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ARTICLE INFO ABSTRACT

2000 MSC: The treatment of the differential PDE constraint poses a key challenge in computing the numer-
65L04 ical solution of the Serre-Green-Naghdi (SGN) equations. In this work, we introduce a constant
65L06 coefficient preconditioner for the SGN constraint operator and prove rigorous bounds on the pre-
2211;4017 5 conditioned conditioning number. The conditioning bounds incorporate the effects of bathymetry
76B15 in two dimensions, are quasi-optimal within a class of constant coefficient operators, highlight
76M22 fundamental scalings for a loss of conditioning, and ensure mesh independent performance for

iterative Krylov methods.

Keywords: Utilizing the conditioning bounds, we devise and test two time integration strategies for solv-
Preconditioning

ing the full SGN equations. The first class combines classical explicit time integration schemes
(4th order Runge-Kutta and 2nd-4th order Adams-Bashforth) with the new preconditioner. The
Green-Naghdi second is a linearly implicit scheme where the differential constraint is split into a constant co-
Dispersive shallow water efficient implicit part and remaining (stiff) explicit part. The linearly implicit methods require
High order time integration a single linear solve of a constant coefficient operator at each time step. We provide a host of
computational experiments that validate the robustness of the preconditioners, as well as full so-
lutions of the SGN equations including solitary waves traveling over an underwater shelf (in 1d)
and a circular bump (in 2d).

Linearly implicit
Serre equations

1. Introduction

The shallow water equations (SWEs) provide an effective model for simulating coastal waves and large-scale fluid circulation in
ocean basins. This includes important physical phenomena such as tides, storm surges, and the effect of extreme weather, such as
hurricanes, on wave generation.

From a modeling standpoint, the SWEs arise from an asymptotic expansion of the (depth-averaged) Euler equations truncated to
the leading O(1) term in § = h/4 < 1. Here § is a small parameter measuring the ratio of the mean water depth & to the characteristic
wavelength A. Carrying out the asymptotic expansion (in #) to the next order results in dispersive corrections to the SWEs. Physically,
the incorporation of dispersion to the SWEs plays an important role in the propagation of long waves at larger (but still small) g.
In particular, solitary waves may form through the balancing of dispersion and (steepening effects of) nonlinearity, while dispersion
may also regularize the formation of shocks.

The simplest models that incorporate dispersion arise under a weakly nonlinear assumption of small amplitude waves, i.e., a =
a/h < 1 with a the amplitude of the wave. These include models for long waves such as the Koreteweg de-Vries (KdV) equation [1]
and the Boussinesq equations [2] for uni- and bi-directional waves. Several important phenomena such as extreme events observed
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$(\vec {x}, z) \in \mathbb {R}^{D + 1}$


$D = 1$


$D = 2$


$\rho $


\begin {alignat}{2}\label {Eq:Euler1} \vw _t + \vw \cdot \nabla _3 \vw &= -\frac {1}{\rho } \nabla _3 p - \vec {g},\\ \label {Eq:Euler2} \nabla _3 \cdot \vw &= 0.\end {alignat}


$\vec {x} \in \Omega \subseteq \mathbb {R}^{D}$


$z \in \mathbb {R}$


$\vw = (\vu , w) \in \mathbb {R}^{D+1}$


$\vu \in \mathbb {R}^D$
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$\zeta (\vec {x},t)$


$\bar {\vec u}(\vec {x},t)$


\begin {align}\label {Eq:DepthAvV} \bar {\vec u}(\vec {x},t) = \frac {1}{\zeta +h}\int _{-h}^{\zeta }\vec {u}(\vec {x},z,t) \; \du z \; .\end {align}


$\overline {\vec {u}\otimes \vec {u}}$
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$\bar {\vec u}$


\begin {align*}\beta \equiv \frac {\bar {h}}{\lambda }\ll 1 \; , \quad \quad \zeta /\bar h = O( a/\bar h)=O(1) \;, \quad \quad \vert \bar \vu \vert /(g \bar h)^{1/2}=O(1) \; , \quad \quad \nabla h=O(\bar h/\lambda )=O(\beta ) \;.\end {align*}
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$\bar {\vec u}$


$O(\beta ^2)$


\begin {align}\label {Eq:dsweA} &\eta (\vec {x},t) =h(\vec {x})+\zeta (\vec {x},t)\;, \phantom {\left (\frac {1}{3}\right )} \\ \label {Eq:dsweB} &\eta _t + \nabla \cdot \left (\eta \bar {\vec {u}}\right ) =0\;, \\ \label {Eq:dsweC} &\bar {\vec {u}}_t+\bar {\vec {u}}\cdot \nabla \bar {\vec {u}}+g\nabla \zeta = \frac {1}{\eta }\nabla \left ( \tfrac {1}{3}\eta ^3~G +\tfrac {1}{2}\eta ^2F\right ) -\left (\tfrac {1}{2}\eta G+F\right )\nabla h \;,\end {align}


$G$


$F$


\begin {align}G=\nabla \cdot \bar \vu _t+ \bar \vu \cdot \nabla \left (\nabla \cdot \bar \vu \right )-\left (\nabla \cdot \bar \vu \right )^2\;,\qquad \qquad F=\bar \vu _t\cdot \nabla h +\left (\bar \vu \cdot \nabla \right )^2h\;. \label {Eq:defGF}\end {align}


$\alpha =O(a/\bar h)\ll 1$
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$\bar h = O(1)$


$\bar {\vu }$


$\vu $


$\eta $


$\vu _t$


\begin {align}\mG _{\eta , h}\vu _t + \eta \vu \cdot \nabla \vu + \eta \nabla \zeta &= \nabla \left \{\tfrac {1}{3}\eta ^3\left ( \vu \cdot \nabla \left (\nabla \cdot \vu \right ) - \left (\nabla \cdot \vu \right )^2\right ) +\tfrac {1}{2}\eta ^2 \left (\vu \cdot \nabla \right )^2h \right \} \nonumber \\ &\ \ -\eta \left \{\tfrac {1}{2}\eta \left (\vu \cdot \nabla \left (\nabla \cdot \vu \right )-\left (\nabla \cdot \vu \right )^2\right )+\left (\vu \cdot \nabla \right )^2h\right \}\nabla h, \label {Eq:MomEq}\end {align}


\begin {align}\label {Def:G} \mG _{\eta , h}\vu &\equiv \eta \vu - \nabla \left ( \tfrac {1}{3}\eta ^3 \;\nabla \cdot \vu \right ) -\nabla \left (\tfrac {1}{2}\eta ^2\nabla h \cdot \vu \right ) + \tfrac {1}{2}\eta ^2\nabla h \; (\nabla \cdot \vu ) +\eta \nabla h \; \left (\nabla h \cdot \vu \right ) .\end {align}


$\mG _{\eta ,h}$


$\nabla h = 0$


$\mG _{\eta , h} (\vu _t) = (\mG _{\eta ,h} \vu )_t - \mG _{\eta _t, h} \vu $


$\eta $


$(\mG _{\eta , h})_t$


$\eta , \vu , h$


$\vec {U} = \mG _{\eta ,h} \vu $


\begin {align}\label {Eq:DSWEcf1} &\eta (\vec {x},t) =h(\vec {x})+\zeta (\vec {x},t) , \phantom {\left (\frac {1}{3}\right )} \\ \label {Eq:DSWEcf2} &\eta _t + \nabla \cdot \left (\eta \vec {u}\right ) = 0 , \\ \label {Eq:DSWEcf3} &\vec {U}_{t} + \eta \nabla \zeta +\nabla (\eta \vec {u}\otimes \vec {u}) = \vec {F}(\eta , \vec {u}, h) , \phantom {\left (\frac {1}{3}\right )}\\ \label {Eq:DSWEcf4} &\vec {U} - \mG _{\eta , h}\vu = 0 ,\end {align}


$\vec {F}(\eta , \vec {u}, h)$


\begin {align}\nonumber \vec {F}(\eta , \vec {u}, h) &\equiv \nabla \left \{\tfrac {1}{3}\eta ^3\left (\vu \cdot \nabla \left (\nabla \cdot \vu \right ) -\left (\nabla \cdot \vu \right )^2\right )\right . +\eta ^2\nabla \cdot \left (\eta \vu \right )\nabla \cdot \vu \\ \nonumber &\hspace {3cm}\left . +\tfrac {1}{2}\eta ^2\left (\vu \cdot \nabla \right )^2h +\eta \nabla \cdot \left (\eta \vu \right )\nabla h\cdot \vu \right \} \\ \nonumber &-\nabla h\left \{\tfrac {1}{2}\eta ^2\left (\vu \cdot \nabla \left (\nabla \cdot \vu \right ) -\left (\nabla \cdot \vu \right )^2\right )\right . +\eta \nabla \cdot \left (\eta \vu \right )\left (\nabla \cdot \vu \right ) \\ \label {Def:bigF} &\hspace {3cm}\left .+\eta \left (\vu \cdot \nabla \right )^2h +\nabla \cdot \left (\eta \vu \right )\left (\nabla h\cdot \vu \right )\vphantom {\frac {1}{2}}\right \} .\end {align}


$\vu \otimes \vu $


\begin {align*}\nabla (\eta \vu \otimes \vu ) = \begin {pmatrix} (\eta u u)_x+(\eta u v)_y \\ (\eta u v)_x+(\eta v v)_y \end {pmatrix} \qquad \textrm {where} \qquad \vec {u}=(u,v) .\end {align*}


$d = 1$


$d = 2$


$\eta $
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$\vec {n} \cdot \vu = 0$


$\partial \Omega $


$\nabla h = 0$


$\nabla h = 0$


$\vec {F} = \nabla W$


$W(\eta , \vu )$


$\nabla \eta = \nabla \zeta $


\begin {align}\label {EQ:ConservativeForm1} \eta _t + \nabla \cdot \left (\eta \vec {u}\right ) &= 0 , \\ \label {EQ:ConservativeForm2} \vec {U}_{t} + \nabla \left ( \tfrac {1}{2}\eta ^2 + \eta \vec {u}\vec {u} - W\right ) &= 0 , \\ \label {Eq:ConservativeForm3} \vec {U} - \mG _{\eta } \vu &= 0 .\end {align}


$m$


$\vec {M}$


$E$


\begin {align*}m=\int _{\Omega }\zeta \du \vec {x},\qquad \vec {M}=\int _{\Omega }\vec {U} \du \vec {x}, \qquad E=\tfrac {1}{2}\int _{\Omega } \left [ \zeta ^2+ \eta (\vu \cdot \vu ) +\tfrac {1}{3}\eta ^3(\nabla \cdot \vu )^2 \right ]\du \vec {x}.\end {align*}


$\clubsuit $


$\mG _{\eta , h}$


$\mA $


$\Omega \subseteq \mathbb {R}^2$


$\partial \Omega $


$\Omega = \mathbb {T}^2$


$L_x, L_y$


\begin {align*}\mA = \sigma I - \alpha \nabla \cdot \nabla \,\end {align*}


$\sigma , \alpha > 0$


$(\sigma , \alpha )$


$\mG _{\eta ,h}$


$\mA $


$H_{\rm div}(\Omega )$


\begin {align*}H_{\rm div}(\Omega ) &\equiv \left \{ \vu \in [L^2(\Omega )]^2 \; | \; \nabla \cdot \vu \in L^2(\Omega ), \; \vec {n}\cdot \vec {u} = 0 \textrm { on } \partial \Omega \right \} ,\end {align*}


\begin {align*}\|\vu \|_{\rm div}^2 \equiv \int _{\Omega } \left [ |\vu |^2 + (\nabla \cdot \vu )^2 \right ] \du \vec {x} .\end {align*}


$\partial \Omega $


$\vec {n}(\vec {x})$


$\vec {x} \in \partial \Omega $


$\vec {u} \in H_{\rm div}(\Omega )$


$\vec {n}\cdot \vec {u} = 0$


$H^{-1/2}(\partial \Omega )$


$\Omega = \mathbb {T}^2$


$H_{\rm div}(\Omega )$


$\vec {n}\cdot \vec {u} = 0 \textrm { on } \partial \Omega $


$\vu $


$\eta = \eta (\vec {x}, t)$


$t$


$t$


$\mG _{\eta ,h}$


$\eta (\vx )$


$\vx $


\begin {align}\label {Eq:BasicAssumptions} \eta (\vx ), h(\vx ), \nabla h(\vx ) \in L^{\infty }(\Omega ), \quad \textrm {and} \quad \eta (\vx ) \geq \eta _{\rm min} > 0.\end {align}


$h$


$L^\infty $


$\eta $


$\eta (\vec {x},t) = 0$


$\sigma > 0, \alpha > 0$


$\sigma ^\star , \alpha ^\star $


$\mA $


$A : H_{\rm div}(\Omega ) \times H_{\rm div}(\Omega ) \rightarrow \mathbb {R}$


$B : H_{\rm div}(\Omega ) \times H_{\rm div}(\Omega ) \rightarrow \mathbb {R}$


$\mA $


$\mG _{\eta , h}$


\begin {align}\label {Def:Abilinear} A[\vu , \vv ] &\equiv \int _{\Omega } \left [\sigma \, \vu \cdot \vv + \alpha \, \big (\nabla \cdot \vv \big ) \big (\nabla \cdot \vu \big ) \right ] \, \du \vx \quad \quad \forall \vu , \vv \in H_{\rm div}(\Omega ) ,\end {align}


\begin {align}\nonumber B[\vu , \vv ] &\equiv \int _{\Omega } \Big [ \eta \, \vu \cdot \vv + \tfrac {1}{3} \eta ^3 \, \big (\nabla \cdot \vu \big ) \big (\nabla \cdot \vv \big ) + \tfrac {1}{2} \eta ^2 \, \big (\nabla \cdot \vv \big ) \big (\nabla h \cdot \vu \big ) \\ \label {Def:Bbilinear} & \quad \phantom {\int }+ \tfrac {1}{2} \eta ^2 \, \big (\nabla \cdot \vu \big ) \big (\nabla h \cdot \vv \big ) + \eta \, \big (\nabla h \cdot \vu \big ) \big (\nabla h \cdot \vv \big ) \Big ] \, \du \vx \, \quad \quad \forall \vu , \vv \in H_{\rm div}(\Omega ) .\end {align}


$A[\vu , \vv ] = (\vu , \mA \vv )$


$B[\vu , \vv ] = (\vu , \mG _{\eta ,h} \vv )$


$\vu ,\vv $


$( \cdot , \cdot )$


$L^2$


$A[\cdot , \cdot ]$


$B[\cdot , \cdot ]$


$A[\vu , \vv ] = A[\vv , \vu ]$


$B[\vu ,\vv ] = B[\vv , \vu ]$


$A[\cdot , \cdot ]$


$A[\vu ,\vu ] > 0$


$\vu \neq 0$


$B[\cdot , \cdot ]$


$\mA ^{-1} \mG _{\eta , h}$


$\mA ^{-1} \mG _{\eta ,h}$


$\vec {f} \in H_{\rm div}(\Omega )$


$\vec {w} = \mA ^{-1} \mG _{\eta ,h} \vec {f}$


$\vec {w} \in H_{\rm div}(\Omega )$


\begin {align}\label {Eq:Weakform} A[\vec {w}, \vv ] &= B[\vec {f}, \vv ] \; \quad \quad \forall \; \vv \in H_{\rm div}(\Omega ) .\end {align}


$\mG _{\eta ,h}^{-1} \mA $


$\vec {f} \in H_{\rm div}(\Omega )$


$\vec {w} = \mG _{\eta ,h}^{-1}\mA \vec {f}$


$\vec {w} \in H_{\rm div}(\Omega )$


\begin {align}\label {Eq:WeakformInvG} B[\vec {w}, \vv ] &= A[\vec {f}, \vv ] \; \quad \quad \forall \; \vv \in H_{\rm div}(\Omega ) .\end {align}


$\mG _{\eta ,h} \vu = \lambda \mA \vu $


$(\vu , \lambda ) \in H_{\rm div}(\Omega ) \times \mathbb {R}$


$\vu \neq 0$


\begin {align}\label {Eq:WeakGenEV} \lambda A[\vec {u}, \vv ] &= B[\vu , \vv ] \; \quad \quad \forall \; \vv \in H_{\rm div}(\Omega ) .\end {align}


$\lambda \in \mathbb {R}$


$\vu $


$H_{\rm div}(\Omega )$


$\mat {A} \vec {x} = \vec {f}$


$\mat {A} \in \mathbb {R}^n$


$\kappa (\mat {A}) \equiv \lambda _{{\max }}/\lambda _{{\min }}$


$\lambda _{{\max }}$


$\lambda _{{\min }}$


$\mat {A}$


\begin {align}\label {eq:CGRate} \| \vec {e}_k \|_{A} \leq 2 \left ( \frac {\sqrt {\kappa } - 1}{\sqrt {\kappa } +1 }\right )^{k} \| \vec {e}_0\|_{A} , \qquad \|\vec {x}\|_{A} \equiv \vec {x}^T \mat {A} \vec {x} .\end {align}


$\vec {e}_k = \vec {x}_k - \vec {x}^*$


$k$


$\vec {x}^* = \mat {A}^{-1} \vec {f}$


$\mat {A}$


$\mat {P}$


$\mat {A} \vec {x} = \vec {f}$


\begin {align}\label {Eq:PCGLinSyst} \mat {P}^{-1/2} \mat {A} \mat {P}^{-1/2} \vec {y} = \mat {P}^{-1/2} \vec {f} \quad \quad \textrm {with} \quad \quad \vec {y} = \mat {P}^{1/2} \vec {x} ,\end {align}


$\mat {P}$


$\mat {A}$


$\mat {P}^{-1} \mat {A}$


$\mat {P}$


$\mat {A}$


$\mA $


$\mG _{\eta , h}$


$\kappa $


\begin {align}\label {Def:PCG_cond_num} \kappa _{\mA }(\mG _{\eta , h}) \equiv \frac {\mu _{\rm \max }}{\mu _{\rm \min }} ,\end {align}


$\mu _{\min }$


$\mu _{\max }$


\begin {align}\label {Exp:RayleighQuotients} \mu _{\min } = \inf _{0 \neq \vu \in H_{\rm div}(\Omega )} \frac {B[\vu , \vu ]}{A[\vu , \vu ]} \quad \quad \textrm {and} \quad \quad \mu _{\max } = \sup _{0 \neq \vu \in H_{\rm div}(\Omega )} \frac {B[\vu , \vu ]}{A[\vu , \vu ]} .\end {align}


$\kappa _{\mA }(\mG _{\eta , h})$


$\mA ^{-1} \mG _{\eta ,h}$


$\kappa _{\mA }(\mG _{\eta ,h})$


$\kappa _{\mA }(\mG _{\eta ,h})$


$A[\cdot ,\cdot ]$


$B[\cdot ,\cdot ]$


$\kappa _{\mA }(\mG _{\eta ,h})$


$V \subset H_{\rm div}(\Omega )$


$\{v_i\}_{i=1}^n \in V$


\begin {align*}\mat {A}_{ij} = A[v_i, v_j] \qquad \mat {G}_{ij} = B[v_i, v_j] \qquad \textrm {for}\; i,j = 1, \ldots , n .\end {align*}


$\kappa (\mat {A}^{-1} \mat {G}) \leq \kappa _{\mA }(\mG _{\eta ,h})$


$\kappa (\mat {A}^{-1} \mat {G})$


$\clubsuit $


$\mG _{\eta , h}$


\begin {align}\label {Def:A} \mA \vu = \sigma ^\star \, \vu - \alpha ^\star \, \nabla (\nabla \cdot \vu ) ,\end {align}


$\mA ^{-1} \mG _{\eta ,h}$


$\mA $


$h \in W^{1,\infty }(\Omega )$


$\eta \in L^{\infty }(\Omega )$


$\eta $


$h$


\begin {align}\label {Eq:MaxMinWaveFields} |\nabla h|_{\rm max} \equiv \max _{\vec {x} \in \Omega } | \nabla h(\vec {x}) | , \quad \quad \eta _{\rm \min } \equiv \min _{\vec {x} \in \Omega } \eta (\vec {x}) , \quad \quad \eta _{\rm \max } \equiv \max _{\vec {x} \in \Omega } \eta (\vec {x}) .\end {align}


$|\nabla h|_{{\max }} = 0$


\begin {align}\label {Eq:FlatbathCoeff} \sigma ^\star \equiv \eta _{\rm max} , \qquad \qquad \alpha ^\star \equiv \tfrac {1}{3} \eta _{\rm max}^3 , \qquad \qquad \gb &\equiv \left (\frac {\eta _{\rm max}}{\eta _{\rm min}} \right )^{3} .\end {align}


$|\nabla h|_{{\max }} \neq 0$


\begin {align}\label {Eq:Optcoeff} \sigma ^\star &\equiv \, \max _{\vx \in \Omega } \, \left ( \eta (\vx ) + \tfrac {1}{6}(4 + \sqrt {13}) \eta (\vx )|\nabla h(\vx ) |^2\right ) , \quad \quad \alpha ^\star \equiv \tfrac {1}{6}(4 + \sqrt {13}) \, \eta _{\rm max}^3 , \\ \label {Eq:Optcoeffb} \gb &\equiv \, \max \left \{ \frac {\sigma ^\star }{\eta _{\rm min}}, \left (\frac {4+\sqrt {13}}{4-\sqrt {13}}\right )\left (\frac {\eta _{\rm max}}{\eta _{\rm min}} \right )^{3} \right \} .\end {align}


$|\nabla h|_{{\max }}$


$|\nabla h|_{{\max }} = 0$


$|\nabla h|_{{\max }}$


$h(\vec {x})$


$A, B : H_{\rm div} \times H_{\rm div} \rightarrow \mathbb {R}$


$\mA $


$\mG _{\eta , h}$


$\kappa _{\mA }(\mG _{\eta ,h})$


$\mA ^{-1}\mG _{\eta ,h}$


\begin {align}\label {Eq:CondNumBound} \kappa _{\mA }( \mG _{\eta ,h}) \leq \gb .\end {align}


$\lambda $


$\mG _{\eta , h} \, \vu = \lambda \, \mA \vu $


\begin {align}\label {Eq:EigValueBound} (\gb )^{-1} \leq \lambda \leq 1 .\end {align}


$\kappa _{\mA }( \mG _{\eta ,h})$


$\mG _{\eta ,h}$


$\mA $


$\mG _{\eta ,h}$


$\mG _{\eta ,h} \vec {u} = \vec {f}$


$\lambda $


$1$


$\kappa _{\mA }(\mG _{\eta ,h})$


$\mA $


$\eta _{\max }/\eta _{\min } \gg 1$


$\gb \sim (\eta _{\max }/\eta _{\min })^3$


$\max _{\vec {x} \in \Omega }\eta (\vec {x}) |\nabla h(\vec {x})|^2 \gg 1$


$\gb \sim \eta _{\max } |\nabla h|_{\max }^2$


$\sigma ^{\star }, \alpha ^{\star }$


$(\sigma , \alpha )$


$\kappa _{\mA }(\mG _{\eta ,h})$


$\kappa _{\mA }(\mG _{\eta ,h})$


$\sigma , \alpha > 0$


$\mA $


$\sigma , \alpha $


$\kappa _{\mA }(\mG _{\eta ,h})$


$\mA $


$\sigma ^{\star }, \alpha ^{\star }$


$\mA $


$\clubsuit $


$\eta (\vec {x}) |\nabla h(\vec {x})|^2$


$\eta _{{\max }} |\nabla h|_{{\max }}^2$


$\mA $


$\sigma ^\star $


$\eta (\vec {x}) |\nabla h(\vec {x})|^2$


$|\nabla h|_{{\max }}$


$\eta _{{\max }}$


$\mA = \sigma ^{\star \star } I - \alpha ^{\star \star } \nabla \nabla \cdot $


\begin {align}\sigma ^{\star \star } = \eta _{\rm max} \left ( 1 + \tfrac {1}{6}(4+\sqrt {13}) |\nabla h|_{\rm max}^2\right ) , \qquad \alpha ^{\star \star } = \tfrac {1}{6}(4 + \sqrt {13}) \, \eta _{\rm max}^3 .\end {align}


$\gb $


\begin {align}\gb &= \max \left \{ \frac {\eta _{\rm max}}{\eta _{\rm min}} \left (1 + \tfrac {1}{6}(4+\sqrt {13}) |\nabla h|_{\rm max}^2\right ), \left (\frac {4+\sqrt {13}}{4-\sqrt {13}}\right )\left ( \frac {\eta _{\rm max}}{\eta _{\rm min}} \right )^{3} \right \} .\end {align}


$\mA $


$\clubsuit $


$A[\cdot , \cdot ]$


$B[\cdot , \cdot ]$


$\clubsuit $


$\mA $


$\mG _{\eta ,h}$


$\mA $


$\mA $


\begin {align}\label {Eq:DAE1_DSWE} \frac {\partial }{\partial t} \begin {pmatrix} \eta \\ \vec {U} \end {pmatrix} &= \begin {pmatrix} -\nabla \cdot (\eta \vec {u}) \\ -\eta \nabla \zeta - \nabla \left ( \eta \vu \otimes \vu \right ) + \vec {F} \end {pmatrix} , \\ \label {Eq:DAE2_DSWE} \mG _{\eta , h} \, \vu &= \vec {U} ,\end {align}


$\vec {F}$


\begin {align}\label {Eq:DAE1} \vec {w}_t &= \vec {f}(\vec {w}, \vec {p}) , \\ \label {Eq:DAE2} \vec {g}(\vec {w}, \vec {p}) &= 0 ,\end {align}


$\vec {w} \in \mathbb {R}^n$


$\vec {p} \in \mathbb {R}^m$


$\vec {f} : \mathbb {R}^n \times \mathbb {R}^m \rightarrow \mathbb {R}^n$


$\vec {g} : \mathbb {R}^n \times \mathbb {R}^m \rightarrow \mathbb {R}^m$


$\vec {w} \approx (\eta , \vec {U})^T$


$\vec {p} \approx \vec {u}$


$\vec {f} \approx (-\nabla \cdot (\eta \vec {u}), \; -\eta \nabla \zeta - \nabla (\eta \vec {u}\otimes \vec {u})+ \vec {F})^T$


$\vec {g} \approx \mathcal {G}_{\eta ,h} \vec {u} - \vec {U}$


$\vec {p}$


$\vec {w}$


$\mathcal {G}_{\eta ,h}$


$\mG _{\eta ,h}$


$B[\cdot , \cdot ]$


$H_{\rm div}$


$\Delta t > 0$


$t_n = n \Delta t$


$t_n$


$\vu _n \approx \vec {u}(t_n)$


$\eta _n \approx \eta (t_n)$


$\zeta _n \approx \zeta (t_n)$


$\vec {U}_n \approx \vec {U}(t_n)$


$\clubsuit $


\begin {equation*}(a_{ij})_{i,j=1}^4 = \begin {pmatrix} & & & \\ \tfrac {1}{2} & & & \\ 0 & \tfrac {1}{2} & & \\ 0 & 0 & 1 & \end {pmatrix} , \qquad (b_i)_{i=1}^4 = \begin {pmatrix} \tfrac {1}{6} & \tfrac {1}{3} & \tfrac {1}{3} & \tfrac {1}{6} \end {pmatrix}^T , \qquad (c_i)_{i=1}^{4} = \begin {pmatrix} 0 & \tfrac {1}{2} & \tfrac {1}{2} & 1 \end {pmatrix}^T.\end {equation*}


$(i = 1, \ldots , 4$


\begin {align}\eta _n^{(i)} &= \eta _n + \dt \sum _{j = 1}^{i-1} a_{ij} \left ( -\nabla \cdot \left (\eta _n^{(j)} \vu _n^{(j)} \right ) \right ) , \\ \label {Eq:ERK_uStage} \vec {U}_n^{(i)} &= \vu _n + \dt \sum _{j=1}^{i-1} a_{ij} \; \left ( -\eta _n^{(j)} \nabla \zeta _n^{(j)} - \nabla \left ( \eta _n^{(j)} \vu _n^{(j)} \otimes \vu _n^{(j)} \right ) + \vec {F}_n^{(j)} \right ) , \\ \label {Eq:ERK_CStage} \mG _{\eta _n^{(i)}, h} \; \vu _n^{(i)} &= \vec {U}_n^{(i)} , \phantom {\sum _{i=1}^{i-1}}\end {align}


$\zeta _n^{(i)} =\eta _n^{(i)} - h$


\begin {align*}\eta _{n+1} &= \eta _n + \dt \sum _{j=1}^{4} b_j \left ( -\nabla \cdot \left (\eta _n^{(j)} \vu _n^{(j)} \right ) \right ) ,\\ \vu _{n+1} &= \vu _n + \dt \sum _{j=1}^{4} b_j \left ( -\eta _n^{(j)} \nabla \zeta _n^{(j)} - \nabla \left ( \eta _n^{(j)} \vu _n^{(j)} \otimes \vu _n^{(j)} \right ) + \vec {F}_n^{(j)} \right ).\end {align*}


$\mG _{\eta ,h}$


$\mA $


$\mA $


$\clubsuit $


$(a_j, b_j)_{j=1}^s$


\begin {align}\label {Eq:LMM_DAEa} \frac {1}{\Delta t}\sum _{j=0}^{s} a_j \vec {w}_{n+j} &= \sum _{j = 0}^{s-1} b_j \vec {f}(\vec {w}_{n+j}, \vec {p}_{n+j}) , \\ \label {Eq:LMM_DAEb} \vec {g}(\vec {w}_{n+j}, \vec {p}_{n+j}) &= 0 .\end {align}


$r$


$r=2,3,4$


$2$


\begin {align}\label {Eq:AB_1} \zeta _{n} &= \eta _{n} - h , \phantom {\sum _{j=1}^s} \\ \frac {1}{\dt }\sum _{j=0}^{s} a_j \eta _{n+j} &= -\sum _{j=0}^{s-1} b_j \nabla \cdot \left (\eta _{n+j} \vu _{n+j} \right ) ,\\ \label {Eq:AB_2} \frac {1}{\dt }\sum _{j=0}^{s} a_j \vec {U}_{n+j} &= \sum _{j=0}^{s-1} b_j\Big ( - \eta _{n+j} \nabla \zeta _{n+j} - \nabla (\eta _{n+j} \vu _{n+j} \otimes \vu _{n+j} ) + \vec {F}(\eta _{n+j}, \vu _{n+j}, h) \Big ) , \\ \label {Eq:AB_3} \mG _{\eta _{n+j}, h} \vu _{n+j} &= \vec {U}_{n+j} .\end {align}


$\mA $


$\mG _{\eta ,h}$


$\mat {A} \vec {p}$


\begin {align}\label {Eq:SplitDAE1} \mat {A}\vec {p} - \mat {A}\vec {p} + \vec {g}(\vec {w}, \vec {p}) = 0 .\end {align}


$(c_j)_{j=0}^{s}$


$t + \tau $


\begin {align}\label {Eq:ApproxDAE1} \mat {A}\,\vec {p}(t + \tau ) \approx \sum _{j=0}^s c_j \mat {A} \vec {p}_{n+j} + \mathcal {O}(\Delta t^{p}) .\end {align}


$c_s \neq 0$


$\mat {A}\vec {p}$


$\vec {p}$


$\mat {A}\vec {p} - \vec {g}(\vec {w}, \vec {p})$


$t + \tau $


\begin {align}\label {Eq:ApproxDAE2} \mat {A}\vec {p}(t+\tau ) - \vec {g}\big (\vec {w}(t+\tau ), \vec {p}(t+\tau )\big ) \approx \sum _{j=0}^{s-1} b_j \mat {A} \vec {p}_{n+j} - b_j \vec {g}( \vec {w}_{n+j}, \vec {p}_{n+j} ) + \mathcal {O}(\Delta t^{p}) .\end {align}


\begin {align}\label {Eq:IMEX_DAE} &0 = \sum _{j=0}^{s} c_j \mat {A} \vec {p} +\sum _{j=0}^{s-1} b_j \Big ( \vec {g}(\vec {w}_{n+j}, \vec {p}_{n+j}) - \mat {A} \vec {p}_{n+j} \Big ) ,\end {align}


$\mat {A}$


$\vec {g}$


$a_j, b_j, c_j$


$\mat {A} \approx \mA $


\begin {align}\label {Eq:MM_1} \zeta _{n} &= \eta _{n} - h , \phantom {\sum _{j=1}^s} \\ \frac {1}{\dt }\sum _{j=0}^{s} a_j \eta _{n+j} &= -\sum _{j=0}^{s-1} b_j \nabla \cdot \left (\eta _{n+j} \vu _{n+j} \right ) ,\\ \label {Eq:MM_2} \frac {1}{\dt }\sum _{j=0}^{s} a_j \vec {U}_{n+j} &= \phantom {-} \sum _{j=0}^{s-1} b_j\Big ( - \eta _{n+j} \nabla \zeta _{n+j} - \nabla (\eta _{n+j} \vu _{n+j} \otimes \vu _{n+j} ) + \vec {F}(\eta _{n+j}, \vu _{n+j}, h) \Big ) , \\ \label {Eq:MM_3} \sum _{j=0}^s c_j \; \mA \: \vu _{n+j} &= \phantom {-}\sum _{j=0}^{s-1} b_j \left ( \mA \vu _{n+j} - \mG _{\eta _{n+j}, h} \vu _{n+j} + \vec {U}_{n+j} \right ) .\end {align}


$\mA $


$3$


\begin {align}\label {Eq:SingularSys} \vec {w}_t = \vec {f}(\vec {w}, \vec {p}) \qquad \qquad \epsilon \vec {p}_t = \mat {A} \vec {p} + \big ( \vec {g}(\vec {w}, \vec {p}) - \mat {A} \vec {p} \big ) .\end {align}


$\mat {A}\vec {p}$


$\vec {g} - \mat {A}\vec {p}$


$\epsilon \rightarrow 0$


$(a_j, b_j, c_j)$


$p$


$\clubsuit $


$\Delta t = 0$


$\vec {g}(\vec {w}, \vec {p}) = \mat {G} \vec {p} - \vec {w}$


$\mat {G} \in \mathbb {R}^{m \times m}$


$\Delta t = 0$


\begin {align}\label {Eq:ZeroS1} \sum _{j=0}^{s} a_j \vec {w}_{n+j} &= 0 , \\ \label {Eq:ZeroS2} \sum _{j = 0}^{s} c_j \mat {A} \vec {p}_{n+j} &= \sum _{j=1}^{s-1} b_j \big ( \mat {A} \vec {p}_{n+j} - \mat {G}\vec {p}_{n+j} + \vec {w}_{n+j} \big ) ,\end {align}


$(\vec {p}_j, \vec {w}_j)$


$j = 1, \ldots , s$


\begin {align}\label {Eq:PolynomialCoeff} a(z) = \sum _{j = 0}^s a_j z^j , \qquad b(z) = \sum _{j = 0}^{s-1} b_j z^j , \qquad c(z) = \sum _{j = 0}^{s} c_j z^j .\end {align}


$\vec {w}_n$


$a(z)$


$a(z)$


$a(z)$


$\vec {w}_n$


$\vec {p}_n$


$\vec {p}_n$


$\vec {w}_n \equiv 0$


\begin {align}\label {Eq:ZeroS3} \sum _{j = 0}^{s} c_j \mat {A} \vec {p}_{n+j} &= \sum _{j=1}^{s-1} b_j \big ( \mat {A} \vec {p}_{n+j} - \mat {G}\vec {p}_{n+j} \big ) .\end {align}


$(\vec {\bar {p}}, \lambda )$


\begin {align}\label {Eq:GenEV} \lambda \mat {A} \vec {\bar {p}} = \mat {G} \vec {\bar {p}} \, \qquad (\mat {A} \vec {\bar {p}} \neq 0 ) .\end {align}


$\vec {p}_n = z^n \vec {\bar {p}}$


\begin {align}\label {Eq:CharEq} c(z) - b(z) + \lambda b(z) = 0 .\end {align}


$|z| < 1$


\begin {align}\mathcal {D} \equiv \big \{\lambda \in \mathbb {C} \; \big | \; |z| < 1 \; \textrm {holds for each}\; z \; \textrm {satisfying} \; (5.16) \big \}.\end {align}


$\mathcal {D}$


$a(z)$


$\lambda \in \mathcal {D}$


$\lambda $


$\mathcal {D}$


$\mathcal {A}^{-1}\mathcal {G}_{\eta ,h}$


$\lambda > 2$


$\mathcal {D}$


$\mathcal {D}$


$\mA ^{-1}\mG _{\eta ,h}$


$\eta $


$h$


$3,4$


$5$


$\mA ^{-1}\mG _{\eta ,h}$


$\mathcal {D}$


$\mA $


$d = 1$


$d=2$


$d=1$


$d=2$


$h(\vx ) = h_0$


$a > 0$


\begin {align}\nonumber \xi (x,y, t) &\equiv x \cos (\theta )+ y \sin (\theta )- c t + \xi _0 , \\ \label {ExSleta} \eta _{\rm s}(x,y, t) &= h_0 + a \sech ^2\big (\gamma \xi (x,y) \big ) ,\end {align}


\begin {align}\label {ExSlu} \vec {u}_{\rm s}(x,y,t) &= w(x,y,t) \, \big (\cos \theta , \sin \theta \big ) ,\\ w_{\rm s}(x,y,t) &= c \frac {1}{\eta _{\rm s}(x,y,t)} \big ( \eta _{\rm s}(x,y,t) - h_0 \big ) .\end {align}


$c$


$\gamma $


$a$


$h_0$


\begin {align*}c=\sqrt {h_0+a} \qquad \textrm {and} \qquad \gamma =\frac {\sqrt {3a}}{2 h_0 c} .\end {align*}


$\theta \in [0, 2\pi )$


$\xi _0 \in \mathbb {R}$


$a$


$d=2$


$\theta = 0$


$y = 0$


$w$


$d = 1$


$d=2$


\begin {align}\label {BC:periodic} \eta (x, y + L_y) = \eta (x + L_x, y) = \eta (x, y)\;, \qquad \vu (x, y+ L_y) = \vu (x + L_x, y) = \vu (x, y)\;,\end {align}


$\Omega = (0, L_x)\times (0,L_y)$


$L_x$


$L_y$


$x$


$y$


$n$


$d = 1$


$\Delta x$


\begin {align*}\Delta x = \frac {L}{n} \qquad x_j = j \, \Delta x \qquad 0 = x_0 < x_1 < \ldots < x_{n-1} = L - \Delta x .\end {align*}


$\vu (x)$


$\vu (x_j) \approx u_j$


\begin {align*}\vec {u} = (u_0, u_1, \ldots , u_{n-1})^T \in \mathbb {R}^n .\end {align*}


\begin {align*}u_x(x_j) \approx ( \mathbf {D} \mathbf {u} )_j \qquad \textrm {and} \qquad \mathbf {D} = \mathbf {F}^{-1} (\imath \mathbf {K}) \mathbf {F} ,\end {align*}


$\mathbf {F}$


$\mathbf {K}$


\begin {align*}k_j = \frac {2\pi }{L} j \qquad j = -\frac {n}{2}+1, \ldots , \frac {n}{2}-1 .\end {align*}


$n/2$


$0$


$\mG _{\eta , h}$


$\mA $


$\eta $


$h$


$\mathbf {G}$


\begin {align}\label {def:discrete_operators} (\mG _{\eta , h} \vu ) (x_j) \approx (\mathbf {G} \mathbf {u})_j \qquad (\mA \vu ) (x_j) \approx (\mathbf {A} \mathbf {u})_j \qquad (j = 0, \ldots , n-1).\end {align}


$\mathbf {A}$


\begin {align*}\mathbf {A} = \sigma ^\star \mathbf {I} + \alpha ^\star \mathbf {D}^{\dagger } \mathbf {D} ,\end {align*}


$\mathbf {D}^{\dagger } = \overline {\mathbf {D}}^T$


$\mathbf {D}$


$\mathbf {A}$


$\mathbf {G}$


$2-$


$\infty -$


\begin {align*}\| \mathbf {u} \|_{2, \Delta x}^2 = \Delta x \, \sum _{j = 1}^n u_i^2 \qquad \qquad \| \mathbf {u} \|_{\infty } = \max _{0 \leq i \leq n-1} |u_i| .\end {align*}


$2-$


$\mathbf {M} \succ 0$


$\mathbf {G}$


\begin {align*}\| \mathbf {u} \|_{2, \Delta x, \mathbf {M}}^2 \equiv \left (\mathbf {u}^{T} \mathbf {M} \mathbf {u}\right ) \, \Delta x \qquad (\mathbf {u} \in \mathbb {R}^n) .\end {align*}


$\| \mathbf {u} \|_{2, \Delta x}^2 = \| \mathbf {u} \|_{2, \Delta x, \mathbf {I}}^2$


\begin {align}\label {eq:matrixequation} \mathbf {G} \mathbf {u} = \mathbf {b} ,\end {align}


$\mathbf {u}^* \equiv \mathbf {G}^{-1} \mathbf {b}$


\begin {align}\label {def:discrete_Gerr} \varepsilon (\mathbf {u}) \equiv \frac {\| \mathbf {u} - \mathbf {u}^* \|_{2, \Delta x, \mathbf {G}}}{\| \mathbf {b} \|_{2, \Delta x}} = \frac {\| \mathbf {G}\mathbf {u} - \mathbf {b} \|_{2, \Delta x, \mathbf {G}^{-1}}}{\| \mathbf {b} \|_{2, \Delta x}} .\end {align}


$\varepsilon $


$\mathbf {u}$


$\mathbf {G}$


$\mathbf {G}\mathbf {u} - \mathbf {b}$


$\mathbf {G}^{-1}$


$\varepsilon $


$2$


$\infty $


$\varepsilon $


$\varepsilon $


$\mathbf {G}$


$\mathbf {A}$


\begin {align}\label {Eq:DiscreteGenEigvalue} \mathbf {G} \mathbf {u}_k = \lambda _k \mathbf {A} \mathbf {u}_k \qquad (\mathbf {u}_k \neq 0) \,\end {align}


\begin {align*}0 < \lambda _1 \leq \lambda _2 \leq \ldots \leq \lambda _n .\end {align*}


$d = 2$


$\mA $


$u$


$d = 1$


$\Omega = [0, 1]$


\begin {align}\label {Eq:Testproblem} \mG _{\eta ,h} u = b \qquad \textrm {where} \qquad b(x) = \cos (4 \pi x) .\end {align}


\begin {align}\label {Eq:Testproblem1_var} h(x) &= 1 + \hvar \exp \left ( - (x - 1/2)^2/\sigma ^2 \right ) , \qquad \sigma = 1/20 \\ \eta (x) &= 1 + \etavar \cos (4\pi x)^2 .\end {align}


$\etavar , \hvar \, \in (-1, \infty )$


$\hvar = 0$


\begin {align*}\frac {\eta _{\rm max}}{\eta _{\rm min}} = \etavar + 1 \qquad \textrm {and} \qquad |h_x|_{\rm max} = \frac {\sqrt {2}}{e^{1/2} \sigma } |\hvar | \approx 17.2 |\hvar | .\end {align*}


$\eta _0$


$|h_x|_{{\max }}$


$\gb \sim (\eta _0 + 1)^3$


$|h_x|_{{\max }}$


$\eta _0$


$\gb \sim (17.2)^2 \eta _0 h_0^2$


\begin {align}\label {Eq:DiscreteGEq} \mathbf {G} \mathbf {u} = \mathbf {b} \qquad \textrm {where} \qquad \mathbf {b}_j = b(x_j) \,\end {align}


$\mathbf {G}$


$\mathbf {u}^{(0)} = \mathbf {0}$


$\varepsilon (\mathbf {0})$


$\kappa _{\mA }( \mG _{\eta ,h}) \leq \kapub $


$\mathbf {A}, \mathbf {G}$


$\kappa (\mathbf {A}^{-1} \mathbf {G}) \leq \kapub $


$\{ \mathbf {u}^{(j)}\}_{j \geq 0}$


\begin {align}\label {Eq:pcg_upperbound} \varepsilon \left (\mathbf {u}^{(j)}\right ) \leq 2 \left ( \frac {\sqrt {\kapub } - 1}{\sqrt {\kapub } + 1} \right )^j \varepsilon ( \mathbf {0}) .\end {align}


$\lambda _k$


$k$


$\eta _0 = h_0 = 1$


$n=64$


$n=256$


$\kapub ^{-1}$


$\mG _{\eta ,h}$


$\mA $


$\sim [3 \times 10^{-2}, 3 \times 10^{-1}]$


$\sim 6$


$\eta _0 = h_0 = 1$


$n=64$


$n=256$


$[\kapub ^{-1}, 1]$


$\mathbf {A}$


$\hvar $


$\etavar $


$\etavar , \hvar $


$\kappa _{\mA }(\mG _{\eta ,h})$


$\varepsilon $


$\eta _0$


$h_0 = 1$


$\eta _0$


$n$


$\kapub $


$\varepsilon $


$h_0$


$\eta _0 = 1$


$h_0$


$n$


$\kapub $


$\varepsilon (\mathbf {u}^{(i)})$


$i$


$\vec {b}$


$\vu ^*$


$\varepsilon $


$\etavar $


$\hvar $


$\hvar $


$\etavar $


$\etavar , \hvar $


$\mathbf {A}$


$\etavar , \hvar $


$n$


$\varepsilon < 10^{-6}$


$\eta _0$


$h_0$


$n = 512$


$\varepsilon = 10^{-6}$


$\mG _{\eta ,h}$


$\mA $


$\sim [3 \times 10^{-2}, 3 \times 10^{-1}]$


$\sim 6$


$\kapub \sim (3\times 10^{-1})/(3 \times 10^{-2}) = 10$


$\clubsuit $


$\circ $


$\varepsilon < 10^{-12}$


$n$


$\eta _0 = h_0 = 1$


$\etavar = \hvar = 1$


$2^{5} \leq n \leq 2^{20}$


$\propto n \log _{10} n$


\begin {align}\label {eq:replacementcoeff_cond} \max _{x \in \Omega } \Big (\eta (x) + \lambda _{+} \eta (x)|h_x(x)|^2 \Big ) \ll \eta _{\rm max} (1 + \lambda _{+} |h_x|_{\rm max}^2)\end {align}


$\eta (x)$


$h_x$


$\sigma ^{\star \star }$


$\sigma ^{\star }$


$\hvar = 1$


$h(x)$


$\mG _{\eta , h}$


$\mA $


$\eta $


\begin {align*}\eta (x) = \left \{ \begin {array}{@{}cc} 0.1 & \textrm {if} \; x \in S \\ 0.1 \eta _0 & \textrm {if} \; x \notin S \end {array}\right . \qquad \textrm {where} \qquad S = \{x \in \Omega \; | \; |h_x(x)|^2 \leq 0.2\} .\end {align*}


$\varepsilon < 10^{-8}$


$n = 128$


$n = 512$


$\kappa _{\rm ub}$


$\eta _0 = 1$


$h_0 = 1$


\begin {align*}\mathbf {P} = (\mathbf {D} + \mathbf {L})\mathbf {D}^{-1}(\mathbf {D} + \mathbf {L}^{T}) \qquad \textrm {where} \qquad \mathbf {G} = \mathbf {D} + \mathbf {L} + \mathbf {L}^{T}.\end {align*}


$\mathbf {D}$


$\mathbf {G}$


$\mathbf {L}^T$


$\mathbf {L}$


$\mathbf {G}$


$\mathbf {P}$


$\mathbf {A}$


$v = 0$


$h$


$\eta $


$u$


$d=2$


$y-$


\begin {align}\label {Eq:ellipticalbump} h(x,y) &= \begin {cases} 1-\tfrac {1}{2} \cos ^2\left (\frac {\pi r}{2 r_0}\right ),& |r|\leq r_0\\1,& |r|\geq r_0 \end {cases}, \quad \quad \textrm {where} \quad r=\sqrt {a^2 x^2+ b^2 y^2}, \quad r_0=\tfrac {1}{2} \, \\ \eta (x,y) &= h(x,y) + \textrm {exp}\big (\cos (2\pi x) \big ) + \tfrac {1}{4}\sin (4\pi y) .\end {align}


$\nabla h$


$\mG _{\eta ,h}$


$\vec {b}$


$\vec {U} = \big (\cos (4\pi x), \cos ( 4\pi y) \big )$


$\nabla h$


$\nabla h$


$\kapub $


$\mat {A}^{-1} \mat {G}$


$\varepsilon $


$(a,b) = (1,1)$


$(1,20)$


$(1,40)$


$\kapub $


$\nabla h$


$\nabla h$


$\mA $


$\mG _{\eta ,h}$


$\sech ^2$


$L = 1$


\begin {align}h(x) = 2 + \sin (2\pi x) , \qquad \quad \eta ^{\star }(x, t) &= 2 + \sin (2\pi x) \sin (10t) , \qquad \quad u^{\star }(x, t) = \cos (2\pi x) \cos (10 t) .\end {align}


$\eta ^{\star }$


$u^{\star }$


$\eta ^{\star }$


$u^{\star }$


$t_f = 1$


$\eta ^{\star }$


$u^{\star }$


$t_f = 1$


$n = 256$


$10^{-14}$


$L^{\infty }$


$\eta $


$u$


$\mA $


$L^{\infty }$


$\eta $


$u$


$\dt = C \Delta x$


$\Delta x = 1/n$


$C = .2$


$C = .05$


$L = 80\pi $


$h_0$


$0.5$


$0.75$


$t = 0, 25, 75, 125$


$L = 1$


$h(x,y) = h_0 - b(x,y)$


$h_0 = 1.5a$


$b(x,y)$


\begin {align}\label {Eq:2dBarrier} b(x,y) = 0.75 \,a \, \textrm {exp}( -r(x,y)^2/(0.2)^2) \qquad r(x,y) = \sqrt {(x - 0.5)^2 + (y-0.5)^2} .\end {align}


$\eta $


$\vec {u}$


$45$


$a = 1/100$


$h(x,y)$


$\zeta $


$b(x,y) = \frac {1}{2} 0.75 a$


$t=0, .8, 1.6, 2.4, 3.2, 4.0$


$\zeta (x,y,t)$


$255 \times 256$


$\Delta t = \frac {1}{3} \Delta x$


$\sigma ^{\star }, \alpha ^{\star }$


$\mA $


$\mG _{\eta ,h}$


$\sigma ^{\star }$


$\alpha ^{\star }$


$\sigma ^{\star }, \alpha ^{\star }$


$\eta ^{\star }(x,t)$


$0 \leq t \leq T$


$\sigma ^{\star }$


$\alpha ^{\star }$


$\mA $


$\mA $


$\mG _{\eta ,h}$


$\mA $


$\mA $


$\mA $


$\mG _{\eta , h}$


$\mA $


$\mA $


$\exp (\mA )$


$\mA $


$A[\cdot ,\cdot ]$


$B[\cdot ,\cdot ]$


\begin {align}\label {Eq:A_Blockform} A[\vu , \vv ] &= \int _{\Omega } \begin {pmatrix} \vu ^T \; \; \nabla \cdot \vu \end {pmatrix} \begin {pmatrix} \sigma ^{\star } \mat {I} & 0 \\ 0 & \alpha ^{\star } \end {pmatrix} \begin {pmatrix} \vv \\ \nabla \cdot \vv \end {pmatrix} \, \du \vx , \\ \label {Eq:B_Blockform} B[\vu , \vv ] &= \int _{\Omega } \begin {pmatrix} \vu ^T \; \; \nabla \cdot \vu \end {pmatrix} \mat {M}(\vx ) \begin {pmatrix} \vv \\ \nabla \cdot \vv \end {pmatrix} \, \du \vx ,\end {align}


$\mat {M}(\vx )$


\begin {align}\label {Def:MatrixM} \mat {M}(\vx ) = \eta (\vx ) \begin {pmatrix} \mat {I} + \nabla h(\vx ) \, \nabla h^T(\vx ) & \tfrac {1}{2} \eta (\vx ) \, \nabla h(\vx ) \\ \tfrac {1}{2} \eta (\vx ) \, \nabla h(\vx )^T & \tfrac {1}{3} \eta ^2(\vx ) \end {pmatrix}.\end {align}


$\mat {M}$


\begin {align*}\mathrm {(MI)} \quad \quad (\gb )^{-1} \begin {pmatrix} \sigma ^{\star } \mat {I} & 0 \\ 0 & \alpha ^{\star } \end {pmatrix} \preceq \mat {M}(\vx ) \preceq \begin {pmatrix} \sigma ^{\star } \mat {I} & 0 \\ 0 & \alpha ^{\star } \end {pmatrix} \, \quad \textrm {holds} \; \textrm {for}\, \vx \in \Omega .\end {align*}


$\mat {I}$


$2\times 2$


$\mat {M}(\vx )$


$\mat {X} \preceq \mat {Y}$


$\mat {Y} - \mat {X}$


$|\nabla h|_{{\max }} = 0$


$\mat {M}$


\begin {align}\label {Eq:FlatBathMatrix} \begin {pmatrix} \eta _{\rm min} \mat {I} & 0 \\ 0 & \tfrac {1}{3}\eta _{\rm min}^3 \end {pmatrix} \preceq \begin {pmatrix} \eta (\vec {x}) \mat {I} & 0 \\ 0 & \tfrac {1}{3} \eta ^3(\vec {x}) \end {pmatrix} \preceq \begin {pmatrix} \eta _{\rm max} \mat {I} & 0 \\ 0 & \tfrac {1}{3} \eta _{\rm max}^3 \end {pmatrix} = \begin {pmatrix} \sigma ^{\star } \mat {I} & 0 \\ 0 & \alpha ^{\star } \end {pmatrix} .\end {align}


$\mat {M}$


$\eta _{{\max }} \geq \eta _{{\min }} > 0$


$|\nabla h|_{{\max }} \neq 0$


$\mat {R}(\vx )$


$2 \times 2$


$\nabla h(\vx )$


$\nabla h(\vec {x}) = 0$


$\mat {R} = \mat {I}$


\begin {align*}\mat {W}(\vx ) = \begin {pmatrix} \mat {R}(\vx )^T & 0 \\ 0 & 1 \end {pmatrix} \qquad \mat {R}(\vx ) \, \nabla h(\vx ) = \begin {pmatrix} 0 \\ |\nabla h(\vx )| \end {pmatrix} \qquad \mat {R}(\vx )^T \mat {R}(\vx ) = \mat {I}.\end {align*}


$\mat {W}(\vx )$


\begin {align}\label {Eq:RotateM} \mat {W}(\vx )^T \mat {M}(\vx ) \mat {W}(\vx ) = \begin {pmatrix} \eta (\vx ) & 0 \\ 0 & \widetilde {\mat {M}}(\vx ) \end {pmatrix} ,\end {align}


\begin {align}\label {Def:Mtilde} \widetilde {\mat {M}}(\vx ) = \begin {pmatrix} \eta (\vx ) & 0 \\ 0 & 0 \end {pmatrix} + \eta (\vx ) \begin {pmatrix} |\nabla h (\vx )| & 0 \\ 0 & \eta (\vx ) \end {pmatrix} \begin {pmatrix} 1 & \tfrac {1}{2} \\ \tfrac {1}{2} & \tfrac {1}{3} \end {pmatrix} \begin {pmatrix} |\nabla h (\vx )| & 0 \\ 0 & \eta (\vx ) \end {pmatrix} .\end {align}


\begin {align*}\textrm {(MI-R)} \quad \quad & (\gb )^{-1} \begin {pmatrix} \sigma ^\star \mat {I} & 0 \\ 0 & \alpha ^{\star } \end {pmatrix} \preceq \mat {W}(\vx )^T \mat {M}(\vx ) \mat {W}(\vx ) \preceq \begin {pmatrix} \sigma ^\star \mat {I} & 0 \\ 0 & \alpha ^{\star } \end {pmatrix} \quad \textrm {for}\, \vx \in \Omega .\end {align*}


$\mat {A} \preceq \mat {B} \Leftrightarrow \mat {Q}^T \mat {A} \mat {Q} \preceq \mat {Q}^T \mat {B} \mat {Q}$


$\mat {Q}$


$\mat {A}, \mat {B}$


$\textrm {diag}(\sigma ^{\star }, \sigma ^{\star }, \alpha ^{\star })$


$\mat {W}(\vx )^T$


$\mat {W}(\vx )$


$\widetilde {\mat {M}}$


$\lambda _{\pm }$


\begin {align}\label {Eq:NumberMatrix} \lambda _- \mat {I} \preceq \begin {pmatrix} 1 & \tfrac {1}{2} \\ \tfrac {1}{2} & \tfrac {1}{3} \end {pmatrix} \preceq \lambda _+ \mat {I} \qquad \textrm {where} \qquad \lambda _{\pm } = \tfrac {1}{6}(4 \pm \sqrt {13}) > 0 .\end {align}


$\widetilde {\mat {M}}$


\begin {align}\label {Eq:BoundsMtilde} \begin {pmatrix} \eta (\vec {x}) + \lambda _- \eta (\vec {x})|\nabla h(\vec {x})|^{2} & 0 \\ 0 & \lambda _- \eta ^3(\vec {x}) \end {pmatrix} \preceq \widetilde {\mat {M}}(\vx ) \preceq \begin {pmatrix} \eta (\vec {x}) + \lambda _+ \eta (\vec {x})|\nabla h(\vec {x})|^{2} & 0 \\ 0 & \lambda _+ \eta ^3(\vec {x}) \end {pmatrix} .\end {align}


$\mat {M}(\vx )$


$\vx $


\begin {align*}\mat {W}(\vec {x})^T \mat {M}(\vx ) \mat {W}(\vx ) &\preceq \begin {pmatrix} \eta _{\rm max} & & \\ & \max _{\vx \in \Omega }\left (\eta (\vec {x}) + \lambda _+ \eta (\vec {x})|\nabla h(\vec {x})|^{2}\right ) & \\ & & \lambda _+ \eta _{\rm max}^3 \end {pmatrix} , \\ &\preceq \textrm {diag}\big ( \sigma ^{\star }, \sigma ^{\star }, \alpha ^{\star }\big ) .\end {align*}


$\lambda _{+} \eta (\vx )|\nabla h(\vx )|^2 \geq 0$


$\eta _{{\max }} \leq \sigma ^{\star }$


$\mat {M}(\vx )$


$\mat {M}(\vx )$


$\vx $


\begin {align*}\mat {W}(\vec {x})^T \mat {M}(\vx ) \mat {W}(\vx ) &\succeq \begin {pmatrix} \eta _{\rm min} & & \\ & \min _{\vx \in \Omega }(\eta (\vec {x}) + \lambda _- \eta (\vec {x})|\nabla h(\vec {x})|^{2}) & \\ & & \lambda _- \eta _{\rm min}^3 \end {pmatrix} , \\ &\succeq \textrm {diag}\big ( \eta _{\rm min}, \, \eta _{\rm min}, \, \lambda _{-}\eta _{\rm min}^3 \big ) , \\ &\succeq (\gb )^{-1} \textrm {diag}\big ( \sigma ^{\star }, \, \sigma ^{\star }, \, \alpha ^{\star }\big ) .\end {align*}


\begin {align*}(\gb )^{-1} = \min \left \{ \frac {\eta _{\rm min}}{\sigma ^{\star }}, \frac {\lambda _{-}}{\lambda _{+}}\left ( \frac {\eta _{\rm min}}{\eta _{\rm max}}\right )^3 \right \} ,\end {align*}


$(\gb )^{-1} \sigma ^{\star } \leq \eta _{{\min }}$


$(\gb )^{-1} \alpha ^{\star } \leq \lambda _{-}\eta _{{\min }}^3$


$\mat {M}(\vx )$


$A[\cdot , \cdot ], B[\cdot , \cdot ]$


\begin {align}\label {Eq:VarIneq} (\gb )^{-1} \, A[\vu , \vu ] \leq B[\vu , \vu ] \leq A[\vu ,\vu ] \, \quad \forall \vu \in H_{\rm div}(\Omega ) .\end {align}


$\vu \in H_{\rm div}(\Omega )$


$(\vu ^T, \nabla \cdot \vu )^T \in (L^2(\Omega ))^3$


$(\vu ^T \;\; \nabla \cdot \vu )^T$


\begin {align}\label {Eq:Ineq1} \begin {pmatrix} \vu ^T \; \; \nabla \cdot \vu \end {pmatrix} \mat {M}(\vx ) \begin {pmatrix} \vu \\ \nabla \cdot \vu \end {pmatrix} \leq \begin {pmatrix} \vu ^T \; \; \nabla \cdot \vu \end {pmatrix} \begin {pmatrix} \sigma ^{\star } \mat {I} & 0 \\ 0 & \alpha ^{\star } \end {pmatrix} \begin {pmatrix} \vu \\ \nabla \cdot \vu \end {pmatrix} ,\end {align}


$\vu \in H_{\rm div}(\Omega )$


$\vx \in \Omega $


$\Omega $


$B[\vu ,\vu ] \leq A[\vu ,\vu ]$


$\kappa _{\mA }( \mG _{\eta ,h}) \leq \gb $


$A[\vu ,\vu ]$


$\lambda $


$\mA ^{-1} \mG _{\eta ,h}$


$(\gb )^{-1} \leq \lambda \leq 1$


$\vv = \vu $


$(\vu , \lambda )$


$B[\vu , \vu ] = \lambda A[\vu ,\vu ]$


\begin {align}(\gb )^{-1} A[\vu , \vu ] \leq \lambda A[\vu , \vu ] \leq A[\vu , \vu ] .\end {align}


$A[\vu , \vu ] \neq 0$


$(\sigma ^{\star }, \alpha ^{\star }, \gb )$


$\mA ^{-1} \mG _{\eta , h}$


\begin {alignat*}{2} (P) \qquad &&\textrm {Minimize:} & \quad \gamma \\ &&\textrm {Subject to:} & \quad \mat {M}(\vx ) \preceq \begin {pmatrix} \sigma \mat {I} & 0 \\ 0 & \alpha \end {pmatrix} \preceq \gamma \, \mat {M}(\vx ) \, \quad \textrm {holds for} \; \vx \in \Omega ,\end {alignat*}


$\gamma $


$\sigma $


$\alpha $


$\gamma ^{\star }_{\rm P}$


$\nabla h$


$\eta $


$\gb $


$\eta , \nabla h \in L^{\infty }(\Omega )$


$\eta _{{\min }} > 0$


$\gb $


\begin {align}\label {Eq:Quasiopt_Inequality} \gamma ^{\star }_{\rm P} \leq \gb \leq \left (\tfrac {4 + \sqrt {13}}{4 - \sqrt {13}}\right ) \gamma ^{\star }_{\rm P} .\end {align}


$\nabla h = 0$


$\gb = \gamma ^{\star }_{\rm P}$


$\gb $


$\gamma ^{\star }_{\rm P}$


$\eta $


$\nabla h$


$\gb $


$\eta $


$\nabla h$


\begin {align}\label {Def:S} \mathcal {S} &\equiv \left \{ (\sigma , \alpha , \gamma ) \in \mathbb {R}^3 \; \Big | \; \mat {M}(\vx ) \preceq \begin {pmatrix} \sigma \mat {I} & 0 \\ 0 & \alpha \end {pmatrix} \preceq \gamma \, \mat {M}(\vx ) \right \} , \\ &= \left \{ (\sigma ,\alpha , \gamma ) \in \mathbb {R}^3 \; \Big | \; \eta (\vx ) \leq \sigma \leq \gamma \, \eta (\vx ), \quad \widetilde {\mat {M}}(\vx ) \preceq \begin {pmatrix} \sigma & 0 \\ 0 & \alpha \end {pmatrix} \preceq \gamma \, \widetilde {\mat {M}}(\vx ) \quad \forall \; \vx \in \Omega \right \}.\end {align}


$\widetilde {M}(\vx )$


$\mathcal {S}$


$\eta _{{\max }}, |\nabla h|_{{\max }}$


$(\nabla h = 0)$


$\nabla h = 0$


$(\sigma ^\star , \alpha ^\star , \gb )$


$\mathcal {S}$


$\mat {M}(\vx )$


\begin {align}\nonumber \mathcal {S} &= \Big \{ (\sigma , \alpha , \gamma ) \in \mathbb {R}^3 \; \big | \; \eta (\vx ) \leq \sigma \leq \gamma \; \eta (\vx ) \quad \textrm {and} \quad \tfrac {1}{3}\eta ^3(\vx ) \leq \alpha \leq \gamma \; \tfrac {1}{3}\eta ^3(\vx ) \, \quad \forall x \in \Omega \Big \} , \\ \label {Eq:CompWiseFlatBottom} &= \Big \{ (\sigma , \alpha , \gamma ) \in \mathbb {R}^3 \; \big | \; \eta _{\rm max} \leq \sigma \leq \gamma \, \eta _{\rm \min } \quad \textrm {and} \quad \tfrac {1}{3} \eta ^3_{\rm max} \leq \alpha \leq \gamma \, \tfrac {1}{3} \eta ^3_{\rm min} \Big \} .\end {align}


$\vec {x}$


$\mathcal {S}$


$(\sigma ^\star , \alpha ^\star , \gb )$


$\mA $


\begin {align*}\sigma ^\star = \eta _{\rm max} , \quad \alpha ^\star = \tfrac {1}{3} \eta ^3_{\rm max} , \quad \textrm {and} \quad \gamma ^{\star }_{\rm P} = \max \left \{ \frac {\eta _{\rm max}}{\eta _{\rm min}}, \left (\frac {\eta _{\rm max}}{\eta _{\rm min} } \right )^{3} \right \} = \left (\frac {\eta _{\rm max}}{\eta _{\rm min}} \right )^{3} = \gb .\end {align*}


$\alpha ^\star $


$\sigma \in [\eta _{{\max }}, \gb \eta _{{\min }}]$


$\gb $


$(\nabla h \neq 0)$


$\mathcal {S}$


$(\sigma ^\star , \alpha ^\star , \gb )$


$\mA $


$\mathcal {S}$


$\protect \mathcal  {S}$


$\eta (\vx )$


$\nabla h(\vx )$


$\mathcal {S}$


$(\sigma , \alpha , \gamma ) \in \mathcal {S}$


\begin {equation}\label {Eq:OuterApprx} \left . \begin {aligned} \max _{\vx \in \Omega } \, \left ( \eta (\vx ) + \eta (\vx )|\nabla h(\vx ) |^2 \right ) &\leq \sigma \leq \gamma \, \eta _{\rm min} \\ \tfrac {1}{3}\eta ^3_{\rm max} &\leq \alpha \leq \gamma \, \tfrac {1}{3} \eta ^3_{\rm min} \end {aligned} \; \right \} .\end {equation}


$\mathcal {S}$


$(\sigma , \alpha , \gamma )$


\begin {equation}\label {Eq:InnerAprx} \left . \begin {aligned} \max _{\vx \in \Omega } \left ( \eta (\vx ) + \lambda _+ \eta (\vx ) |\nabla h(\vx )|^2 \right ) &\leq \sigma \leq \gamma \, \eta _{\rm min} \\ \lambda _+ \eta _{\rm max}^3 & \leq \alpha \leq \gamma \, \lambda _{-} \, \eta _{\rm min}^3 \end {aligned} \; \right \} ,\end {equation}


$(\sigma , \alpha , \gamma ) \in \mathcal {S}$


$\lambda _{\pm }$


$\widetilde {\mat {M}}(\vx )$


$(\sigma , \alpha , \gamma ) \in \mathcal {S}$


$\widetilde {\mat {M}}(\vx )$


$(\sigma , \alpha , \gamma )$


\begin {equation}\label {Eq:Out_Inequalty} \left . \begin {aligned} \eta (\vx ) \leq \sigma & \leq \gamma \, \eta (\vx ) \\ \eta (\vx ) + \eta (\vx ) |\nabla h(\vx )|^2 \leq \sigma &\leq \gamma \, \left ( \eta (\vx ) + \eta (\vx ) |\nabla h(\vx )|^2 \right ) \\ \tfrac {1}{3} \eta ^3(\vx ) \leq \alpha &\leq \gamma \, \tfrac {1}{3} \eta ^3(\vx ) \end {aligned} \right \} \quad \forall \; \vx \in \Omega ,\end {equation}


$\sigma $


$\sigma $


$\vx $


$\sigma $


$\widetilde {\mat {M}}(\vx )$


$\widetilde {\mat {M}}(\vx )$


$\vx $


\begin {align*}\begin {pmatrix} \eta (\vx ) + \lambda _{-} \eta (\vx ) |\nabla h(\vx )|^2 & 0 \\ 0 & \lambda _{-} \eta ^3(\vx ) \end {pmatrix} \, &\preceq \widetilde {\mat {M}}(\vx ) \preceq \begin {pmatrix} \eta (\vx ) + \lambda _{+} \eta (\vx ) |\nabla h(\vx )|^2 & 0 \\ 0 & \lambda _{+} \eta ^3(\vx ) \end {pmatrix} .\end {align*}


$\mathcal {S}$


$\widetilde {\mat {M}}(\vx )$


$(\sigma , \alpha , \gamma )$


\begin {align*}\begin {pmatrix} \sigma & 0\\ 0 & \alpha \end {pmatrix} \preceq \gamma \begin {pmatrix} \eta (\vx ) + \lambda _{-} \eta (\vx ) |\nabla h(\vx )|^2 & 0 \\ 0 & \lambda _{-} \eta ^3(\vx ) \end {pmatrix} \qquad \forall \, \vx \in \Omega ,\end {align*}


\begin {align*}\begin {pmatrix} \eta (\vx ) + \lambda _{+} \eta (\vx ) |\nabla h(\vx )|^2 & 0 \\ 0 & \lambda _{+} \eta ^3(\vx ) \end {pmatrix} \preceq \begin {pmatrix} \sigma & 0\\ 0 & \alpha \end {pmatrix} \qquad \forall \, \vx \in \Omega .\end {align*}


$(\sigma , \alpha , \gamma )$


\begin {equation}\label {Eq:SuffCondition} \left . \begin {aligned} \eta (\vx ) &\leq \sigma \leq \gamma \, \eta (\vx ) \\ \eta (\vx ) + \lambda _{+} \eta (\vx ) |\nabla h(\vx )|^2 & \leq \sigma \leq \gamma \, \left (\eta (\vx ) + \lambda _{-} \eta (\vx ) |\nabla h(\vx )|^2\right ) \\ \lambda _{+} \eta ^3(\vx ) &\leq \alpha \leq \gamma \, \lambda _{-} \, \eta ^3(\vx ) \end {aligned} \; \right \} \quad \forall \; \vx \in \Omega ,\end {equation}


$(\sigma , \alpha , \gamma ) \in \mathcal {S}$


$\sigma $


$\vx $


$\sigma $


$\mA $


\begin {align}\label {Eq:Optcoeff1} \sigma ^{\star }\equiv \, \max _{\vx \in \Omega } \, \left ( \eta (\vx ) + \lambda _{+} \eta (\vx )|\nabla h(\vx ) |^2\right ) , \quad \quad \alpha ^{\star } \equiv \lambda _{+} \, \eta _{\rm max}^3 , \quad \end {align}


\begin {align}\label {Eq:DefGammaBnd} \gb \equiv \, \max \left \{ \frac {\sigma ^{\star }}{\eta _{\rm min}},\frac {\lambda _{+}}{\lambda _{-}} \left (\frac {\eta _{\rm max}}{\eta _{\rm min}} \right )^{3} \right \} .\end {align}


$(\sigma ^{\star }, \alpha ^{\star }, \gb )$


$\gamma ^{\star }_{\rm P}$


$\mathcal {S}$


$\gamma ^{\star }_{\rm P}$


\begin {align}\label {Def:BigGamma} \gamma ^{\star }_{\rm P} \geq \Gamma \equiv \max \left \{ \frac {1}{{\eta _{\rm min}}} \max _{\vx \in \Omega } \, \left ( \eta (\vx ) + \eta (\vx )|\nabla h(\vx ) |^2 \right ), \left (\frac {\eta _{\rm max}}{\eta _{\rm min}} \right )^{3} \right \} ,\end {align}


$\Gamma $


$\gamma $


$\gb $


$\Gamma $


$\lambda _+ > 1 > \lambda _- > 0$


$\eta $


\begin {align*}\sigma ^{\star } \leq \lambda _+ \max _{\vx \in \Omega } \, \left ( \eta (\vx ) + \eta (\vx )|\nabla h(\vx ) |^2 \right ) \leq \frac {\lambda _+}{\lambda _-} \max _{\vx \in \Omega } \, \left ( \eta (\vx ) + \eta (\vx )|\nabla h(\vx ) |^2 \right ) .\end {align*}


\begin {align*}\gb &\leq \max \left \{ \frac {\lambda _+}{\lambda _{-} \eta _{\rm min}}\max _{\vx \in \Omega } \, \left ( \eta (\vx ) + \eta (\vx )|\nabla h(\vx ) |^2 \right ) , \frac {\lambda _{+}}{\lambda _{-}} \frac {\eta _{\rm max}^3}{\eta _{\rm min}^3} \right \} \\ &= \frac {\lambda _+}{\lambda _-}\Gamma .\end {align*}


$\lambda _{\pm }$


$\lambda _{\pm }$


\begin {align}\label {Def:CoefMatIneq} \frac {1}{2(2 + \sqrt {3})} \begin {pmatrix} 1 & 0 \\ 0 & \tfrac {1}{3} \end {pmatrix} \preceq \begin {pmatrix} 1 & \tfrac {1}{2} \\ \tfrac {1}{2} & \tfrac {1}{3} \end {pmatrix} \preceq \tfrac {1}{2}(2 + \sqrt {3}) \begin {pmatrix} 1 & 0 \\ 0 & \tfrac {1}{3} \end {pmatrix}\end {align}


$\mathcal {S}$


$(\sigma , \alpha , \gamma ) \in \mathcal {S}$


$\gamma \leq (2+\sqrt {3})^2 \gamma ^{\star }_{\rm P}$
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in coastal regions, however, do not satisfy the weakly non-linear assumption, thus motivating the need for extending the models to
include high-order nonlinear effects. To this end, Serre [3], Su and Gardner [4] and Green and Naghdi [5] derived a new class of
long wave models with the leading-order dispersive terms that appear at O(f%) without any assumption on «. Asymptotically, the
Serre/SG/GN equations (often referred to as the SGN equations) modify the shallow water equations by incorporating dispersive terms
truncated at an order of 2. Therefore, the resulting SGN equations can also be considered as the dispersive shallow water equations
(DSWEs).

There are numerous asymptotic models closely related to the SGN equations. For instance, the SGN equations for the depth-
averaged velocity can be formally extended to any arbitrary order in 2, e.g., see the work by Wu and others [6-10]. However, it
has been shown that the models truncated to even-orders in g2 (i.e., the even-order models) are unstable when the wavenumber k
is greater than some critical values, at which the growth rate becomes infinity [10,11]. Therefore, the even-order models must be
avoided while the odd-order models (including the SGN equations) are useful for numerical studies. In fact, the dispersion relation
for the depth-averaged DSWEs shows that the wave frequency is bounded as k — o so that there is a less severe constraint on the
step size for any conditionally-stable time integration scheme.

Related to the SGN equations, Nwogu [12] introduced an alternative weakly nonlinear long wave model aimed at more closely
approximating the linearized Euler equations dispersion relation (cf. the model solved in [13]). Following Nwogu, Wei et al. [14]
proposed the first-order DSWEs written in terms of the horizontal velocity at a vertical level (as opposed to a depth-averaged velocity).
In particular, it was shown that the higher order DSWE:s for the horizontal velocity at the bottom are also well-posed at any order of
approximation [10].

There are, however, numerical advantages to solving the depth averaged SGN equations over the DSWE equations in terms of
the horizontal bottom velocity. For the depth-averaged SGN equations, the mass conservation equation contains a first order spatial
derivative (see the detailed discussion in Section 2). On the other-hand, for other DSWEs, high-order spatial derivatives need to be
evaluated accurately to avoid numerical instability [10].

For work on the existence of solutions to the three-dimensional water wave equations we refer to [15]; a general summary of the
derivation for different equivalent SGN models can be found in [10,16]. The physics of water waves and their derivation of their
models have been extensively studied, e.g., [2,10,17-19].

1.1. Prior numerical work on the SGN equations

The dispersive terms in the SGN equation contain mixed space-time derivatives resulting in a differential constraint. This differen-
tial constraint poses a key computational challenge that can dominate the computational cost of an SGN solver. In one dimension, the
constraint can be handled in a straightforward fashion without significant cost, either via classical iterative methods, direct solvers,
or integral equation approaches, for example, in [17,18,20]. In two dimensions the differential constraint results in a couple system
for the velocity components with off diagonal blocks introduced by a varying topography.

One approach to time-discretize the SGN equations is to split the equation into a hyperbolic step (which can be treated with
hyperbolic solvers) and a step for the elliptic (differential) constraint. These approaches include Strang splitting [13,21,22], and
predictor-corrector type approaches [23-26]. A correct treatment of the boundary conditions [26] is then important when splitting
methods are used in non-periodic geometries. Most of these aforementioned works focus on practical details of spatial discretizations
(e.g., with finite element methods) and structure preservation (e.g., well-balanced and positive preserving schemes).

Approaches that address the SGN elliptic constraint include the development of quadtree multigrid methods [27]. An alternative
approach, Lannes and Marche [21], Duran and Marche [28] instead modifies the SGN equation—to an asymptotically consistent one
in p—by replacing the elliptic constraint with a block diagonal constant coefficient operator. The constraint can then be solved via
two time-independent decoupled scalar elliptic systems. In [29] and [30], the authors carry out a numerical study of the stability of
SGN solitary waves in dimensions one and two respectively. To solve the SGN constraint equation, both works use GMRES with a
preconditioner based on the derivatives of the constraint operator.

In contrast to splitting methods or predictor-corrector methods, an alternative approach is to introduce a hyperbolic relaxation
of the SGN [31] where the differential constraint is replaced by a hyperbolic system. The relaxation approach can then be solved
using explicit structure preserving methods [32] that leverage the extensive body of existing hyperbolic PDE solution techniques.
The original work of Favrie and Gavrilyuk has since been extended to incorporate the effects of topography [33,34] and unified in
a general framework to include the Iordanskii-Kogarko-Wijngaarden (IKW) equations [35]. Numerical solutions for these equations
include high order Galerkin spatial discretizations [33] and up to second order in space and time structure preserving methods (e.g.,
well-balanced, positivity preserving) properties [34]. Practical details regarding convex limiters [36] and schemes that preserve mass
and energy [37] have also recently been devised. Structure preservation can improve accuracy over long times, and provide a pathway
for ensuring numerical stability.

1.2. Contribution of this work and organization of paper

The differential constraint in the SGN requires solving linear systems involving an operator G, , with variable coefficients in
both space and time. The focus of this paper is on introducing formulas for constant coefficients (o, a) that define an operator A =
oI —aV(V-), together with quasi-optimal bounds on the spectrum of .A~! Gy»- The bounds then enable time-stepping discretizations
for the SGN that avoid fully constructing and inverting G, ,, namely:
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1. For time integration methods that require solving systems involving ¢, ;, the operator .A may be used as a preconditioner in
a conjugate gradient method. Linear systems involving ¢, , arise in (standard explicit) time-stepping discretizations of the SGN
equations, and must be solved in large numbers, making fast solvers desirable.

2. The operator G, , may be treated in a linearly implicit multi-step method where only A is treated implicitly. Such linearly implicit
multistep methods are efficient as they require only one solves of A per time-step.

This paper is organized as follows. We first introduced the SGN equations (Section 2) and background for the paper (Section 3). We
then present (Section 4) new formulas for the constant coefficient operator .4 along with rigorous bounds on the conditioning number
and generalized eigenvalues. Utilizing the bounds, Section 5 devises zero-stable linearly implicit multistep time integration schemes.
Numerical tests are then performed in (Section 6) showcasing the effectiveness of the preconditioner A in a suite of progressively
challenging test cases. The full SGN equations are then solved in dimensions one and two, comparing the performance and accuracy
of different time integration approaches. The Appendices provide proofs of the main theoretical results.

2. The Serre-Green-Naghdi equations

In Section 2.1 we review the derivation of the SGN equations and introduce in Section 2.2 an alternative constraint form of the
equations (equivalent for smooth solutions). Spatial discretizations of the constraint form will naturally lead to a differential algebraic
equations (DAE) which will play a role in the development and stability analysis of the numerical schemes.

2.1. SGN equations as asymptotic models of the Euler equations

As with the shallow water equations (SWE), the SGN equations arise as asymptotic expansions of the depth averaged incompressible
Euler equations. In a domain (%, z) € RP+!, where D = 1 or D = 2, the incompressible Euler equations for a homogeneous fluid layer
of constant density p take the form:

w,+w~v3i;=—%v3p—g, (2.1a)
Vi w=0. (2.1b)

For notational purposes, we separate out the horizontal spatial coordinates ¥ € Q C R? from the vertical coordinate z € R. In (2.1),
w = (i, w) € RP+! is the fluid velocity with ii € R being the horizontal component, w the vertical component; p(¥, z, t) is the pressure;
£ is the gravitational force. Meanwhile V5 = (V, d,) is the (full) gradient in RP*!, where V is the gradient in the variables X.

As shown in Su and Gardner [4], the SGN (or DSWESs) arise from: (I) integrating the Euler equations over the vertical column
of fluid (i.e., z coordinate); and (II) imposing boundary conditions at the free surface ¢(%,t) and the bottom bathymetry A(xX). The
derivation results in evolution equations for the new dependent variables which are the surface elevation ¢(X,7), and the depth-
averaged horizontal velocity @(%, 1) defined by

_ ¢
PG = HLh / .0 dz 2.2)

It is worth noting that the process of depth-averaging the Euler equations results in expressions of the form 4 ® u arising from the

(depth-averaged) nonlinear terms. To obtain a closed system of PDEs for ¢, 4, the nonlinear term # ® ii is approximated in terms of ¢
and u# under the following assumptions

= % <1, ¢/h=0@/h=01), l|il/h'/>=0(1), Vh=0®h/1)=0(p).

Here h is the average water depth, while a and 4 denote the characteristic amplitude and wavelength of the wave. Typical values for
a and A may be estimated in the initial data &, (see Fig. 1). The assumption f < 1 is referred to as the shallow water, or long wave
assumption. Note that the assumptions allow for a “large amplitude” a to be comparable in magnitude to the mean water depth h.
Likewise, the associate fluid motion [i| relative to gh does not need to be asymptotically small in # and may be O(1).

With the asymptotic assumptions, one can then obtain a closed system for ¢ and i correct to O(p2). This yields the (dimensional
form) of the Serre-Green-Naghdi (SGN) equations

N, 0 =h@+ {30, (2.3a)
n+V- <n5) =0, (2.3b)
ﬁ+ilvﬁ+v—1v(l3c L2F) = (146 + F)vh 2.3
: gé—n 3G+ 30 31G + . (2:39)

where G and F are defined as
_ _ - -\ 2 _ — 2
G:V-ﬁ,+f1-V<V~ﬁ>—(V-ﬁ) , F:ﬁ,~Vh+<ﬂ-V)h. (2.4)

Note that when the right-hand side of the SGN velocity equation is neglected, one recovers the (non-dispersive) shallow water
equations. We therefore, also refer to (2.3) as the dispersive shallow water equations. If an additional small-amplitude assumption of
a = O(a/h) < 1 is adopted, the system (2.3) can be reduced to the weakly nonlinear Boussinesq equations [2].

3
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Fig. 1. Domain (not to scale) with length scales and variables.

For the rernainde{ of the paper, we non-dimensionalize all variables with respect to g and h, or, equivalently, set g = 1, A = O(1),
and drop the bar on i and use 4 for the depth-averaged velocity.

2.2. Constraint form of the SGN equations

We now recast (2.3) into two evolution equations plus a PDE constraint. For classical solutions with sufficient regularity, the
resulting constraint form is equivalent to (2.3).
First, multiply the velocity equation in (2.3) by # and group terms involving #, on the left to obtain

Gyt it Vi 4V = V{40 (@ V(V @) = (V-5)") + 40?(@- V)’ |
—n{ (@ v(v-@) = (vV-@)*) + (@ v)’n|vh, 2.5)
where
Gy = i — v<§n3 v. a’) - V(%nZVh : ﬁ) + IPPVh (V@) + VA (VA-i0). (2.6)

Note that the last three terms in G, , encapsulate the bathymetry effect and vanish when Vi = 0.
Next, commute the time derivative Q,,’h(fi,) = (Qn,hii), - Q,,t,hii in (2.5), and use the » equation in (2.3) to express (Gy.p); in terms of

1,4, h. After introducing the new variable U = G, i, one obtains the SGN equations (or DSWES) in constraint form

n(E. 1) = h(E) + (GE.0), (2.72)
n+ V- (nii) =0, (2.7b)
U, + V¢ + V(nii ® i) = F(n.1i. h), (2.7¢)
U~ G, i =0, (2.7d)

where the forcing F(n, i, h)is
Fp i h) = V{ %n3<ii V(V-id) = (V- ﬁ)2> + 12V - (nid)V - @
+30P (@-V)ht ¥ - (n) VA -}
—VA{ (79 (V7) = (V7)) + 0V (n) (V)
(@ V)*h+ V- () (Vh-7) }. 2.8)
In equation (2.7), the term involving # ® i has components

V(i ® i) = (mlm)x + (nuv)y> where i=(u,v).
(quv), + (qov),,
The presence of the constraint in (2.7) highlights that spatial discretizations (e.g., via method of lines) will lead to an index-1
differential algebraic equation (DAE).
For the numerical computations (Section 6) of the SGN equations, we adopt periodic (d = 1) or doubly periodic (d = 2) bound-
ary conditions for  and i. However, the main results for the operator G, , in Section 4 will be formulated for both periodic and
homogeneous Neumann (i.e., 7 - i = 0 on 0Q2) boundary conditions.

4
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Remark 1. [Conservation equation when Vi = 0] When the bathymetry is flat, i.e., VA = 0, equations (2.7) yield a conservative
system. In this case, F = VW reduces to a gradient of a scalar W (5, i), and Vn = V{. The time-evolution equations become

n+ V- (ni) =0, (2.92)
ﬁ,+V<%n2+nﬁﬂ—W> =0, (2.9b)
U-G,i=0. (2.90)

The system (2.9) conserves the mass m, horizontal momentum M, and total energy E defined by
m=/§d?c, M:/ﬁd}, E= l/ [§2+n(ﬁ~ﬁ)+ ln3(v-a)2]d?c.
2 3
Q Q Q
&
3. Mathematical background for the constraint equation

This section collects the mathematical notation and background relevant for the linear operators in the paper. Specifically, we
introduce (Section 3.1) the bilinear (weak) form of the operator G and the operator .A. Section 3.2 provides background on
conditioning numbers relevant for the use in preconditioned conjugate gradient (PCG) methods.

3.1. Linear operators and bilinear forms

Throughout, Q C R? is either an open connected domain with Lipschitz boundary dQ, or Q = T? is the (doubly-periodic) torus
with side lengths L, L. Let

A=0cl—-aV-V
where ¢, a > 0 are real constants (Section 4 will provide formulas for (s, @)).
The bilinear forms associated to the differential operators G, , and A will be defined on the Hilbert space Hy;, () given by
Hg (@ = {ie[LXQ)P |V i€ LXQ), ii-ii=0ondQ},

which is endowed with the norm
la@l3, = /ﬂ [l@* + (v - )] d.

When 0Q is Lipschitz, the outward boundary unit normal, 7(X), is defined for almost every X € dQ, and the normal trace of functions
i € Hy;,(Q) is understood to be ii-# =0 in H~'/2(dQ), e.g., see [[38], Chapter 3.5.2]. When Q = T2, the boundary conditions in
Hg (Q) (i.e., 7 - ii = 0 on 0Q) are replaced by periodic boundary conditions on .

Although the SGN equation solution # = 5(X, ) is a function of ¢, for the purposes of preconditioning, 7 enters only as a parameter
in G, ,. When discussing the weak forms we therefore suppress the variable t, i.e., treat #(X) as a function of X only.

The definition of the bilinear forms will make use of the following regularity and boundedness assumption on the coefficients

n(X), h(X), Vh(X) € L®(Q), and #n(X) > i, > 0. B.1)

Namely, 4 has one weak derivative bounded in L®, and the essential infimum of # is positive. This second assumption excludes some
physically relevant scenarios such as the modeling of “dry” states where 5(X,7) = 0 in regions of the domain. Throughout we keep
o > 0,a > 0 as arbitrary constant values and use ¢*, a* to refer to our concrete formulas used in the operator .A.

The bilinear forms A : Hg,(Q) x Hy, () — R, and B : Hy, (Q) X Hg;, (Q) - R corresponding to the weak forms of the operators
A and G, ,, respectively are:

A[z'i,?)]z/ [cii-T+a(V-0)(V-d)] d¥  Vi,0 € Hyy(Q), (3.2)
Q
and
B[a,mz/[,,a.a+g;f(v.u)(v.a)+;n2(v.a)(wl.a)
A .
+ 1P (V@) (VA-5) 40 (VA-3) (Vh-5)] dF VA5 € Hyy(@). (3.3)

The bilinear forms arise in the usual fashion from the strong form of the PDE through integration against a test function, e.g.,
Alu, 0] = (4, Av) and Blu, 0] = (i, gmhﬁ), for i, (where (-,-) is the L? inner product) being twice continuously differentiable with
vanishing normal component (cf. [[39], Chapter 12 for additional details on operator extensions via bilinear forms]).

It is clear from the definitions that both A[-, -] and B[-, -] are symmetric, i.e., A[i, U] = A[J,u] and B[4, U] = B[U, ii]. Moreover, A[-, ]
is positive definite (A[u, 4] > O for 4 # 0), and it is the case that B[-, -] is positive definite as well.

We will often write A*lg,,,,, etc. These expressions are understood via the following definitions

5
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1. (The operator A~'G, ;) For f € Hg,(Q), the function & = A~'G, , f is defined by: Find i € Hy, () such that

Al, 5] = BLf, 7] VD € Hyy(Q). (3.4
2. (The operator Q;;IA) For f € Hy, (%), the function i = Q;}VA f is defined by: Find @ € Hy;, () such that

B[, 0] = A[f,0] V0 € Hy(Q). (3.5)
3. (Generalized eigenvalues) The generalized eigenvalue problem gmhﬁ = AAi is: Find (4, 1) € Hg,(Q) X R (i # 0) such that

AA[G,D] = B[i@,5] V7€ Hy,(Q). (3.6)

The fact that both A € R and # can be restricted to a real-valued function in Hg;,(Q) in (3.6) follows from the symmetry of the bilinear
forms.

3.2. Conjugate gradient and conditioning numbers

Conjugate gradient (CG) is an iterative Krylov method for solving linear matrix systems of the form A% = f where A € R" is sym-
metric positive definite (in exact arithmetic, CG converges after a finite number of iterations). A straight-forward, but not necessarily
sharp [[40], Chapter 38], bound on the convergence of CG is given in terms of the conditioning number «(A) = A,/ Amin Where 4.,
Amin are the largest and smallest eigenvalues of A:

k

Kk—1

llexlla < 2(; 1) 1]l 4 %], = X" AX. 3.7)
K+

In (3.7) €, = X, — X* is the error after k iterations of CG, x* = Al f is the exact solution.
The convergence of CG may be improved (such as in settings where A has a large conditioning numbers) by solving a precondi-
tioned system with a symmetric positive definite P. Applying CG to the following system, which shares the same solution as AX = f,

P 2Ap~ 25 = p7\2F  with  §= P23, (3.8)

results in a preconditioned conjugate gradient (PCG) method. It is worth emphasizing that practical implementations of PCG avoid
computations of matrix square roots and only require linear system solves involving P. The conditioning number of the PCG matrix
in (3.8) is then modified from that of A to be the ratio of maximum to minimum eigenvalues of P~!A. Namely, the conditioning
number, and upper bound on the convergence rate may be (significantly) reduced if P is “close” to A.

When A is used as a preconditioner for G, ,, the operator analogue of «x for symmetric operators is

U

KA(Q,,J,) = (3.9
Hmin

where p;, and pu,, are the (generalized) Rayleigh quotients

B, ii]

in Bli, ii]
0iic Hg\ (Q) Alil, 11

and e
O+tiic Hyp, (@) Alll, 1]

Hmin = Hmax = (3.10)
The quantity « 4(G, ,) measures the ratio of the largest to smallest values in the spectrum of A’lg,,’h. Not only does «4(G, ») play the
operator analogue of the PCG matrix conditioning number, but it also appears as a bound in the convergence of operator/Hilbert
space versions of preconditioned gradient descent (see [41]) and PCG (e.g., variable coefficient Laplacian [42]). A smaller value of
Kk 4(G, ) will yield a tighter bound on the convergence of PCG.

Bounds on the continuum operators also carry over to the discrete setting as well.

Remark 2 (Conditioning number bound for spatially discrete problems). When the operator bilinear forms A[-,-] and B[-,-] are
discretized via finite element methods, the quantity « 4(G, ;) is a mesh-independent upper bound on the discrete matrix preconditioned
conditioning number (see also [41]).

Namely, let V' c Hg,(Q) be any finite dimensional subspace with basis {v; }f’zl € V. The discrete matrices that arise from the weak
form (3.6) are symmetric and positive definite

A;; = Alv,v;] Gy =Bly,v;]  forij=1,....n
Then x(A7'G) < k 4(G,.)- In particular, the discrete conditioning number k(A~1G) is bounded independent of the mesh. This ensures

that the convergence rate of PCG is bounded independent of the mesh. &

4. Preconditioner for the operator g,,,,,

In this section we introduce the constant coefficient preconditioner

Al =% i —a* V(V - i), 4.1)
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and establish bounds on the generalized eigenvalues and conditioning number of the weak form of the operator A~!G, , as defined
in (3.4). These bounds will play an important role in ensuring convergence for preconditioned conjugate gradient methods or linear
stability in semi-implicit time-stepping.

The coefficients in (4.1) for A are defined in terms of pointwise! estimates of # and A

[VA]pay = max [VA(X)], Hmin = min 7(X), Hmax = Max (). (4.2
XeQ xeQ XeQ

e For flat bathymetry (|VA|,,, = 0) we set

3
7,
o* = Nmax> a* %’7,311 x° Kup = <ﬂ> . (4.3)

Mmin

¢ For variable bathymetry (|Vh|,, # 0) we take
ot = max (1D + L4+ V@IV ). a* = 1@+ VI3, (4.4)
XE!

KubEmax{:* ,<4+\/\/:><Zm“> } (4.5)
min 4 — 'min

Note that |Vh|,,,, quantifies the maximum slope of the bathymetry with |Vh|,,,, = 0 corresponding to a flat bottom. When solving
the SGN equations, |VA|,,, can be determined as a one-time computation since 4(X) is prescribed as part of the problem data.
The significance of the coefficients is highlighted by the next theorem.

Theorem 1. Let A, B : Hy, X Hy;, — R be the bilinear forms (3.2) and (3.3) corresponding to the operators A and G, , with coefficients
satisfying (4.3)-(4.4) and (3.1) respectively. Then the condition number k A(Gy) of A"gmh, as defined in (3.9)-(3.10), is bounded by

KA(Q,,J,) < Kyp- 4.6)
Moreover, the generalized eigenvalues A of G, , ii = 1 Aii, as defined by (3.6), are real and lie in the interval
(k) 'A<l 4.7)

The proof of Theorem 1 is deferred to Appendix A.

The inequalities (4.6) and (4.7) are important for several reasons. Firstly, smaller values of k 4(G, ;) are desirable as they provide
stronger performance bounds for preconditioned conjugate gradient when solving systems involving G, ,. Without the use of a pre-
conditioner A4, the eigenvalues of Cun would be unbounded and bounds such as (4.6) and (4.7) would not exist. This would render
methods such as conjugate gradient far less effective (or fail entirely) for solving thﬁ = f . While the bounds (4.6) and (4.7) are
formulated in terms of PDE operators, they provide mesh-independent PCG convergence rates for the spatially discrete problem as
well (see Remark 2). Secondly, when semi-implicit time-stepping approaches are used to solve the SGN equations, the clustering of
eigenvalues A near 1 is important to ensure linear stability.

The formula (4.5) highlights two ways in which the upper bound on x4 (G, ,) may diverge and lead to a loss in practical effectiveness
of A

o (Large contrast ratio) If #,,,, /fimin > 1, and the second term in (4.5) dominates then &, ~ (ax/Mmin)” -
¢ (Large variations in bathymetry) If maxzcq n(X)|VhF)|? > 1 so that the first term in (4.5) dominates, then at worst Kap ~
Mmax | VAl

We conclude this section with several remarks.

Remark 3 (Robustness of the coefficients ¢*,a*). One may ask if alternative formulas may be used for (¢, ) and still yield an
upper bound on « 4(G,.»)? It turns out that x 4Gy 1s bounded for any positive coefficients o,a > 0 in A. Alternative choices of ¢, «
may however yield larger values of « (G, ;) and decrease the efficiency of the preconditioner A or increase the error constant in
semi-implicit time integration. In practice, this robustness allows for some flexibility in under or overestimating the formulas for
o*,a*. It turns out, see Appendix B, that the choice of A is quasi-optimal within a class of constant coefficient operators. &

Remark 4. (Replacing 7(X)|VAa(X)|? with 7, | VA|? 2 . in A) The coefficient o* relies on the maximum pointwise bound for 7(X)| Vh)2.
In some practical settings, it may be simpler to individually estimate |Vh|,,, and #,,, separately. Instead of (4.4), one can take:
A =0c**I —a**VV- where

o** —nmax(1+ “4+v1 )IVhlmdx), a**zé(4+\/13>n§m. (4.8)

These coefficients still ensure the eigenvalue bound (4.7) and conditioning number bound (4.6) where «, is replaced with a (less
optimal) bound

Kyp = Max { M(1 + é(4+ \/E)|Vh|12mx), <4 + \/_><’Imax> } (4.9)
‘min 4 \/E HNmin

1 We have written max and min here for simplicity, however, in the general case when h € W' (Q), n € L*(Q), the max and min are taken as
essential supremum and infimum.
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Unlike (4.4), these coefficients are not quasi-optimal in the sense discussed in Appendix B, and can result in a drop in PCG performance
(see Section 6.2). However, they are still effective coefficients for both PCG and to define the implicit .4 in semi-implicit time-stepping.
L)

Remark 5 (Riesz Preconditioner). The choice of A[-,-] can be viewed as designing a Riesz preconditioner for the operator B[, -]; for
a discussion of Riesz preconditioners in the context of bilinear forms see [41-43]. &

5. Time-stepping for the SGN equations

This section provides details on the time integration schemes we use to solve (2.7). Sections 5.1 and 5.2 present explicit Runge-
Kutta (ERK) and multistep methods that handle the constraint through preconditioned conjugate gradient (PCG) methods. Section 5.3
presents linearly implicit multistep (ImEx-type) schemes that treat .4 implicitly and G, , explicitly.

The linearly implicit multistep schemes admit several advantages—they require only one linear solve involving A per time step
and they do not suffer from order reduction (cf. Remark 7). However, linear implicit schemes do require a precise choice of A to
ensure zero-stability, which will be discussed in Section 5.4.

In this section, it is useful to view the SGN system (2.7) as an evolution equation with a constraint

a(n) 2 —Veim (5.1a)

ot \U V¢ —V(ni ®ii) + F
Gypii=U, (5.1b)
where F is defined in (2.8). Spatial discretizations of (5.1) via a method-of-lines give rise to a differential algebraic equation (DAE)
= [ (@, p), (5.2a)
§@.p =0, 520

where 0 € [R", pER™ and f R"xR™ - R"and g : R" x R™ — R™, Spec1ﬁcally, the ODE variables are spatial approximations given
by w ~ . O, p~ii, f~ (=Y - (qid), —qV¢ — Vi @ i) + F)T and g ~ S h”—U

In general, (5.2) will be an index-1 DAE since the constraint Eq. (5. 2b) can be solved to implicitly define p as a function of . This
is because Cun is an invertible operator (Section 4), and matrix approximations to Cun constructed by testing B[, -] with Galerkin or
finite element subspaces of Hy;, are also invertible.

For simplicity we adopt constant time steps Ar > 0 where 7, = nAt, however the results for Runge-Kutta methods naturally extend
to variable step sizes. The fluid variables at time 7, are written as i, =~ u(1,), n, ~ n(t,), ¢, ~ £(1,,), and ff,, ~ ff(t,,).

Remark 6. While the focus here is on time discretizations of (2.7), the same discretization approaches can be applied to the non-
constraint form of the equations (2.3). &

5.1. Explicit Runge-Kutta with preconditioned conjugate gradient

We discretize the SGN equations (2.7) via the classical explicit RK4 scheme defined by the Butcher coefficients [[44], Chapter 5]

% 4 11 1 1\T 4 11 T
@) =]2 o= Y D @h=(0 F L)
2
0 0 1
This yields the following equations for the stages (i = 1,...,4)
i-1
1O =n,+ At Y a (=V - (0i))), (5.3)
j=1
00 =i, + At Y a, (-nVel - V(7 @ @) + FY), (5.3b)
j=1
Gy ) = =09, (5.3¢)

where ¢ = 59 — h. The final update is

4
Mupr =My + AL Y by (=Y - (1aD)),
Jj=1

4
Gy =y + ALY, bj(—ﬂf,”VC,(,” —V(HVED @ @) + F(;))
=1
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Table 1

Multistep coefficients for rth order Adams-Bashforth
(ABr) with r = 2,3,4, and 2nd order semi-implicit back-
ward differentiation (SBDF2).

j=4 j=3 j=2 j=1 j=0
AB2 a - . 1 -1 0
3 1
b 0 2 -3
AB3 a; . 1 -1 0 0
23 16 5
b 0 5 5 1
AB4 a; 1 -1 0 0 0
55 59 37 9
b 0 2% % 2 %
SBDF2 g % 2 %
¢ 1 0 0
b 0 2 -1

While RK4 is an explicit method, the algebraic constraint in (5.3c) still requires a linear solve for G, at each stage. To solve (5.3c),
we apply PCG with the preconditioner .A defined by the coefficients (4.4). Since each solve is independent, one can change the
coefficients of .4 as needed for each stage or step.

Remark 7 (Order reduction in RK schemes). Runge-Kutta methods may exhibit a reduction in order when applied to initial boundary
value problems. The reduction often stems from the presence of boundary conditions or a lack of regularity in the solution. Due to
the periodic domain, the test cases we employ do not exhibit order reduction. However, the RK schemes presented in this section
could exhibit order reduction when applied to problems with time-dependent boundary conditions (multistep methods do not exhibit
order reduction). &

5.2. Explicit multistep with preconditioned conjugate gradient

Similar to explicit RK methods, we also test explicit Adams-Bashforth with PCG used to solve the constraint equation at each step.
A general s-stage linear multistep method discretizes (5.2) with coefficients (a b )jﬁzl as

s s—1
1 . 2, - -
Ar AWy = Z b f(Whyjs Puyj)s (5.4a)
Jj=0 Jj=0
g(i}n+jvﬁn+j) =0. (5.4b)

The coefficients for Adams-Bashforth (with orders 2, 3 and 4) are included in Table 1.
Applying the discretization to the SGN yields

Cp=n,—h, (5.5a)
1 N s—1
Ar Z Gjlnsj =~ Z byV - (Ml ) (5.5b)
j=0 j=0
1 s s—1
A7 24 4Unej = Z bj( = Vs = Vg jlingy @ by y) + FWyy oty s h))’ (5.5¢)
=0 j=0
gn,,+j,hgn+j = Un+j' (5.5d)

When solving this system, we again use the preconditioner .4 with PCG to solve the constraint equation at each time step.
5.3. A linearly implicit method for the SGN equations
In contrast to the previous two subsections, this subsection provides a linearly implicit treatments of G, ,, in (5.5). The starting
point is to split the algebraic equation by first adding and subtracting a linear term Ap to obtain
Ap— Ap+Ew,p) =0. (5.6)

Next, using a set of coefficients (¢ j);:(), extrapolate the first term in (5.6) at time 7 + 7,

s

ABt+7) % Y ¢; AP,y + O, (5.7)
j=0
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The coefficient ¢, # 0 ensures the approximation of Ap will lead to an implicit equation in p. The remaining term Ap — g(iv, p) is
extrapolated to time ¢ + 7 via
s—1
AB(t+7) = E(8(t + 0), Bt + 7)) & Y b APy — by By, o) + OAL). (5.8)
=0

The Eq. (5.4b) in (5.4) is then replaced by

s—1

Z Z (g(wn+j’pn+j) Aﬁn-%—j)’ (59)

which is obtained from equating (5.7) and (5.8). By construction the scheme (5.4a) with (5.9) is linearly implicit in A; no solution
involving g is required.

We use the SBDF2 coefficients for a;
the linearly implicit scheme

by c; presented in Table 1, together with the time-discretization (5.9) where A ~ A to yield

Ci=n,—h, (5.10a)
1 s s—1
T 2 == 2 bV (i) (5.10b)
Jj=0 Jj=0
1 s s—1
At ZajUrHj = ij< —Mugj Ve — V(”In+j’7n+j ®ﬁn+j)+F(’1n+j7ﬁn+j,h))a (5.10¢)
& =t
N s—1
¢ Ay = 2 ;A = Gy sy + Oy ). (5.10d)
j=0 j=0

For extensions of the scheme to orders higher than 2, linearly implicit SBDF will not in general yield a zero-stable scheme (cf. [45]
where the simultaneous choice of .4 and scheme coefficients must be used to obtain orders 3 and higher).

Remark 8 (Alternative derivation via ImEx scheme applied to a singular ODE). The scheme (5.10) may be formally derived by
applying an implicit explicit multistep method to a singularly perturbed ODE related to the DAE as follows:
First replace the DAE by the singularly perturbed equation (cf. [[46], Chapter VI.2])

= f(@.p) €, = Ap + (8. ) — Ap). (5.11)

The scheme (5.9) then arises from an implicit-explicit (ImEx) time-discretization of (5.11) that treats (in the second equation) Ap
implicitly and g — Ap explicitly, followed by the formal limit ¢ — 0. As a result, the scheme coefficients (a;, b;, ¢;) in (5.9) are guar-
anteed to be a pth order approximation provided they satisfy the order conditions [[47], Equation (7)] of a multlstep ImEx method.
&

5.4. Zero-stability for linear index-1 algebraic equations

In this subsection we establish, in the spirit of absolute stability, conditions for zero-stability of (5.9) applied to linear time-
independent problems. Although we focus on constant time-independent problems, the result provides a guide for ensuring zero-
stability of the equations (5.10). We say that the scheme is zero-stable if the dynamics (5.9) with A7 =0 yield bounded iterates;
zero-stability is a necessary condition for convergence.

Herein, assume a linear constraint g(t0, p) = Gp — w, with invertible matrix G € R™". The scheme (5.9) with Ar = 0 reads:

Y a;ib,; =0, (5.12a)
=0

s s—1

Z ¢j APy = Z bj(ABnj = GPuyj + W) (5.12b)
Jj=0 j=1

where (p;, ;) for j = 1, ..., s are given as initial data. Next, introduce the following polynomials defined in terms of the time-stepping
coefficients

™-

a(z) =

a/-zj, b(z) = ijzj, c(z) = ZC z). (5.13)
j=0 i

0

J

Eq. (5.12a) defines a stable linear recurrence for &, provided a(z) satisfies the root condition: the roots of a(z) lie inside the unit disk
with only simple roots on the boundary. Every practical linear multistep method (including both AB2, AB3, AB4 and SBDF2) has an
a(z) satisfying the root condition.

10
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! F1 ! SBDF2 ! SBDEF3
-1 -1 -1
;ub ﬁub ;ub
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-1 -1 -1
0 1 2 0 1 2 0 1 2

Fig. 2. Figures show stability region D (shaded blue) in relation to the bound on eigenvalues of .A~'G, , from Theorem 1 (red). Note that SBDF1
and SBDF2 are stable, while SBDF3 will not be stable if the largest eigenvalue A > 2. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

With &, completely determined by (5.12a), Eq. (5.12b) defines a forced linear recurrence for p,. The stability of p, then depends
on the homogeneous Eq. (5.12b) (i.e., &, = 0) which takes the form

s s—1
Z CjAﬁn+j = bj (Aﬁn+j - Gl?n+j)' (514
j=0 j=1

A family of eigenvector solutions to (5.14) then follow as: let ) satisfy
AAp=Gp  (Ap#0). (5.15)

Substituting the ansatz p, = Z"p into (5.14) yields
c(z) — b(z) + Ab(z) = 0. (5.16)

A sufficient condition for stability of (5.14) is then ensured if each solution of (5.16) has |z| < 1. Following in the spirit of absolute
stability, introduce the region of zero stability as

D={ieC ) |z| < 1 holds for each z satisfying (5.16)}. (5.17)

Note that D is a property of the time-stepping coefficients only. One then has the following.

Theorem 2. (Sufficient conditions for zero-stability of DAEs with linear constraints) If a(z) satisfies the root condition, and A € D for each
A satisfying (5.15), then the dynamics (5.12) are stable.

Fig. 2 presents the stability regions D for SBDF2. For reference, the stability regions for SBDF1 and SBDF3, which are not used in
Section 6, are shown. Up to a reflection in the imaginary axis and shift, the sets D are identical to those characterized in [48]. The
figures show that SBDF1 and SBDF2 always contains the eigenvalues of A‘lg,,’h. In contrast, depending on the variables # and A, it
is possible for the largest eigenvalue to lie outside the SBDF3 stability region—rendering SBDF3 unstable. Note that by modifying
the SBDF coefficients for orders 3,4 and 5 as in [45], it is possible to always devise time-stepping schemes where the eigenvalues of
A*lg,,,h lie in the stability regions D. We do not explore these approaches here.

6. Numerical tests

In this section we numerically test the performance and robustness of A as a preconditioner in dimensions d = 1 (Section 6.2) and
d =2 (Section 6.3). We then demonstrate the accuracy and effectiveness of the time integration schemes to solve the SGN in d = 1
(Section 6.4) and d = 2 (Section 6.5). All numerical computations are performed in MATLAB (Version R2023b) on a Lenovo ThinkPad
P14s Gen2 laptop.?

For the purposes of presentation, all computations in this section are done with discretizing the constraint system (2.7). Numerical
solutions to the (2.3) are similar but not shown.

The following exact solution will be used in various test cases. In free space with a flat bathymetry, 4(X) = h,, the SGN equations
admit a solitary wave solution of a single parameter a > 0 [4,49]:

E(x,y,t) = xcos(f) + ysin(0) — ct + &,

n(x, y.1) = hy + asech® (y&(x, ), (6.1)

2 Processor: 11th Gen Intel(R) Core(TM) i7-1165G7 @ 2.80 GHz; RAM: 32.0 GB; 64-bit operating system.
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with velocity
ii(x,y,1) = w(x, y,1) (cos 0, sin0), (6.2)
1
wy(x,y, 1) = c———— (n(x, y,1) — hy). (6.3)
sy n,(x.y.1) (e o)
The speed ¢ and width y are given in terms of a and h,, by
V3a
c=1hy+a and y = .
2hye
The variables 6 € [0,2x) and &, € R are independent of ¢ and determine the orientation and center of the wave crest. In d = 2, the

solitary wave is a one dimensional profile. A solitary wave in one dimension is obtained from the two dimensional wave by taking
0 =0, y=0 and a velocity w.

6.1. Spatial discretizations

Throughout this section we adopt a domain with periodic (in d = 1) or doubly-periodic (d = 2) boundary conditions, e.g.,
nx,y+ L) =n(x+Le,y)=n(xy),  ix,y+Ly)=u(x+ L,y =ixy), 6.4)
where Q = (0, L,) X (0, L,) with L, and L, being the periods in the x- and y-directions, respectively. We then discretize space with
an equispaced grid of n points in each direction, e.g., in dimension d = 1, the grid spacing Ax and mesh points are
Ax:% x;=jAx 0=xy<x;<..<x,_;=L-Ax.
Functions i(x) are discretized as ii(x;) ~ u; with
i = (ug,ty, ... u,_) €R".
Function derivatives are obtained spectrally as
u(x;)~(Duw); and D=F'GKF,
where F is the discrete Fourier transform matrix and K is a diagonal matrix consisting of discrete wavenumbers of the form

2 n n
k=22 j=-241,..,0-1
=T I=Tt 2

We adopt the convention that the n/2 wavenumber is 0. The operators G, , and A are then discretized with spectrally accurate
approximations (we suppress the parameter dependence of # and 4 on G)

Guai(x) ~ (Gu);  (Ai)x)~Aw);  (=0,..,n—1). (6.5)
For example, the matrix A has the form

A=0*I+a*D'D,
where D' =D is the conjugate transpose of the derivative matrix D. By construction, both A and G are real symmetric and positive

definite.
In presenting numerical results, we make use of both the (discrete) 2— and co—norms

n
2 2
llull 5, = Ax Z u; lull = max u.
j=1 ==

We also use the 2—norm induced by a matrix M > 0 (which will generally be set to G)

||u||§’AX1M = (uTMu) Ax (u e R").

2 2
2,Ax 2,Ax1°

Gu=h, (6.6)

With these notations, note that ||u]| = ||ul| For the equation

let u* = G™'b be the exact solution. In convergence studies where preconditioned conjugate gradient is used to solve (6.6), we track
the error

[lu— u*||2,Ax,G _ [|Gu - b||2’Ax$G71
[Ibll2 ax [Ibll2,ax

Here £ measures the discrete error of u (in the G norm), or equivalently the discrete residual Gu — b (in the G~! norm). Note that
we use ¢ as a primary measure of the PCG error, as opposed to the 2-, or co-norm, since PCG minimizes ¢ over progressively larger
Krylov subspaces. This ensures that ¢ is non-increasing with each iteration of PCG.

The generalized eigenvalues of G and A are then

Gu, = A Auy (u #0) (6.8)
and, without loss of generality, can be ordered as

0<A <h<...<A,

£(u) (6.7)

For dimension d = 2, we extend all the definitions in the section in the natural way via tensor products.

12
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Fig. 3. Plot of the generalized eigenvalues 4, versus k for the 1d test problem (6.10) with 5, = h, = 1 and mesh resolutions n = 64 (left), n = 256
(right), as well as the lower bound K‘;Jl (dashed line). The figures provide numerical evidence that the generalized eigenvalues of the operators G, ,
and A have a continuous spectrum confined to an interval ~ [3 x 1072,3 x 10~'], with ~ 6 isolated eigenvalues outside this interval.

6.2. Preconditioner tests in 1D

In this section we test the performance of the preconditioner .A with coefficients (4.3)-(4.4) using PCG to solve for u on the test
problem (d =1, Q = [0, 1])

Gyt ="b where b(x) = cos(4rx). (6.9)
Here the variable coefficient functions are taken to be

h(x) =1+ hgexp (=(x = 1/2)* /%), o =1/20 (6.10)

nx)=1+ng cos(4zx)>. (6.11)

With these functions, we then vary the parameters 7, i, € (—1, ) which control the water depth contrast ratio, and bathymetry
gradients respectively (h, = 0 yielding a flat bathymetry). The preconditioner performance bound then depends on
V2

=+l and Al = ool & 17.20R)
e (o2

rlmaX

Hmin

When r is large relative to |y |y, Kup ~ (g + 1) Alternatively, when |h, |, is large relative to ng, Ky, ~ (17.2)*10h3.
The discrete form of (6.9) then is

Gu=>b where b; = b(x;) (6.12)

with G defined in (6.5).

When solving (6.12), we initialize PCG with u®) = 0, so that the initial error is (0). In addition to an upper bound on the continuum
operators k 4(G, 4) < kp, it can also be shown that the same upper bound holds for the discrete matrices A, G defined by Section 6.1,
i.e., K(A71G) < K, (see Remark 2). As a result, if {u")} >0 denotes the iterates of PCG, then (3.7) yields the upper bound

e =1\
e(u?) 52(—K“b >g(0). (6.13)

Kup + 1

Fig. 3 plots the eigenvalues (6.8) for the choice of parameters 7, = hy = 1 and two mesh sizes—a coarse (n = 64) and fine (n = 256)
one. In both cases, the eigenvalues lie in the interval [K;bl, 1], as expected by Theorem 1.

To test the robustness and performance of the preconditioner A, we use PCG to solve (6.12) for increasingly challenging problems
generated from large gradients in bathymetry (varying h,) and large contrast ratio (varying #,). As discussed in Section 4 large values
of 1y, hy yield two independent mechanisms for increasing the conditioning number « 4 (G, ;)-

Figs. 4 and 5 plot the error e(u®) and upper bound (6.13) versus iteration i. When b is specified as problem data, we use the
last PCG output as a reference solution for #* to compute ¢. Fig. 4 examines the effect of increasing #, holding 5 fixed, while Fig. 5
varies hg holding 5, fixed. While the number of PCG iterations increase with #,, o, (which is expected), the figures also highlight
that A remains an effective preconditioner over a wide range of 7, h, with little to no effect due to the mesh resolution n. Fig. 6
demonstrates how the number of PCG iterations, required to achieve a tolerance of € = 107°, increases with problem difficulty. Lastly,
it is worth noting that the PCG outperforms the (apriori) upper bound (3.7), and is partially explained in the subsequent remark.

Remark 9. The fact that the PCG convergence, e.g. Fig. 4, for test case (6.9) exhibits an “elbow” behavior with two characteristic
rates may partially be understood via the (apostori) computation of the generalized eigenvalues, shown in Fig. 3. Fig. 3 provides
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Fig. 4. PCG residual error ¢ (defined in (6.7)) versus iteration for the 1d problem (6.10). Subfigures show the performance with increasing water
depth contrast ratios #,, holding A, = 1 fixed. The iterations increase with #, but remain bounded with increasing mesh resolution (n). The upper
bound (dashed line) is (3.7) using k.

numerical evidence that the generalized eigenvalues of the operators G, , and .A admit a continuous spectrum confined to an interval
~ [3x1072,3 x 10~!], with ~ 6 isolated eigenvalues outside of this interval. An improved upper bound for the PCG error can then be
used. After roughly 6 iterations (one for each isolated eigenvalue), the PCG error decays with a new effect upper bound (6.13) with
Ky ~ (3% 1071 /(3 x 1072) = 10. This tighter upper bound more closely explains the convergence behavior in Figs. 4-5 that occurs
after the initial phase. &

Fig. 7 examines the clock time required to solve (6.10) with #, = h, = 1 at different mesh resolutions (2% < n < 2%). The figure
demonstrates that clock time scales well with the expected floating point operations of the FFT (x nlog;, n).

Lastly, it is interesting to compare the optimal coefficient (4.3)-(4.4) with the coefficients in Remark 4, which are often easier
to estimate for use in a large-scale computation. As preconditioners for conjugate gradient, the two sets of coefficients perform very
similarly unless

max (100 + A, 1G] < a1+ A4 2 6.14)

i.e., the value of 5(x) is small in locations where h, is large. In settings where (6.14) hold, the coefficient c** in Remark 4 will be
larger than ¢* and may lead to a drop in the preconditioner performance. The next test case specifically designs such an occurrence
where (6.14) holds.

Set hy = 1 and h(x) as in (6.10), and take a discontinuous water depth given by a square wave (the coefficients in the weak form
of the operators G, , and A, n need not be continuous)

0.1 ifxesS
= h S = Q| h(x)|* <02}
neo) {0.1% fegs  Where (xeQ| |hP <02
Fig. 8 demonstrates the improved performance of the coefficients (4.4) (red) over the coefficients in Remark 4 (dashed black).

Lastly, Fig. 9 provides a comparison of the new preconditioner against a classic symmetric successive over-relaxation (SSOR)
preconditioner

P=D+LD'M+LT) where G=D+L+L".

Here D is the diagonal of G, while L” and L are the strictly upper and lower entries of G. As a result, linear systems involving P
require the solution of two triangular systems. Not only does A outperform SSOR, it also enables the use of efficient algorithms for
constant coefficient operators.
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Fig. 5. PCG residual error ¢ (defined in (6.7)) versus iteration for the 1d problem (6.10). Subfigures show the performance with increasing
bathymetry gradients h, (holding n, = 1 fixed). Again, the iterations increase with A, but remain bounded with increasing mesh resolution (n).

The upper bound (dashed line) is (3.7) using k.
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Fig. 6. Number of PCG iterations required for a residual error of ¢ < 107° (defined in (6.7)) versus 7, (left) and h,, (right) and mesh size n = 512.

The iterations increase with the conditioning of the problem.

6.3. PCG tests in 2d: Curvature of the bathymetry

We now examine two dimensional bathymetry effects on the PCG performance. As a first test of our code, we verify every result
in Section 6.2 by setting v = 0 and extending the single variable A, n, u to d = 2 as constants in the y—direction.

Next, to provide a (truly) two dimensional test case, we examine an elliptical bump bathymetry with varying aspect ratios

r

[
1= 3 cos (2r0)’ Irl < ro (6.15)

ro ==

h(x,y) =

>

B

[rl = ry

where r=Va?x? + b2y?, ;
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Fig. 7. PCG clock time (o; in seconds) required to solve for a residual of ¢ < 10~'? versus mesh size n for the 1d test problem (6.10) with parameters
ny = hy = 1. The reference line (dashed) presents the FLOP scaling for the FFT. The increase in computational time is due to the FFT scaling and not
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Fig. 8. Comparison of the PCG residual for the coefficients (4.4) (red; solid line) versus the simple (less optimal) coefficients in Remark 4 (black;
dash line). To achieve a tolerance £ < 1078, requires only 49 iterations versus 71. (For interpretation of the references to colour in this figure legend,

the reader is referred to the web version of this article.)

n(x,y) = h(x, y) + exp( cos(2zx)) + § sin(4xy). (6.16)

Note that both the magnitude and direction of VA vary throughout space to ensure the presence of anisotropic effects in the off-
diagonal block entries of G, ,. The right hand side vector b is set to be the discretization of the velocity U= (cos(47rx), cos(47zy)).

We test an increasing sequence of aspect ratios in the bathymetry that generate progressively larger gradients Vh. Larger Vh
values increase the upper bound «,;,, which can be viewed as a proxy for the conditioning of A~ G. Fig. 10 plots the PCG convergence
versus iteration for three elliptical aspect ratios. Again, the performance decreases with increasing Vh, however the preconditioner
remains effective independent of the mesh size.

6.4. Full solution of the SGN equations in 1d

Building on the studies of the operator A and ¢, ;, from the previous section, we provide here, numerical test cases and simulations
of the full time-dependent SGN equations. We apply two different time integration strategies to solve the constraint form of the SGN

equations as discussed in Section 5.
We first validate our codes in a flat bathymetry setting by solving the initial value problem with a solitary wave (6.1)—(6.2) (taking

the domain large enough so that the exponential decay of the sech’ profile reaches machine precision).
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Fig. 10. Test case for a 2d bathymetry (6.15). Plots show the convergence of the PCG residual error ¢ defined in (6.7) with coefficients (a, b) = (1, 1)

(left), (1,20) (middle) and (1,40) (right). The upper bound (dashed line) is (3.7) using the upper bound «,,. Note the increase in iterations due to
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fixed to be

Test 1: Manufactured solution. To validate the time-stepping approaches and perform comparative studies in the presence of a variable
bathymetry, we test the numerical approaches using the method of manufactured solutions. That is, the exact solution (on L = 1) is

h(x) = 2 + sin(2zxx), n*(x,1) = 2 + sin(2zx) sin(10¢), u*(x,1) = cos(2zx) cos(10¢).

(6.17)
The SGN equations are then solved with an external forcing term chosen so that #*, u* solve the PDE.

The solution, initialized to #*, u*, is evolved to a final time ¢ s = 1. Since, n*, u* are periodic-in-time, the external forcing is also
periodic-in-time and induces a Floquet instability in the equations, which we confirmed by computing the spectral radius of the
Floquet monodromy matrix. Evolving the SGN equations for a longer time with this external forcing allows the instability to grow in
time. The final time 7, = 1 in our tests is specifically chosen small enough to test numerical convergence and computational efficiency
via clock time while avoiding unnecessary complications from instabilities that could manifest in the equations over longer times.
All numerical computations are run using a fixed mesh with n = 256 grid points, which is small enough to ensure spatial discretiza-
tion errors remain well below temporal errors, i.e., are close to machine precision. For explicit time-stepping, the PCG tolerance is

set to 10714, Fig. 11 provides a convergence plot in L*® for 5 (left), u (middle) demonstrating that the methods converge and do so
at the expected rates. The CFL number which dictates the largest values of At = CAx (Ax = 1/n) are method dependent, and range

from C = .2 for RK4 to C = .05 for SBDF2. Fig. 11 (right) also provides a clock time comparison. As expected, the high order methods
outperform lower order methods, while the linearly implicit SBDF2 outperforms AB2 with PCG.
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Fig. 12. Solitary wave traveling to the right over an underwater shelf (orange; solid line) with height 0.5 (left) and 0.75 (right). Figs. 13 and 14
show enlarged images of the waves.

Test 2: Simulation of a solitary wave approaching an underwater shelf. In this test, we simulate a solitary wave traveling over an
underwater shelf (here L = 80z). The initial data is set to the traveling solitary wave solution (6.1)-(6.2) with the water depth A
set to the height preceding the shelf. The exact form of the shelf is a piecewise linear square wave convolved with a smooth bump
function. Fig. 12 visualizes the effect of dispersion for two shelf heights. Figs. 13-14 provide enlarged views of the waves for times
t =0,25,75,125, which also shows the presence of a small reflected wave.

Aliasing can present a source of error when spectral methods are used to solve nonlinear problems. In all of our simulations, we have
not made use of dealiasing. We found that regardless of the choice of time integration, solitary wave solutions with larger amplitudes
can destabilize over long times scales. We also found that dealiasing through the introduction of padding the high frequency wave
numbers with additional zeros, can aid in avoiding the instability.

6.5. Full solution of the SGN equations in 2d

This test problem solves the SGN equations on the doubly periodic square with length L = 1. To test the codes, we first performed
a convergence study on the time integration schemes in two dimensions using a solitary wave solution. The results were analogous
to the one dimensional setting.

For the two dimensional test, we set a variable bathymetry to be A(x, y) = hy — b(x, y) where h; = 1.5a and b(x, y) is the periodic
extension of

b(x,y) = 0.75 aexp(—r(x, y)z/(0.2)2) r(x,y) = \/(x —0.5)2 4+ (y—0.5)2. (6.18)
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Fig. 14. Enlargements of the solutions plotted in Fig. 12 (right). Note the reflected wave.

The surface » and velocity i are initialized to be a traveling solitary wave front with an angle of 45 degrees and a = 1/100. If the
bathymetry were constant, the solution would remain a solitary wave, however the profile loses its shape upon traveling over the
variable hA(x, y).

Fig. 15 shows the wave height solution {(x, y,7) at various times using AB2 with PCG. A 255 x 256 grid and time step At = %Ax
were used in the computation. Other time integration schemes produce visibly similar results on the scale presented, but yield a
greater accuracy.

The semi-implicit SBDF2 approach makes use of a single set of coefficients ¢*, a* over the entire computation. To ensure that at
each time the generalized eigenvalues of A and G, , lie in the stability region discussed in Section 5.4, we use the values of ¢* and
a* given by the initial data. These values are close to the largest values provided by the formulas ¢*,a* over the duration of the
simulation. In general, if *(x, ) is the exact water depth solution of the SGN over the solution time 0 < ¢ < T, then the coefficients
o* and a* in A should be taken as the largest values, maximized over time, provided by (4.3)-(4.4).

7. Discussion and conclusions

In this work we have introduced a constant coefficient operator .4 as a means to devise time integration approaches for the SGN
equations that require only matrix-vector products involving G, ,, i.e., are matrix-free. The coefficients are rooted in theory, are shown
to be quasi-optimal (within a class of constant coefficient operators) and enable mesh-independent performance of preconditioned
conjugate gradient methods. Furthermore, the operator A enables the use of linearly implicit time integration that reduces the total
number of linear solves involving A to one per time step. The computational theory is further supported by a suite of test cases.

Solving linear systems involving the constant coefficient operator A is advantageous over direct solves involving G, , since the
latter is variable coefficient in both space and time. The formulas for .A and bounds provided here may also provide avenues for other
efficient computational approaches. These potentially include successive convolution where the analytic and fast application of the
Green’s function for A can be applied; exponential integrators since exp(.A) may be readily evaluated using the Fourier transform, or
boundary integral methods. Such approaches could be particularly useful in the context of large scale computations (e.g., modeling
the ocean) as the Green’s function for A can be analytically approximated and locally applied thereby avoiding the need to solve
large linear systems. This would help to enable the use of physical models that incorporate dispersion for the simulation of waves in
oceanography. A constant coefficient preconditioner was also previously tested in [50] for a regularized version of the Miyata-Choi-
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Fig. 15. Contour plots of { showing a solitary wave passing over an underwater circular 2d barrier given by (6.18). The dashed line shows the level
surface b(x, y) = %O.75a. Snapshots (top-bottom, left-right) correspond to ¢ = 0, .8, 1.6,2.4,3.2,4.0.

Camassa (MCC) model that characterizes internal waves in a two-layer system [51-53]. As the MCC model is a system of coupled
SGN equations through the interfacial pressure, it is expected that the results in this work can also be extended to the MCC model.
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Appendix A. Proof of Theorem 1

This subsection provides a theoretical justification for the coefficients (4.3)—(4.5) by proving the convergence bound (4.6). In the
proof it will be useful to write both A[-,-] and B[, -] into block matrix form as

o . lad 0 i} -
A[u,l')']—/ﬂ(u v u)( 0 a*)<v-a> dz, A1)
Blii, 0] = / (i V- Ti)M(SE)( v q> dz, (A.2)
Q V.o
where M (X) is the variable coefficient matrix
. [I+VR@®VATE)  in@) VhE)
M%) = n(x) oy 2 - . (A.3)
( 3G VAT &)
The following is a proof of the main result.

Proof. [Of Theorem 1] Step 1: We first show that M and the coefficients (4.3)-(4.4) satisfy the following matrix inequality

0 a* 0 a*

M) (k)" (”*I 0) <M@E) < ("*I 0) holds for ¥ € Q.

Here I is the 2 x 2 identity matrix, M(X) is defined in (A.3), and for square symmetric matrices X <Y means Y — X is positive
semidefinite.
When |Vh|,,,« =0, corresponding to a flat bathymetry, the matrix M is diagonal so that

Monin | 10 - n)I l0 - Nmax | 10 =<U*I 0) (A4)
0 /N0 F®)TL 0 Gmy ) N0 e

Combining (A.4) with (4.3) then yields (MI); the lower bound on M follows since #,,,, > #,in > O.
Assume now that |Vh|,, # 0. Let R(X) be the 2 x 2 Householder matrix that reflects VA(X) to align with the second coordinate
axis (if VA(X) = 0, take R = I), i.e.,

WE) = (R((’;‘)T ?) RE) VAR) = (IV f@)l) RETRE = I.
With this W (%)
WETMEW ) = <”(7‘) 9. > A5)
0 M (x)
where
M@ = <”(o}?) 8) +”(’?)<|W8®| n&))(i i)(mz)(?m ng?>>' (8.6)

Moreover, from basic properties of semidefinite matrices, (MI) is equivalent to

o*1 0
0 a*

c*1 0

(MI-R) (xub)—l( 0 o

) SWEH' MEHWE) < ( ) for¥ € Q.

The equivalence of (MI) and (MI-R) holds since (i) A < B & Q" AQ < QT BQ for any invertible Q and pair of symmetric matrices
A, B; and (ii) the diagonal matrix diag(c*, c*, a*) is invariant when multiplied by W (%) and W (¥). Thus, it is sufficient to show that
(MI-R) holds.

The matrix of numbers in M has eigenvalues 4, i.e.,

1L
I < (1 %) <0  where A, =i@dxV13)>0. (A7)
2 3
Combining (A.7) with the expression for M yields the bounds
1) + A_n®|VhE)I* 0 = = (1) + A n@IVAE)? 0
( N /1_”3(2)) <M® < ( o ) (A.8)

Inserting (A.8) into the expression for M(X) in (A.5) and maximizing over X yields an upper bound

”max
WE'MEHW ) < Maxzeq (1(X) + A4,.1(X)VAR)?)
A

3
+ nmax

< diag(a*,a*, a*).

21



L. Feng, D. Shirokoff and W. Choi Journal of Computational Physics 558 (2026) 114849

The second line follows since 4 +n(?c)th(?c)l2 > 0 implies 7.«
(MD).
In a similar spirit, inserting (A.8) into the expression for M (X) and minimizing over X yields a lower bound

< o*. Therefore M(X) satisfies the right hand side of (MI-R) and thus

WETMEW ) = o mingeo (%) + A_n@)|VAE)[?) ,
A‘”?ﬂin
z diag(rlmin’ Mmin> A—niin)’
> (k)" 'diag(c™, o*, a*).
In the last line we have used the fact that

oA 3
(Kub)_l = min ”min = < Mmin > ,
o A+ ']mux

which simultaneously implies (k,)"'6* < #, and (k) la* < A_nfn .- Therefore, M (¥) satisfies the lower bound in (MI) as well.
Step 2: Next, from (MI) the bilinear forms A[-, -], B[, -] satisfy the inequality

(k)™ Al ] < B, il < Ali,il] Vi € Hy, (Q). (A.9)
Forif i € Hy;, (Q) then @7,V - #)T € (L*(Q))>. We can then contract both sides of the left inequality in (MI) with the vector @ V - #)T
to yield

i, o i, (eI 0 ii
(" v.u)M(x)<V‘f 17) < (@ Vi) <60 *) (be ﬁ>, (A.10)

o u

which holds for all ii € Hy;, () and (almost every) X € Q. Integrating (A.10) over Q and combining with (A.1)-(A.2) yields B[u, i] <
Ali, u]. The lower bound in (A.9) follows from an identical argument.
Finally, (A.9) proves the desired result since

* The conditioning number satisfies « 4(G, ) < k. This follows immediately from dividing (A.9) by A[#, 4] and applying the defi-
nitions in (3.10).

e Every eigenvalue A of A~ G (equivalently generalized eigenvalue of (3.4)) is real and satisfies (Kub)_] <A<1.Setv=1iin (3.6),
where (4, 1) is a generalized eigenvector and eigenvalue, and substitute the resulting B[i, i] = AA[u, i] into (A.9) to obtain:

(kup) " Al ] < AA[, 1) < Al i]. (A.11)
Dividing by A[i, u] # 0 yields the result.

|

Appendix B. Quasi-optimality of the conditioning number bound

The proof of the main result relies on (¢*, a*, k) satisfying (MI). One might then wonder if there is a set of coefficients satisfying
(MD) that yield a (fundamentally) tighter conditioning number bound on A‘lgn,h? To answer this question, consider the optimal
conditioning number bound obtained by coefficients satisfying (MI)

(P) Minimize: vy
Subject to: M (X) < <GO[ 2) <yM(X) holdsforXx e Q,

Note that (P) is a convex problem since the objective function y is linear and the constraints on ¢ and « are an intersection of a family
of linear matrix inequalities. Denote the solution to (P) as yl;* .
The answer turns out to be that no other set of coefficients satisfying (MI) can avoid the scalings of VA and # in k.

Theorem 3. For any functions n, Vh € L®(Q) with n,,;, > 0, the value of k;, defined in (4.3)—(4.5) satisfies

4+4/13
15 <Ky < <m>}’;- (B.1)

In the case of a flat bathymetry (Vh = 0) then ky, = v}

The inequality (B.1) shows that ,;, is always within a constant factor of y;'. Thus the fundamental scaling of # and V# in k,;, cannot
be avoided via other coefficients satisfying (MI).
To establish the result, consider a fixed pair # and VA4 and introduce the feasible constraint set in (P) as

S= {(a,a, N ER | ME < ("0’ 2) < yM(?C)}, (B.2)
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= {(a,a,y) ER’ [n(®) <o <y, ME) < <g 2) <yME) Vie Q}. (B.3)
Here M (X) is defined in (A.6) and the second line follows from the same Householder reflection in Appendix A. The set S is also
non-empty since #,,,. | VAl qax are assumed to be finite.

Case 1: A flat bathymetry (VA = 0). When Vi = 0 the coefficients (¢*, a*, k) solve (P).
In this case the matrix inequality in S reduces to two linear inequalities defined by the diagonals of M (%),

sz{(a,a,y)eR3‘n(?c)gagyr,(?c) and PG <a<y i@ Ver},

={(6,a,y)€R3‘r[maX§6§ynmm and l113, §a§y13 } (B.4)

3 "Tmax 3 rlmin

The second line follows from taking the (essential) supremum and infimum over X. Thus, S is polyhedral—it consists of two pairs of
linear inequalities.
The coefficients (c*, a*, k;,) for A then exactly solve (P), since

3 3
O* =l @* = Lnl. and pd = max Mmax ("ﬂ) - <’7ﬂ> = K.
Mmin Mmin Mmin

While the choice of a* is unique, any value o € [,y Kyp/imin] Yields the optimal «;, value.

Case 2: A variable bathymetry (VA # 0). Here the set S is no longer polyhedral, and the coefficients (¢*, a*, k;,) for A will be quasi-
optimal solutions of (P).
We first bound S from the inside and outside with polyhedral sets.

Proposition B.1 (Polyhedral bounds on S). For a fixed n(X) and Vh(X), we have:
(a) (Outer polyhedral bound of S) Any (c,a,y) € S necessarily satisfies

max (nE) + n@IVAE?) < 6 < ¥ iy

. (B.5)
gnfnax Sasy Erli‘lin
(b) (Inner polyhedral bound of S) If (o, a, y) satisfies
max (7(X) + A, n®DIVAGI?) < 6 <7 iin

xeQ R (B6)

3

min

Ami Sa<yin
then (o, a,y) € S. Here A, are eigenvalues defined in (A.7).

The main idea of the proof is to bound M (%) in (A.6) with diagonal matrices.
Proof. (Of Proposition B.1) (a) Let (o, a,y) € S. Using the fact that semidefinite matrices have non-negative diagonal entries, com-
paring the diagonals in the matrix inequality for M (%) in (A.6), shows that (¢, «, 7) satisfy:
n(x) <o <ynix)
1@ + n®IVAGI? <0 <7 (1E +n®IVAG?)} VieQ, (B.7)
W@ <<y iRt ®
Note that the first inequality in (B.7) imposes a tighter upper bound on ¢ while the second inequality in (B.7) imposes a tighter lower

bound on ¢. Maximizing and minimizing (B.7) over X, and combining the two ¢ inequalities together yields (B.5).

(b) Substituting the matrix inequality (A.7) into the definition of M (¥) shows that M (X) (for almost every X) satisfies the following
bound

= = =12 ~ = = =12
n(X) + A_n(X)|VA(X)| (; L) <M < n(X) + A.n(X)|VA(X)| 03 ).
0 A_n’(X) 0 Ay (X)
Thus, the matrix linear inequality in S for M (X) can be ensured if (o, a, y) satisfy
s 0 7(X) + A_n(X)|Vh®)|? 0 -
(0 a> = 7< 0 @) TTE®
and

(n(z>+a+n(?c>|vw>|2 0 ><<f’ 0

vieQ.
0 L) = \o a) X e
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We thus observe that if (o, a, y) satisfy
n® <o <y
1) + An@IVAE|? <o <y (1@ + An®|VAE?) ¢ VEe€Q, (B.8)
IWPE <a<y i P

then (o, a,y) € S. Just as with, (B.7), the first inequality in (B.8) imposes a tighter upper bound on ¢ while the second imposes a
tighter lower bound. Maximizing and minimizing (B.8) over X, and combining the two ¢ inequalities together yields (B.6). O

The coefficients for A are in fact not only feasible, but yield the tightest conditioning bounds provided by the inner approximation

0¥ = max (n(H) + AnF®IVARP), @t = A (B.9)
X
along with
*x A 3
Kyp = max i e < Mmax ) . (B.10)
Mmin A Mmin

Proof. [Of Theorem 3] The lower bound in (B.1) follows immediately since (c*, a*, k;,) is a feasible point of (P) and yl;* is the global
optimum of (P).

The upper bound in (B.1) is a consequence of the polyhedral bound (B.5) in Proposition B.1(a). Namely, every set of points in S,
including the optimal value y;} satisfies

3
max (n(®) + n®IVAG)P), (”L> : ®.11)

vp > T = max
Mmin X€ ‘min

Here I' is the larger of the two lower bounds on y provided by (B.5).
Next, note that we can bound «,;, from above by a constant factor of I". Since 4, > 1 > A_ > 0 and # is non-negative, we have

A
o* < Apmax (n(X) +n®IVAGE)|?) < =X max (n(X) + 1| VAGE)?).
XeQ A_ 3eQ

Hence,
A A

Ky < max X max (33 +n(DIVAG)?), - 22
}'—nmin XeQ A_ ;73_
min

A

=2r.
A

Combining this with (B.11) yields the upper bound in (B.1). O

Remark 10 (Alternatives to A, ). The choice of eigenvalues 4, for upper and lower bounds in (A.7) is not unique. In fact, the following
diagonal matrix bound

1 1 0 14 1 0
—, )=l 1 <le+v3 0 L (B.12)
22+ v3) 3 303 3

can be used to obtain (slightly) tighter inner and outer polyhedral bounds on S. The bound (B.12) can also be used to obtain a
set of (6,a,y) € S with a (slightly) improved guarantee y < (2 + \/5)27/;‘ . However in practice, we found that there was no practical
improvement using these coefficients. &
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