0836 0.0534
(2) 8 1 0.0388 0.3103 0.1552 0.0982
(3) 4 0 0.1248 0.8734 0.7246 0.5050
| 0o | 2 |0224] 10000 | 1.0000 | 1.0000
(5) 6 2 0.2885 1.0000 1.0000 1.0000
(6) 2 0 | 0.4998 1.0000 1.0000 1.0000
(7) 1 2 0.6033 1.0000 1.0000 1.0000
(8) | 4 2 | 0.6872 1.0000 1.0000 1.0000
(9) 2 1 1.0000 1.0000 1.0000 1.0000
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Table 3 shows that for the AEs corresponding to hypotheses H(yy, Hip) and Hs), the
adjusted p-values of Procedure 3.3 are smaller than those of Hochberg and Roth proce-
dures. It means Procedure 3.3 has more chances to reject H(yy,. .., H) than the other two
procedures, which in turn implies our proposed Procedure 3.3 could be more powerful than

the other two.

6 Conclusions

In this paper, we have developed three new FWER controlling procedures for discrete
data by fully utilizing marginal distributions of true null p-values rather than minimal
attainable p-values, which is often used in the developments of existing procedures for dis-
crete data. We have proved that the proposed modified Bonferroni and Holm procedures
strongly control the FWER under arbitrary dependence and are more powerful than the
existing Tarone-type procedures, whereas the proposed modified Hochberg procedure en-
sures control of the FWER in special scenarios. Through extensive simulation studies, we
have provided numerical evidence of superior performance of the proposed procedures in
terms of the FWER control and minimal power, even for the modified Hochberg. We have
also developed an R package “MHTdiscrete” and a web application for implementing the
proposed procedures.

A possible future work is to explore optimality of the suggested modified Bonferroni
and Holm procedures under arbitrary dependence, in the sense of that one cannot increase
even one of the critical constants while keeping the remaining fixed without losing control
of the FWER. Another possible future work is to incorporate some data-driven weights into
the proposed procedures to develop data-driven weighted FWER controlling procedures for

discrete data.
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7 Appendix

7.1 Proof of Theorem 3.1.

Proof. Let V denote the number of falsely rejected hypotheses and Iy the index set of true

null hypotheses, then

FWER = Pr{V >1} = Pr{U{B < s*}}

i€lp

<) Pr{P <5} =) Fi(s) (5)

i€lp i€lg
m

<) FE(s) <.
i=1

The first inequality follows from Bonferroni inequality. The last inequality follows from
the following arguments on the definition of s*: (i) if the maximum exists, the inequality

Q@
automatically holds; (ii) if the maximum does not exist, s* = — and thus by Assumption
m

2.1

?

ZF}(S*)Sszs*:m~ = .
i=1

=1

31e

The proof is complete. O

7.2 Proof of Proposition 3.1.

Proof. Firstly, we prove that Procedure 3.1 is universally more powerful than Procedures

2.1.
For Procedure 2.1, let Ry = {3 : pj < %}, then |Ri()| = M(o, K(a)) < K(o).
a
Thus,
= a a a
F; = Fi(——=) < o= < a.
S A = X Rl < Rrwl g <o 0
i=1 1€ERK (a)
Let

t*—min{pEUPi:p>s*}.

i=1
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Then, by the definition of s* in Procedure 3.1, we have

Zﬂ(t*) > a. (7)

Combining (6) and (7), we have < t*. Then there are two cases regarding the critical

«
K(a)
values s* and _a of Procedures 3.1 and 2.1:

K(«)

a
(i) if m < s*, it is trivial that the set of rejections by Procedures 2.1 is no larger
«

than that of Procedure 3.1;
(ii) if s* < 2 < t*, by the definition of t*, it follows that
K(a)

{Hi:P,-gs*}:{H,-:Pi<t*}:{Hi:R-§ﬁ}.

That is, the rejection sets for these two methods are the same.

Summarizing the above two cases, Procedure 3.1 always rejects any hypotheses rejected
by Procedures 2.1. That is, Procedure 3.1 is universally more powerful than Procedures
2.1.

Secondly, we prove that Procedure 3.1 is universally more powerful than Procedure 2.2.

= Y . Y
We show that f €(0,a], S Fj(——) < a. Let Rg(y = {i: pi < ——1}, then
e show that for any 7 € (0,0], 3= Fi(z7-5) < o Let Riy = {17 < g7}

|R(y)| = M (7, K(y)) < K(y). Thus,

ay AR 7
2 = 2 Flgy)
v ol (8)
< [Rr(y)] - K0 M(~y, K(v)) 50
<7<«

For the rest of proof, it is similar to the proofs used in the first part and the conclusion

follows. O]
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7.3 Proof of Theorem 3.2.

Proof. Let Iy be the indices of the true null hypotheses and V' the number of falsely rejected
hypotheses. If |I| = 0, then V =0 and FWER = 0 < « is trivial. When |Iy] = mo > 1,
let ]5(1) < .0 < P(mo) denote the mg ordered true null p-values, and Py < -+ < Py

denote the m ordered p-values.

A

Let k be the smallest (random) index of all ordered p-values satisfying Py = F1), that

is Py = rlrenlgl P;. Tt implies Py, ..., Py, include all true null p-values, that is,

Therefore,
FWER=Pr{V >1} < Pr{miInR- < oy}
1€lp
m (9)
<> Pr{P <o} <> Fylaw).
—k

i€lp Jj=

In the following, we prove by using induction that the following inequality holds for

k=1,...,m.

m

> Fylow) < o (10)

j=k
When k& = 1, by the definition of ay, if the maximum exists, then a; = max{p €
U Py : > Fj(p) < a}. Thus, it is trivial that the above inequality (10) holds. If the
j=1 j=1
maximum does not hold, then ay = av/m. Thus,

m
0%

ZF(j)(al) <ma; =m- = (11)
=1

Therefore, (10) holds for the case of k = 1.
Assume that the inequality (10) holds for & = i. In the following, we prove that
(10) also holds for k& = i + 1. By using the similar argument as in the case of k = 1,

if the maximum exists, the inequality (10) holds. If the maximum does not hold, then
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«
Q1 = mMax {Cki, m} Thus,

Z Fiy(aip1) < max{ Z Fij(ai), Z F(j)(moii)}

J=itl j=i+1 j=i+1
< maX{ZF(j)(ai), 3 a } <a, (12)
m —1
j=i j=i+1

where, the second inequality follows from Assumption 2.1 and the last inequality follows
from the induction assumption. Therefore, (10) holds for the case of k = i+1. By induction,
the inequality (10) holds for £ =1,...,m. Combining (9) and (10), we have FWER < «,

the desired result. O

7.4 Proof of Proposition 3.2.

Proof. For i = 1,...,m, denote I; as the index set of the ordered p-values starting from

P(l-), i.e., Ii = {(Z),,(m)} Let RKIZ-(’Y) = {j S Ii }, then |RKIZ-(’Y)‘ =

" g
tp; <

’ Kli (7)
My, (v, K1,(7)) < Kp,(7y). Thus, by using the similar argument as in the proof of Proposition

1.2, we have

;m[(j =2 Bl o)

i

> Fj(KIi(’Y)) < B ol K1,(7) (13

JERK ()

= MIi (77 KLL (7))

N
2
VAN
)

KL,’ (7) N
For the rest of proof, it is similar to that of Proposition 3.1 and the conclusion follows. [J



7.5 Proof of Proposition 3.3.

Proof. Since the true null p-values are identically distributed, let us assume that the true

null p-values P; have the same domain P and CDF F(-). Thus, for each i = 1,...,m,

a; = max{p € UIP’(j) : ZF(j)(p) < a}
j=i j=i

=max{peP:(m—i+1)F(p) <a} (14)

(07
= max pG]P’pSm_—H_l .

The last equality follows from Assumption 2.1. Obviously, a; < L’—i—l’ that is, o is
m—i

always smaller than or equal to the critical value ﬁ of the conventional Hochberg.
By the FWER control of the Hochberg procedure under under Assumption 2.2, we have
that Procedure 3.3 also controls the FWER under Assumption 2.2.

To prove (i), let R = max{i : P < m—Lz—kl} be the number of rejections by
the Hochberg procedure, then for each H;, H; is rejected by the Hochberg procedure if

Pi < P(R). Thus, by (14),

« «

Pigy = Py : Pay < — P.P<—
(r) = max{F : P } = max{ Rl

- :a’
“m-—1+1 R

which is the critical value ar using Procedure 3.3. Therefore, Procedure 3.3 rejects the

same hypotheses as the Hochberg procedure. O]

7.6 Proof of Proposition 3.4.

Proof. By the definition of the critical values of Procedure 3.3, the critical values «;,7 = 1,2

for this procedure under the special case of two null hypotheses are computed as

)
a2, a<p

Q=3p1, p<a<pt+p

D2, o> pr+p2
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and

o, o< py
Qg —

D2, « Z D2.
In the following, we prove control of the FWER for Procedure 3.3 for different combi-

nations of true and false null hypotheses.
Case 1. H; and H, are both true.
There are three attainable p-value settings in which at least one hypothesis is rejected.

(i) P, =p; and P, = 1. Since P, = 1 > «g, accept Hs. To reject Hy, one needs to check

if P, < ay,ie., p; <a. Thus, H; is rejected iff p; < a.

(i) P, = 1 and P, = po. Similarly, H; is accepted since P; > ay. To reject Hs, one
needs to check if P, < ay, which is equivalent to p; + p2 < a. Thus, Hs is rejected iff

p1+p2 < a.

(iii) P, = p1 and P = py. By the definition of step-up procedure, it is easy to check that
H, and H are both rejected iff p, < a; only H; is rejected iff p; < o < py. Thus, by
p1 < p2, we have that at least one hypothesis is rejected iff p; < a.
Therefore, if p; < a but p; +py > «a,
FWER = Pr{H; or Hy rejected}
=Pr(P,=p, P, =1)4+Pr(P = pi, P, = py) (15)
=Pr(PL=p)=p < a.
If p1 +p2 < a,
FWER = Pr{H, or Hy rejected}
=Pr(Py=p1,P,=1)4+Pr(P,=1,P, = py) + Pr(P, = p1, P, = p2) (16)
< Pr(Py=p1) + Pr(P = ps)

=p1+p2 < a
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If p; > «a,

FWER = 0. (17)

Combining (15)-(17), the desired result follows under Case 1.
Case 2. H, is true but H, is false.

By the p-value monotonicity of Procedure 3.3, its FWER is maximized when P, = 0
with probability 1. Thus, H; is rejected iff P, < as, which is equivalent to py < a.

Therefore, if ps < a,

FWER = Pr{H,; rejected} = Pr(P; = py)

(18)
=p1<p2 <o
otherwise,
FWER =0. (19)
Combining (18)-(19), the desired result follows under Case 2.
Case 3. H, is false but H, is true.
By using the similar arguments as in Case 2, we have
FWER = Pr{H, rejected} < a. (20)

Summarizing the above discussions under Case 1-3, we have that Procedure 3.3 strongly

controls the FWER, which completes the proof. O

Supplementary Materials
The online supplementary materials contain additional simulation results for indepen-

dent and dependent settings.
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