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This paper describes a high-order strongly nonlinear (SNL) model for long waves in
the presence of a variable bottom, which is a generalisation of the model for a flat
bottom (Choi 2022a, J. Fluid Mech. vol. 945, A15). This asymptotic model written in
terms of the bottom velocity is obtained using systematic expansion with a single small
parameter measuring the ratio of the water depth to the characteristic wavelength and is
found linearly stable at any order of approximation. To test the high-order SNL model
with a variable bottom, we solve numerically the first- and second-order models using
a pseudo-spectral method to study the deformation or generation of long waves over a
variable bottom. Specifically, we consider two examples: (i) the propagation of cnoidal
waves over a fixed bottom topography, and (ii) the forced generation of solitary waves by
a submerged topography moving steadily with a transcritical speed. The computed results
are then compared with the fully nonlinear computation using a boundary integral method
as well as the numerical solutions of the weakly nonlinear long wave model. It is found
that the second-order SNL model for the bottom velocity is suitable for stable numerical
computations and produces accurate solutions even for a relatively large-amplitude initial
wave or submerged topography.

Key words: surface gravity waves, topographic effects

1. Introduction

In a recent paper (Choi 2022a), high-order strongly nonlinear (SNL) asymptotic models
were considered for long surface gravity waves travelling on shallow water of constant
depth h¢ assuming that the long wave parameter § is small, where 8 is defined as the
ratio of hg to the characteristic wavelength Ag or B := hg/Ap. Depending on the choice
of the order of approximation, it was shown that asymptotic long wave models for the
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depth-averaged horizontal velocity or the horizontal velocity at a fixed vertical level inside
the fluid layer could be unstable for a range of wavenumbers or ill-posed in the sense that
the growth rates of unstable short waves increase with the wavenumber (Matsuno 2016;
Madsen & Fuhrman 2020). However, when the asymptotic long wave model is written
for the bottom velocity, it was found linearly stable to all disturbances at any order of
approximation. In addition, as 8 is the only small parameter in the expansion, it was shown
that the SNL model reasonably well describes the dynamics of relatively large-amplitude
waves (Choi 2022a). A similar expansion has also been applied to large-amplitude internal
waves in a two-fluid system (Choi 2022b). This work extends the high-order SNL model
to a variable bottom.

Wave deformation over variable bottom has been investigated by a number of researchers
using various nonlinear long wave models. Kakutani (1971) generalised the Korteweg-
de Vries (KdV) equation to the case of a variable bottom, and Johnson (1972) adopted a
variable-coefficient KdV equation to study a solitary wave propagating over a shelf. Mei &
Le Méhaute (1966), Peregrine (1967) and Madsen & Mei (1969) derived bi-directional
weakly nonlinear (WNL) long wave models for a variable bottom that are equivalent to
the Boussinesq model for a flat bottom. Dingemans (1994) compared some Boussinesq-
type models with the laboratory measurements of periodic waves propagating over a
submerged bar whose vertical cross-section is trapezoid shaped. Wei et al. (1995) derived
a SNL Boussinesq model, applied to a solitary wave shoaling on slopes, and compared
the computed results with those of a boundary element method for the fully nonlinear
(FNL) problem developed by Grilli, Skouruo & Svendsen (1989). Madsen, Bingham & Liu
(2002) presented a new Boussinesq-type model for highly nonlinear and dispersive waves
over a variable bottom such that the linear dispersion relation is accurate for khg < 40,
where k denotes the characteristic wavenumber. Madsen, Fuhrman & Wang (2006) also
generalised this model to cover rapidly varying bathymetry. Chazel, Lannes & Marche
(2010) improved the Green—Naghdi (GN) equations (Green & Naghdi 1976) for the depth-
averaged horizontal velocity valid to O(82), proposed a new method of computation for
it and compared the computed results with the experimental results of Dingemans (1994).
Lannes & Marche (2015) also introduced a new type of GN equation over a varying bottom
that has a mathematical structure suitable for numerical computations. Unfortunately,
when they are extended to the next order, or to O (%), the Boussinesq or GN equations
become unstable and are no longer relevant for numerical computations (Matsuno 2016;
Choi 2022a).

In this work, by generalising the high-order SNL models for a flat bottom, we derive
those for a variable bottom written in terms of the bottom velocity by expanding
systematically the velocity potential at the bottom in A2. In addition to the fact that the use
of the bottom velocity stabilises the asymptotic model, the high-order correction improves
the linear dispersion relation, as shown in Choi (20224, §2), and, therefore, better
describes the generation of relatively shorter waves that are often inaccurately modelled
under the leading-order long wave approximation. To test the proposed high-order model
for a variable bottom, we solve numerically the first- and second-order SNL models for two
examples: (i) cnoidal waves propagating over a time-independent variable bottom, and (ii)
the forced generation of solitary waves by a submerged bottom moving steadily with a
transcritical speed, for which a succession of solitary waves is known to be generated and
propagate ahead of the disturbance (Wu & Wu 1982; Wu 1987; Lee, Yates & Wu 1989;
Grimshaw, Maleewong & Asavanant 2009). The numerical results of the SNL models are
then compared with those of the WNL long wave model and the FNL computation using
the boundary integral method developed by Baker, Meiron & Orszag (1982).
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This paper is organised as follows. Based on the formulation for nonlinear long waves
using the bottom velocity in § 2, we present a systematic asymptotic expansion for the
velocity potential and the vertical velocity in § 3, from which a high-order SNL model
for a variable bottom is derived in § 4. The computed results of the proposed SNL model
for the two examples mentioned previously are shown and discussed in § 5. Concluding
remarks are given in § 6.

2. Basic formulation for nonlinear long waves

For water waves propagating in two horizontal dimensions, the free surface boundary
conditions can be written (Zakharov 1968) as

1 1
G=-Vo -Ve+ (1+|VIP)W, & = —§|Vq>|2 — gl + 5(1 + Ve P)W?,
(2.1a,b)

where ¢(x, t) is the surface elevation, @ (x, t) =¢(x,z={¢, t) is the velocity potential
evaluated at the free surface, W is the vertical velocity evaluated at the free surface
defined by W =¢,|,—, and g is the gravitational acceleration. Here x = (x, y), the
subscripts ¢ and z represent partial differentiations with respect to time ¢ and the vertical
coordinate z, respectively, and V is the two-dimensional horizontal gradient given by
V =(3/0x, 3/dy).

There are several ways to write (2.1) as a closed system of two evolution equations
for two dynamical variables. For example, one can express W in terms of { and @,
as in the high-order spectral formulation (Dommermuth & Yue 1987; West et al. 1987;
Craig & Sulem 1993), and then find a system for ¢ and @, as commonly used for deep or
intermediate water depth. Alternatively, for shallow water, one can find the expressions for
@ and W in terms of ¢ and the bottom potential ¢ = ¢ (x, z = —h, t) and write (2.1) as
the evolution equations for these two variables (Choi 2022a).

As the first step to close (2.1), the velocity potential ¢ (x, z, t) and the vertical velocity
w(x, z,t) = 0¢/dz are expanded in Taylor series about the variable bottom z = —h(x, ¢):

e [ED ey (=D P
¢(x,z,t)—j§o[ ! bj + 2+ D! wzj], (2.2a)
N B e AR G VU CR O
w(x,z,z>—j§[— i o et o w21i|- (2.2b)

Here 82¢/8z2 = —V2q§ has been used and ¢ (x, t) and wo;(x, ¢) for j =0, 1,2, - - - are
defined, respectively, as

poj(x, )= (VH@) __ .. waj(x,t)= (sz %) . (2.3a,b)
‘ = ‘ 9z z=—h

Here we assume that the bottom is a known function in both space and time. In (2.3a) note
that ¢ for j =0 is the velocity potential at z = —h so that ¢g = @ (x, 1).

When ¢ and w in (2.2) are evaluated at z = ¢, the expressions for the free surface
variable @ (x, tr) and W (x, t) can be found as
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[ (—=1)/n? (— 1)/ P!
¢(x,z>:2[—.¢zg +.—wz~], (2.4a)
SLoept 7 ej+nt Y
° —1)/p2i+! —1)/n2i
W, r>=Z[—((2;+l),¢zj+z+%w2j], (2.40)

j=0
where 7 is the local depth defined by
nx, 1) =h(x,1)+¢x,1). (2.5)

When the bottom is flat, as shown in Choi (2022a), (2.2) can be written, after imposing
the bottom boundary condition given by wo = 0 and, therefore, w;; =0, as

d(x,z,t)=cos[(z+h)V]gp, w(x,z,t)=—sin[(z+h)V]-Ve,. (2.6a,b)
Then, by substituting z = ¢ into (2.6), @ and W can be expressed, in terms of ¢ and ¢, as
® =cos(nV)gp, W =—sin(nV)-Vep. (2.7a,b)

Substituting (2.7) into (2.1) yields formally a system of nonlinear evolution equations for
¢ and ¢, although the cosine and sine functions in (2.7) need to be expanded in infinite
series and, then, truncated for numerical evaluations. This has to be modified for a variable
bottom and the derivation of the model will be presented in the following section.

3. Derivation of the long wave model for variable bottom
3.1. Bottom boundary condition
For the variable bottom located at z = —h(x, t), the boundary condition given by

—(ht—l—VqS-Vh):% atz=—h(x, 1) 3.1

can be rewritten, in terms of bottom variables ¢} and wq defined in (2.3), as
h

_ — 3.2
1+ |Vh|? (3.2)

wo =

where 4 is defined as
h=h;+Vé,-Vh. (3.3)

As mentioned previously, to write the system given by (2.1) as the evolution equations
for ¢ and ¢y, one needs to find the expressions for @ and W in terms of these two variables.
This can be achieved using (2.4) once ¢, and w;; are expressed in terms of ¢ and ¢y, as
described subsequently.

First, using the chain rule for differentiation, ¢, and w; can be expressed as

1
2 2 2
¢2 = (V ¢)Z=—h = m(v ¢0 + 2Vw() -Vh + wOV l’l), (34(1)
1
2 2 2
wy = (V w)Z:—h = m(V wo — 2V¢2 -Vh — ¢2V ]’l) (34b)

Once the bottom boundary condition given by (3.2) is used for wg, one has the expressions
for ¢ and w; in terms of ¢g. The general expressions for ¢ and wy; (j =1, 2, ---) can
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be found recursively as

1
1+ |Vh|?
= 1

==h " 14 |Vh|?

Then, substituting (3.4) and (3.5) into (2.4) and the resulting expressions for @ and W into
(2.1), one can find the closed system for the evolution equations for ¢ (x, 7) and ¢p(x, t).
The resulting system (2.1) written in infinite series is exact, but needs to be truncated for
practical applications. To find a long wave model that is asymptotically consistent, we need
to expand ¢, and wy; in ﬂz, where 8 = hg/Ap is the long wave parameter defined in § 1.

2y = (V¥$).__, = (V2922 +2Vuzj 2+ Vi 4 wnj2V?h),  (3.50)

wyj = (V¥ w (V2w2 2 =2V - Vh— v2h>. (3.5b)

3.2. Systematic asymptotic expansion
We assume that ¢ ; and wz; (j = 0) in (3.5) can be expanded as

o0 o
hj = Zfﬁzj,zm, Wy = Zw2j,2m- (3.6a,b)
m=0 m=0

In (3.6), ¢po,2m 1s given by
$0,0=¢p, Po2m=0 for m=>1, (3.7a,b)

while wo 2, are given, from (3.2), by

woom = (=)™ | VR®™ b for m >0, (3.7¢)
where we have used the fact that
[e.@]
(A+[VAH™ =" (=" VA", (3.8)
m=0

with |VAh[?> = O(8?). On the other hand, for j > 1, ¢2j.2, and wy; 2y are given, from
(3.5), by

$27.0= V220, (3.9a)

m
$2jom = Z(—l)ZIVhlzl V202, -2.2(m—1)
1=0
m—1
+ Z(—1)1|Vh|2[ (Zszj—z,z(m—z—l) -Vh+ w2j—2,2(m—l—l)v2h> for m > 1,

1=0
(3.9h)

m
W2j2m = Z(—l)lIVhIZI <V2w2j—2,2(m—l) =2V 20m—1)- Vh — ¢2j,2(m—z)V2h>
1=0
for m > 0. (3.9¢)
Note that ¢2j,2m/dp = O(B*V+™) and wajam/IVhpl = O(B*I+MH) as |Vh|*" =
O(B*) and |w/V¢| = O(B) for long waves. Although no small parameter is explicitly
introduced, one can see that ¢, ; and wy; are expanded in B2 in (3.6).
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3.3. Expansion for ® and W in terms of ¢ and ¢p

After substituting (3.6) with (3.7) and (3.9) into (2.4) and collecting terms at 0(,32), D
and W can be expanded as

(0,0) (0,0
&= Z¢2m, W= ZWZm, (3.10a,b)

where @;,, and W»,, are given by

Do = ¢b, (3.11a)
2n+2 2n+1
Doy = Z(— )" [ T 2),¢2n+2,2(m7n71) + mwzn,z(mnl)] for m > 1,
(3.11b)
m ) n2n+1 n2n
Wom :Z(—l) [_m¢2n+2,2(mn) + (2n)!w2n,2(mn)j| for m >0, (3.11¢)

n=0

where ¢ 2, =0 for m > 1 has been imposed.

Note that both @,,, and W, explicitly depend only on ¢ and ¢,. Assuming that
nV =0(hy/A9) =0(B) K1 with¢/h=0(ag/hg) = O(x) = O(1), one can notice that
Doy /P = O(BZ") and Wa,, /|IV®| = O(B>"+1) for m > 0. Here « is the nonlinearity
parameter defined by the ratio of the wave amplitude ag to the water depth /g, namely
o :=ap/ hg, and note that no assumption on the magnitude of « is made. Therefore, as long
as B remains small, the amplitude ag can be comparable to /. Of course, the assumption
of B <« 1is no longer valid for short waves, for which a high-order correction is necessary.

4. High-order long wave model for the bottom potential
4.1. System of nonlinear evolution equations

By substituting (3.10) into (2.1), the nonlinear evolution equations for ¢ and ¢ can be
obtained as

L= Qm ¢p), &= ZRzm@ ), (4.1a,b)

m=0 m=0
where @ is given, in terms of { and ¢p, by (3.10a). In (4.1), Q2 (m = 0) are given by

Qo=—V¢ - VO + Wy, Qom=—VE VP + Way + |V [*Wagu_1) for m>1,

(4.2a,b)
while Ry, (m > 0) are given by
1 1
Ro==g{ = 5IV®ol*, Ro==V®- V& +  Wo’, (4.3a,b)
m 1
Rom = ZV@] V®rm—j) + 5 ZszWz(m i1
j=0 j =0
m—2
—|V<§ > WajWam—j—2) form=>2. (4.3¢)
j=0

Note that both Q2,, and Ry, are O(B2") as @a = O (Way) = O(B¥™).
1028 A34-6
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Similarly to the case of a flat bottom, the evolution equation for ¢ given by (4.1a) can be
written in terms of the depth-averaged velocity u defined by

¢
nﬁ:/ V¢ dz, 4.4
—h

whose divergence can be shown, after some manipulation using (2.2a), (2.4) and (3.5),
to be

V@) =V& -V~ (1+ VAW === Qo —hi. (4.5)

Then, (2.1a) can be reduced to
¢+ Ve(mu)=—h, (4.6)

which implies conservation of mass when /; = 0.

4.2. Truncated systems

For practical applications, the system (4.1) needs to be truncated, after replacing the upper
limit of the summation by M, to

M
G=Y Qm@ ¢p), &= ZRzm@ ). (4.7a,b)

m=0 m=0

The truncated system (4.7) is valid to O (8 2M) "which will be hereinafter referred to as the
Mth-order system.

4.2.1. Zeroth-order model
Under the zeroth-order (M = 0) approximation, the leading-order terms in (4.7) can be
obtained as {; = Q¢ and @y; = R or

1
G+ VemVp)=—hi, ¢+ 8¢+ 5|V¢b|2 =0, (4.8a,b)

which is the (non-dispersive) shallow water equations and neglects any terms of O(82%) or
smaller.

4.2.2. First-order model
Under the first-order (M = 1) approximation, the system correct to O(B?) can be found as

=00+ Q2, (Po+ P2)=Ro+ Ry, (4.9a,b)

which can be written explicitly, for @2,,, Q2;, and Ry, (m =0, 1), respectively, as

3 2 2
G+V- [(n - yvz) Vo — %Vl% — (%qubb + nh) Vh] ——h,,  (410a)

2 1 "’ o2 ; 1o
1——V b — +g€+§V¢b-V¢b=V- 5V oV +nhVey +§h ,
t (4.10b)

which is valid to O (B2). _
When £ is independent of time ¢ so that h; =0 and & = V¢, - VA, this system can be
reduced to that derived by Wei et al. (1995) for the bottom velocity potential.

1028 A34-7
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After taking the horizontal gradient, the first-order system (4.10) can be written, in terms
of v=Vg¢p, as

n . (0 -
§t+v-[(n—§v2>v—EVh—<?V-v+nh)Vh}=—h,, (4.11a)
v(Zv.otni)| 4 (sc+ -v|v ’72(V Yo+ il + L2

v o v+7n ; gc 2v v = o v)v + nhv > ,

(4.11b)
where /i = h; + v - Vi and v is referred to as the bottom velocity. Note that v is a tangential
velocity at the bottom when it is divided by (1 + |Vh|?)!/2.

For WNL waves of ¢/h = 0(,82), ora = 0(,82), the first-order system given by (4.11)
can be further simplified to the following WNL model:

h3 h? .
§I+V-|:;7v—V <§V-v+7h)]:—h,, (4.12a)

2
[v—V (%V . v—|—hiz>:| +V (g; + %v-v) =V [V . (hh,v)—i—%h,(h, +2v- Vh)].
t (4.12b)

Here we have assumed that |[Vi| = O (h;) = O(B) and have used the fact that V(V - v) =
VZy with V x v =V x V¢, =0.

By comparing (4.11a) with (4.6), one can see that the depth-averaged velocity can be
expressed, in terms of v, as

2
= (1—%v2) v—giz— (gV-v+h) Vi+ 0(BY), (4.13)
which can be inverted, under the same order of approximation, to
n o7 (1 =
v:(1+§vz>ﬁ+5w+(zv-ﬁ+h> Vh+ 0(8Y), (4.14)

where / is defined by

h=h, +u-Vh. (4.15)

The same result can be obtained from the definition of u# given by (4.4) with (2.2a) and
(3.10a), as shown in Appendix B. Then, by substituting (4.14) into (4.11) and neglecting
terms higher than O(B?), one can find the first-order system for the depth-averaged
velocity given, in conservative form, by

_ Ao (s P\ (Mo - T 1
|:u—EV<?V-u+7h +<§V-u+h)Vhl+V g5 + -

772

% 1(V —+Z)2+ﬁ v(Zv.z+Th) -z ("V _—l—hT)Vh
= — u — . — u — —u-|— u .
o . 3 2 2
(4.16)
Here we have used V(V - @) = VZu + O (,32) from the fact that
1 - =
V x@=-Vnx (gv2ﬁ+ EVh) Y VAxV (gv -ﬁ+h> +O0BYH =0,
4.17)
1028 A34-8
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which is obtained by taking the curl of (4.14) with V x v =V x V¢, =0.
Using V(u -u) =2u-Vu+2u x (V xu) with (4.17), one can rewrite (4.16), after
some lengthy manipulation, as

o I (n . n
@ +u-Vit+gVe=-v(LTc+1F —(—G+F) Vh, (4.18)
n 3 2 2
where G and F are defined by
G=V-u+u-V(V-u)—(V-u? F=( +H-V)fz. (4.19a,b)

Equation (4.18) along with (4.6) yields the GN equations for a variable bottom correct to
o).

4.2.3. Second-order model
The second-order (M = 2) system for ¢ and v that is correct to 0(,34) can be found, from
(A3), (AS5) and (AO6) for @5y, Ry and Qo (m =0, 1, 2), respectively, as

G=Q0+ 02+ 04, (Po+ P2+ Py)r=Ro+ R+ Ry. (4.20a,b)
Alternatively, by taking the gradient of (4.200), one can find the system for ¢ and v as

3 5 2 2
;,+V.Hn_”—'v2+”—(v2)2}v—"—’w}—<" V. v—i—nh)Vh

3 5! 21
n* n’ n*
+ L AR AL R A (|Vh|2h) + q§4Vh] = —h,, 4.21a)

2 1
[v—V(Z’V v+nh>+V¢4] —i—V(g{—l-Ev-v)
t

2
_V[ {—(V v)v+nvh}+%fz2]

2

1 n> | )
—V|:v-V<D4+—‘V( V. v+nh) +W2(nV-v+h)—E|V§|2(nV.v+h)2},

2 2!
(4.21b)
where W, and @4 are given by
W, =3—?V V24 ! o .Q+n1'[+|Vh|2h (4.22a)
3 2
@y =mvzv v+ Q+Z'H+U|Vh|2h (4.22b)

with £2 and IT defined by

=V +2V?v-Vh+(V-0)VZh, MO=|Vh]’V-v+2Vh-Vh+hV>h.
(4.23a,b)

In the absence of variable bottom topography (h; = |Vh| =0), the second-order system
(4.21) can be reduced to

n’ n’
G+V. H”_yvz §(vz)z} vi| =0, (4.24a)

1028 A34-9
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(a) 2

(b) z

-L)2

| U |
| o |

Figure 1. Schematic views of initial states for two numerical examples. (¢) Example 1: long waves propagating
over a time-independent variable bottom z = —h(x). (b) Example 2: the forced generation of solitary waves by
a bottom topography z = —h(x, t) moving to the left steadily with a transcritical speed. The blue line —
represents the water surface z = ¢ (x, t) and the brown line —— the bottom topography z = —h(x, 1).

2 4 1
[v—V (n—V-v—n—V-V2v>] +V(g§+—v-v>
2! A1 t 2
4 4
—vV |:V : (%vvzvow%vw-wz)]. (4.24b)

Note that the original form on the right-hand side of (4.24b) in Choi (2022a) contained an
error, which was corrected in Choi (2022c¢). When linearised, both (4.11) and (4.24) have
the real dispersion relation for any wavenumber and are therefore neutrally stable in the
absence of bottom topography.

5. Numerical examples

This section shows some computed results for two examples: (i) example : long waves
propagating over a time-independent variable bottom z = —h(x); and (ii) example 2: the
forced generation of solitary waves by a bottom topography z = —h(x, t) moving to the left
steadily with a transcritical speed, as shown in figures 1(a) and 1(b), respectively. The flow
is two-dimensional in the vertical cross-section along the propagation direction of waves,
and each variable is one-dimensional in space, such as { = ¢(x, t), ¢p, = v =v(x, ) and
h=h(x,1t).

For numerical computation, each variable is non-dimensionalised with the length scale
ho and the time scale \/ho/g as

9 b b b b 9 k] v .
w0 Lo b oo ¥ ¥ * h() ]’l() ./h()/ ]’l() h() h() h() A/ gh
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Henceforth, the asterisks for dimensionless variables will be omitted for brevity. For this
one-dimensional system in space, the first-order SNL model (4.11) can be rewritten in
dimensionless form as

2

3
Ui n ;
&= {—(UU— ?vxx)'i‘g(hx‘kvxhx)‘{‘nhhx} — hy, (5.2a)
! : x

7]2 . 1 2 1.
[v — Oy (—vx + nh):| { .- —v + (—vvx + nhv) + —hz} , (5.2b)
2 . 2 M

and the second-order SNL model (4.21) as

m n N :
&= {_(nv_ ?Uxx —VUpoe) + ol —(hx +vyihy) +nhhy

5!
4 3 2
= % - %Hx = %(hxzmx - q>4hx}x — h, (5.3a)
7’2 1 5 2 1'2
|:v—(2'vx+nh)x+q§4xi|t—|: C——v +<5vxv+nvh>x+§h
2 2
Lf(n N 12
— v Py, — 5 va + nh — Wanvy +h) + Eé‘x (nux +h) s (5.3b)
X X
where
Q2 =hyy + 2vichy + Vihy, T =hy2vy + 2k hy + By
n* UN n’ n’ n’ :
by = T 3'.(2+ 2'H+nh 2h, W2:§vm+59+n1‘1+hx2h

(5.3¢)

After assuming the amplitude parameter o << 1 with o = 0(/32), h—ho=0(), hy =
O(hy) = O(aB), and neglecting terms higher than 0(a,33, azﬂ), the WNL long wave
model (4.12) for the one-dimensional system in space becomes

n3 h? 1,
R 0 N A O ) B Y O T IR

After rearranging dispersive terms for #; = 0, it can be shown that (5.4) is the WNL system
of Mei & Le Méhaute (1966).

Suppose that the flow domain and the bottom topography are periodic in space as
Cx,t)=¢(x+L,t), vix,t)=v(x+ L, 1) and h(x,t)=h(x + L, t). We numerically
solve the SNL models (5.2) and (5.3) and the WNL model (5.4) in the domain —L /2 < x <
L /2 using a pseudo-spectral method with periodic boundary conditions, similarly to the
previous work (Choi 20224, § 6.2) for a flat bottom. The computed results are compared
with the FNL computation based on the boundary integral method developed by Baker
et al. (1982), which is summarised in Appendix D.

5.1. The computational method of long wave models

For the spectral approximation of ¢ and v in the first- and second-order SNL models
(5.2) and (5.3) and the WNL model (5.4), the computational domain —L/2 < x < L/2 is
transformed into —m < § <, namely

L L . L
——<x<—=— & —-mw<é&<m withx=—¢&, (5.5
2 2w

2
1028 A34-11
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and is divided at equal intervals as

L ] ) . L 2 .
Xj=—=+jAx & & =-—nm+jA§ with Ax=—, Aé=— (j=0,1,---,N).
2 N N
(5.6)
Then ¢ and v at x = x; = (L/(27))&; can be approximated, respectively, as
51 L N
: Lel with ~ikt;
L) =¢(xj, =Y G with G(1) = NZ;J-me i (57a)
k=—4 j=0
51 L N
vi():=v(x;, 1) = Ue()ekEi with  U(t) = — vi(t)e i, 5.7b
j (@) =v(x), 1) k:%k() k(0 N];’( (5.7b)

Here the Fourier coefficients y; = ¢ or vy are numerically obtained using a fast Fourier
transform. In addition, in order to reduce aliasing errors due to approximation of nonlinear
terms using the finite Fourier series, the Fourier coefficients y; = ¢ or v are filtered as

v for k| < % - Nﬁltera
= v (5.8)

0 forlk| > 5~ Njiter.
The evolution equations in (5.2), (5.3) and (5.4) are integrated in time using the fourth-
order Runge—Kutta scheme. Then, in order to determine v at a new time step, we apply the
same iterative scheme as in the previous work (Choi 20224, (6.14)) to the second equations

(5.2b), (5.3b) and (5.4b). For the second-order SNL model, we solve (5.3b) to obtain ¥
defined by

2
Y o =v— <%vx + nvhx> + Dy, (5.9
° X

and invert this to find v at a new time step using the following iterative scheme:

2 92 4 a4 2 2
1— TTmax 8_ + TTmax 8_ pHD g ) 4 N~ Tmax W
2! 9x2 4! x4 2! 2! o

(’74 ’7max4)<) Wy T oow T oaw w3
(1 max ) +nv“hx——s2ﬂ——n“—nv“hx} (W=0,1,--).
FTRVTINY e 31 21 i

(5.10)

Here p denotes the iteration number and nmax = maxogj<nn(x;, ) is a numerical
parameter to accelerate the convergence rate (see Choi 2022a, Appendix C). Note that
¥ in (5.9) corresponds to the inside of the bracket on the left-hand side of (5.35). The
stopping condition of this iteration (5.10) was set using the residual » ) (¢) as

r () = max [V (x;, 1) —v#* D(x;, 0] < 107°. (5.11)
0<j<N

SIAS

In the case of a variable bottom, the convergence rate of this iterative scheme (5.10)
depends sensitively on the initial guess v(’). We improve the convergence of (5.10) by
adopting a solution of the finite difference approximation of (5.9) as the initial guess v(®
(see Appendix C). Similarly, we can obtain v at a new time step in (5.2b) of the first-order
SNL model and (5.4b) of the WNL model.
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5.2. Example 1: long waves propagating over a time-independent variable bottom
(hy =0)
The initial state of this example is schematically depicted in figure 1(a). The initial wave

and the bottom topography are set as follows. First, the initial wave profile z = ¢(x, t =0)
is the cnoidal wave solution of the KdV equation given by

C(x,t=0)=—ag B(£)+o7()cn2 { 2350(x—x0) ‘K}, (5.12)
with
11 1E®
B =1 7 + KO’ (5.13)

where ¢ denotes the modulus of the cnoidal function, K (€) and E(¢) are the complete
elliptic integrals of the first and second kind, respectively, and &y = Hy/ho is the
dimensionless height of the initial wave. The wave crest is located at x = xo. When the
wavelength L and the wave height & are given, the modulus £ can be determined by

/300

LK) = 2 L. (5.14)
The phase speed ¢q of the initial cnoidal wave in (5.12) is given by
~ 1. 1
co=1—|—§ao {2_2_2_3]9(@}’ (5.15)

where g is scaled by +/ghg. Next, the time-independent bottom topography z = —h(x) is
set using the cnoidal function as

h(x) =1 — hy cn {%K(Zb)x ‘eb}, (5.16)

where hy, is the height of the topography, as shown in figure 1(a), and the modulus £}, is
related to the nome gy, by

K'(Ly)
K (Lp)

Figures 2 and 3 show some computed results of the first- and second-order SNL long
wave models (5.2) and (5.3) and the WNL long wave model (5.4) with L =60, xo = —20
in (5.12) and hp =0.75 and g¢, =0.01 in (5.16). The results are compared with the FNL
computation. Figure 2(d) shows the shape of the bottom topography z = —/(x). The total
number N of the spectral approximation in (5.7) and the time increment At of the fourth-
order Runge—Kutta scheme for the evolution equations are set to N = 2048 and At = 0.05,
respectively. The threshold Np, for the de-aliasing filter in (5.8) is set t0 Nfjer = 900 for
SNL and Njjzer = 400 for WNL and FNL.

Figures 2(a), 2(b) and 2(c) show the computed results of time evolution of the wave
profile z = ¢ (x, t) for &g = 0.05, 0.07 and 0.09, respectively, where &g = Hy/ ho denotes
the wave height of the initial cnoidal wave (5.12). Figures 2(b1) and 2(bii) enlarge (b)
at t =45 and 54, respectively, and figures 2(ci) and 2(cii) enlarge (c) at t =45 and 54,
respectively. Figures 3(a), 3(b), 3(c) and 3(d) compare the three-dimensional plots in
the (x, t, z) space of time evolution of the wave profile z = ¢ (x, t) for g = 0.09 using
the first- and second-order SNL, WNL and FNL models, respectively. The wave height
increases as the wave approaches the hump of the bottom, and the long cnoidal wave

1028 A34-13
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0.15 —— SNL (1st) —— WNL
—— SNL (2nd) +---+ FNL

Figure 2. For caption see next page.

disintegrates into several shorter waves or rank-ordered solitary waves after travelling over
the top of the hump at x = 0. Compared with the FNL computation, it is found that the
second-order SNL model produces more accurate solutions in this range of the height &g
than the first-order SNL and WNL models, which fail to capture the disintegration process
correctly. It should be noted that the shorter waves generated by the first-order SNL model
propagate faster than those of the second-order SNL model or the FNL solutions. This
seems to be related to the linear dispersion relation of the SNL models. The full linear
dispersion relation for small-amplitude sinusoidal waves with the wavenumber k and the
wave frequency w propagating on water of constant depth A is given by
2 = gk tanh kh ¢ _tahkho i o ? (5.18)
" = gk tan or —=—— with ¢c=—. .
& 0 cho . kho K
For long waves with khy < 1, this dispersion relation is approximated by the Mth order
SNL model as (Choi 20224, (2.16))
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®) o
0.15 —— SNL(Ist) — WNLHh
0.10 |- —— SNL(2nd) -+ FNL ||

0.05 |- R

—0.05 R

Figure 2. (cntd). Comparison of the time evolution of the wave profile z = ¢(x, ¢) of example 1. The wave
profiles z=¢(x, t) att =0, 9, 18, 27, 36, 45 and 54 are plotted in each figure. The initial wave profile ¢ (x, t =
0) is given by (5.12) with L =60 and xo = —20 for (a) &p =0.05, (b) &p=0.07 and (c) &g = 0.09, where
o = Hy/ ho denotes the dimensionless wave height of the initial wave. The red line — represents the first-
order SNL long wave model, the blue line — the second-order SNL model, the green line —— the WNL long
wave model and the black dashed line - - - - the FNL computation. The brown line — in (d) shows the shape
of the bottom topography 4 (x) given by (5.16) with h, =0.75 and g¢, = 0.01. The time increment At of the
fourth-order Runge—Kutta scheme, the total number N of the spectral approximation in (5.7) and the threshold
Niirer for the de-aliasing filter in (5.8) are set to At =0.05, N =2048 and Ny =900 (SNL) and 400 (WNL
and FNL), respectively. Panels (b1) and (b1ii) enlarge (b) at t+ =45 and 54, respectively. Panels (c1) and (cii)
enlarge (c) at r =45 and 54, respectively.

Ly (kho)zm Ly (kho)™™"
2 ) "=l (2m + 1)! c? m=10m 1)1
w” = ghok” - 5 or — = T (5.19)
1+ (kho) " gho 4 yM (kho)™
m=1"m)! m=1"(2m)!
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(b)

20
030 0730

(d)

-20

20
0_30

Figure 3. Three-dimensional plot for the time evolution of the wave profile z = ¢ (x, #) of example 1 for &g =
0.09 in the (x, #, z) space. The time interval is 0.5. For further information, see the caption of figure 2. (a)
First-order SNL, (b) second-order SNL, (¢) WNL, (d) FNL.

k hg

Figure 4. Variation of the wave speed squared c?/ghg with the dispersion parameter khg in the linear
dispersion relations. The black line — represents the full linear dispersion relation (5.18). The red line —— and
blue line — denote the linear dispersion relation (5.19) with M = 1 (first-order SNL) and M = 2 (second-order
SNL), respectively.

Figure 4 compares the variation of ¢2/(ghg) with the dispersion parameter kg in (5.18)
and (5.19) with M =1 and 2. We can see that the linear wave speed for the second-
order SNL model (M = 2) agrees with that of the Euler equations for ko < 2, while the
agreement for the first-order SNL model (M = 1) is observed for khg < 1. The wave speed
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1.2

—— SNL (Ist)
| | — SNL (2nd)

15/hll max

Figure 5. Variation of the shoaling rate ||/ /|/max on the up-slope with time ¢ (example 1). Each numeral in
the figure shows the value of the height oo = Hp/ ho of the initial wave (5.12). The shoaling rate £/ 7 ||max
is defined by (5.20). The red line — represents the first-order SNL long wave model, the blue line — the
second-order SNL model, the green line the WNL long wave model and the black dashed line - - - - the
FNL computation. For further information, see the caption of figure 2.

for the first-order model is always greater than that of the second-order or FNL model, as
observed in our numerical results. Therefore, one can conclude that the short-wavelength
behaviour is captured better by increasing the order of approximation.

Figure 5 shows the variation of the shoaling rate [|{/h|lmax for 15 < ¢ < 20 when the
crests of incident waves (&g = 0.09, 0.11, 0.13, 0.15 and 0.17) are on the up-slope, where

¢ $(x, 1)

h h(x)

The results show that, for the bottom topography given by (5.16), the second-order
SNL model better approximates the shoaling rate ||{/#h|lmax of the FNL solution for
¢/ hllmax < 0.8 than the first-order SNL and WNL models.

. (5.20)

max
max | —L/2<x<L)2

5.3. Example 2: forced generation of solitary waves by a bottom topography moving
steadily with a transcritical speed

As mentioned in § 1, a submerged hump moving steadily with a transcritical speed in a
layer of shallow water, as shown in figure 1(b), can generate a succession of solitary waves
propagating ahead of the hump. In this example, we perform numerical computation for
this phenomenon, namely the forced generation of solitary waves by a bottom topography
moving to the negative x direction with constant speed U in water of finite depth /¢, using
the proposed SNL models. The bottom topography z = —h(x, t) in the non-dimensional
form is given by

h(x,t) =1~ hpsech’ kX with X =x + Fy1, (5.21)
where the Froude number F; is defined by
F.=U/\/gho. (5.22)

Then it is convenient to consider this problem in the (X, #) frame of reference moving
with the bottom topography, instead of the (x, t) frame, where X = x + F,t. The Froude
number F, and kp, in (5.21) are fixed to F; = 1.01 and k;, = 0.5, respectively. The X domain
for computation is set to —250 < X < 250 (L =500) and other parameters are N = 2048
and Ar =0.05.
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06 —— SNL(Ist) — WNL
—— SNL(2nd) ++++: FNL

(b)

z 02

(d)
090 ]
hy=0.1
7 095 0.075 i
0.05
~1.00 ‘ ‘ ‘ ‘
40 20 0 20 40 60

X

Figure 6. Comparison of the wave profile z = ¢ (X, t) at t = 150 for example 2. Here X = x + F,t. The height
hyp, of the bottom topography z = —h(x, 1) = —h(X) in (5.21) is set as (a) 0.05, (b) 0.075 and (c) 0.1. The Froude
number F, and kp in (5.21) are fixed to F. = 1.01 and & = 0.5, respectively. The red line — represents the
first-order SNL long wave model, the blue line — the second-order SNL model, the green line —— the WNL
long wave model and the black dashed line - - - - the FNL. The brown line —— in (d) shows the shape of the
bottom topography moving to the left. Here L =500, At =0.05 and N = 2048 with N, = 500 (SNL), 320
(WNL) and 400 (FNL).

Figures 6(a), 6(b) and 6(c) show the computed results of the wave profiles z = ¢ (X, t)
at t = 150 for hp =0.05, 0.075 and 0.1, respectively, where hj; denotes the height of the
bottom topography in (5.21). The shape of the bottom topography is shown in figure 6(d).
Figures 7(a), 7(b), 7(c) and 7(d) compare the three-dimensional plots in the (X, ¢, z) space
of time evolution of the wave profile z = ¢ (X, t) for h, = 0.1 using the first- and second-
order SNL, WNL and FNL models, respectively. All three long wave models predicts the
generation of solitary waves propagating ahead of the hump, but, when compared with the
FNL computations, the second-order SNL model produces the most accurate results.
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Figure 7. Three-dimensional plot of the time evolution of the wave profile z = ¢ (X, t) for F. =1.01 and hp =
0.1 in the (X, 7, z) space of example 2. Here X =x + F,¢. The time interval is 2.0. For further information,
see the caption of figure 6. (a) First-order SNL, (b) second-order SNL, (¢) WNL, (d) FNL.

SNL (1st) SNL (2nd) WNL FNL
Example 1 (& = 0.09, 0 < 7 < 54) 299 319 297 3273
Example 2 (h, = 0.1, 0 < t < 150) 816 878 837 9866

Table 1. Comparison of CPU time to solve each model. Numerical computations were performed using a
MacBook Pro with an Apple M4 Pro. The unit of CPU time is seconds. Here SNL (1st) and SNL (2nd) denote
the first- and second-order SNL long wave models, respectively. See captions of figures 2 and 6 for details of
numerical computations.

Table 1 summarises the CPU time of each model for example 1 (&g = 0.09) and example
2 (hp =0.1) for the computations using a MacBook Pro with an Apple M4 Pro. Note that
the CPU time for each long wave model (SNL and WNL) is less than 1/10 of that for the
FNL model and no significant increase of the CPU time is observed for the second-order
model compared with the first-order model.

From these two numerical examples, one can conclude that the high-order terms in the
SNL models should be included to better describe the evolution of nonlinear long waves
in the presence of a variable bottom.

6. Conclusions

We have developed the SNL long wave model for a variable bottom with generalising
the model proposed by Choi (2022a) for a flat bottom. Under the assumption that
B=ho/do < 1 and |[Vh| = O(B), by expanding the velocity potential ¢ and the vertical
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velocity w at the bottom z = —h(x, t), we have presented a system of nonlinear evolution
equations (4.1) for the surface elevation ¢ and the bottom velocity v = V¢, that is valid at
any order of approximation in 2.

In order to examine their performance with a variable bottom, the first- and second-
order SNL models given by (5.2) and (5.3), respectively, are solved numerically using a
pseudo-spectral method for the deformation and generation of long waves over a bottom
topography. When compared with the FNL computations using the boundary integral
method in Appendix D, the computed results in §§ 5.2 and 5.3 have shown that the second-
order SNL model produces more accurate results than the first-order SNL model and the
WNL model. This demonstrates the importance of high-order (both linear and nonlinear)
dispersive effects that cannot be stably described by many of the widely used long wave
models for the depth-averaged velocity or the velocity at a fixed vertical level due to the
instability or the ill-posedness caused by truncation of the linear dispersion relation for
water waves. Therefore, it can be concluded that the high-order SNL model for the bottom
velocity removes these non-physical artefacts even in the presence of bottom topography.
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Appendix A. Explicit expressions for expanded variables

Here we present the explicit expressions for expanded variables that are necessary to write
the evolution equations valid to O (ﬂ4). From (3.9a) and (3.9b), the expressions for ¢ 2
(j, m =0, 1) are given by

60,0 =P, ¢$02=0, ¢o4=0, (Ala)
$2.0=V>¢0.0=V>¢p. p10=V>¢20="V"¢p, (Alb)
$2.2=V>¢02 — [VA[*Vo,0 +2Vwo 0 + Vi + wo,0V2h
=—|Vh|]*V?¢p —2Vh - Vh — hV?h = —T1, (Alc)
while those for wy; 2y, are given, from (3.9¢), by
wo.0 =—h, wos=|Vh|*h, wos=—|Vh|*h, (A2a)
w20 = VZwo o — 2V Vh — ¢ 0| Vh|*
=—V2h —2V2(Véy) - Vh — (V2¢p)(V2h) = —R2. (A2b)

By substituting these into (3.11a) and (3.115), the expressions for @,,, (m =0, 1, 2) can
be found as

Dy = ¢y, (A3a)
n’ n’ :
Dy =02 — §¢2,0 + nwo,0 = _EV% —nh, (A3b)
D4 =0 _,7_2¢ +77_4¢ +nw —n—3w
4= 04— Srd22+ a0 0.2 = Z7W2,0
UMEVU n* 2;
= V0 + 3 2+ ST+l VAPh (A3c)
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On the other hand, from (3.11¢), Wy, (m =0, 1) are given by

Wo = —n¢.0 + wo,0 = —nV2¢p — h, (Ada)
n3 772
Wo=—n¢r2 +wo2+ §¢4,0 — Syw20
n3 n? . -
- §v“qsb + 52 il + |Vh|*h. (A4b)

Then, the right-hand sides of the evolution equations, or Q»,, and R»,,, can be obtained
from (4.2) and (4.3) although Q,,, can be found more conveniently, from (4.5), as

Qo=—V-@uo) —hi,  Qom=—V - (Nt2m), (ASa.,b)

where Uy, are expressed, in terms of ¢ and v, in (B4). On the other hand, R>,, (m =0, 1, 2)
can be obtained, from (4.3) with (A3) and (A4), as

1 2 1 2
Roz—gi—le%l :—8§—§|V¢b| , (A6a)
1 2 ) 1.
Ry=-V&,-Vd, + EWo2 =V. (%qu&bVqu) +V . (mhVey) + §h2’ (A6b)

1 1
Ry=—2QV g VP4 +V by - Vo) + WoWa + 5|V;|2Wo2
2

| .
5 +W2(77V'v+h)—EIVCIZ(TIV'erh)Z}

1 n> .
=—|v-VOP4+ - |V 5V-v+nh

(A6¢)
where W5 and @4 are defined in (4.22) with §2 and IT given by (4.23).

Appendix B. Expansion for the depth-averaged velocity
From (4.4), the depth-averaged velocity u is given by

¢
ni=V (/ ¢dz) —®Ve —$pVh
—h

i { (=7 (=1 !

2! ¢ + 2+ ) wzj} — Ve —¢pVh. BD

j=0
As ¢, wyj and @ can be expanded in ,82, as shown in (3.6a), (3.6b) and (3.10a),
respectively, # can also be expanded as

[e.@]
U=y tm, (B2)
m=0
where uy,, = 0(,32’”) can be found from
nuo = V(nep) — ppVn=nVep =nv, (B3a)
m—1
_ (_l)n-H ) (_l)n
-V n+3 o 2n+2 o
NUm |:l;) {—(2n 3 N Gnt2,2m—n—1) + Gn 1ol N T W 2(m—n—1)

— &5, Ve. (B3b)
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By substituting (3.11b) for @, into (B3b), one can find that ug = v while uy,,, (im > 1) are
given by

m—1

7 (=D"" 2 D" 5
Wom = Z [(2n+3), "2 ont2.20m-n—1) + n +2)!n " wan 20m—n—1
—p™*! 2t =" 5
+ Z |:(2 +2), mt ¢2n+2 2(m—n—1) + mﬂ ”wzn,z(m_n_l) Vh,

(B4)

where ¢2, 2, and wo, 2, are defined by (3.9). For example, the expressions for u»,, for
m =0, 1, 2 are given explicitly by

W=, (B5a)
2
u) = ——V¢2 o+ 2|Vw00 + (——(l)zo + wy, 0) Vh
_ T2, Ty (QV-v+h> Vh, (B5b)
3! 2! 2
4 2 3
_ 7 n n n
Uy = §V¢4,o - §V¢2,2 - 4—!VUJ2,0 + Z—!Vwo,z
3 2
+ (77 ¢40—2¢40—%w20+w02> Vh
4 3 772 1
= D g4y 4+ I 4 VR4 — 3 VH+ V(|Vh|2h)+ q§4Vh (B5¢)

where @4 are defined in (4.22b) with §2 and IT given by (4.23).
For the flat bottom, the expressions for u»,, (m > 0) can be simplified (Choi 2022a) to

—1 m
ﬁ2m: ( ) 2mv2mv.

2m +1)! (B6)

Appendix C. The initial guess v for the iterative scheme (5.10)

It may be natural to set the initial value v® (x, r) by linear extrapolation using the two
previous times ¢t — At and ¢t — 2At as

vOx, 1) =2v(x, t — A1) — v(x, t —2A1). (C1)

However, the convergence of the iterative scheme (5.10) using the initial guess v(® in (C1)
is very slow, as shown in method 1 of figure 8.

On the other hand, we may approximate (5.9) by a system of simultaneous linear
equations using the finite difference discretisation of the spatial differentiation of v(x, 1)
with the error of O(Ax?) as
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2 2

Figure 8. Convergence of the iterative scheme (5.10) for two different initial guesses v©: the residual r* (1)
versus the iteration number . Method 1 (red line —): v© s given by the linear extrapolation (C1). Method
2 (blue line —): v© is given by the finite difference approximation of (5.9). The residual (1) is defined
by (5.11). The computed results are obtained using the second-order SNL model for example 1 with &g = 0.09
in § 5.2. See the caption of figure 2 for other parameter values. Results are shown for (a) t =20 and (b) t = 50.

vj—2 — 8vj—1 +8vj11 —vj42

vl 1) = 12Ax
—vi_p + 16v;_1 — 30v; + 16Vj41 — vi42
vxx(xj’t) = 4 d 12Ax]2 d d
vi—3 — 8vj_2 + 13vj_1 — 13vj41 + 8vj42 — Vi3 [
vxxx(xj,t) ~ ! ! SAX3 ! ! !
—vj—3+ 12v; 2 — 39v;_1 + 56v; — 39v; 1 + 12042 — vj13
Uxxxx(xjs ) ~ N

(C2)

with v; =v(x;, ). Then we adopt a numerical solution of the simultaneous linear

equations with the initial guess v® for the iterative scheme (5.10). Figure 8 shows that
method 2 using this initial guess v*) improves convergence of (5.10) considerably.

Appendix D. Fully nonlinear computation using a boundary integral method

This appendix summarises the method of FNL computation for free surface flow over a
variable bottom, which is based on a boundary integral method developed by Baker et al.
(1982). Here we assume that the bottom topography is time independent as 4 = h(x) in
(5.16) for example 1 and 7 = h(x, t) = h(X) with X = x + F,t in (5.21) for example 2.

First, for the computational domain bounded by —L/2 <x < L/2 and —h(x) <z <
Z(x,t), we introduce the new complex spatial variables Z=x +1iz and ¢ =& +1i7
defined by

A 27'[ S 27‘[ 27‘[
=—7Z ith§ =—x, n=—2. DI
(=7 wihé=—x, n=-—2 (D1)
Then the computational domain is given by
—w<E<m and —H(x)<H<ii(x, 1), (D2)

where 177(x) = Qn/L)h(x) and 7j(x,t) = Q2x/L)¢(x,t). From periodicity, we may
parameterise each variable at the free surface z = {(x, ¢) and the bottom z = —h(x) and
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write them, respectively, as
tr(p,)=¢ atz=¢(x, 1) (—w < p<), (D3a)
tp(p)=¢ atz=—h(x) (-w<p<m), (D3b)
where 5(p) = £ (p) +iip(p) = p — ifp(p), namely

A L .
§(p)=p, 18(p)=—1p(p)=—n(x=xp(p)) with xg(p)= 7,58(p). (DY)

Hereafter, the time dependence of each variable is omitted, such as fp (p) instead of
¢r(p, 1), just for notational brevity if its explicit expression is not necessary. From

Cauchy’s integral formula and periodicity, we can write the complex velocity w = w(?)
using the vortex-sheet strengths yr(p) at the free surface and yp(p) at the bottom,
similarly to Baker et al. (1982, (4.2)), as

s 1 27 T , I~ ~ Ay’
w(C)—rmT {/_HVF(P)COt [E{C —¢r(p )}:| p
b4 1 ~ R
+i/ yB(p) cot [E{C - fB(P/)}i| dp’}- (D5)
Here note that yr(p) and yp(p) are both real and
_f _df/ap _ 2w df/op

w=_" = ==, (D6)
0Z dZ/ap L 3¢ /0p

where f =¢ + iy denotes the complex velocity potential. Equation (DS5) yields the
complex velocities wr(p) at the free surface and wg(p) at the bottom, respectively, as

. 21 1 yr(p)
wr(p) =w( (p))=—{l (p)+1 (p)+—A—}, (D7a)
' T U S s )
« 27 1 ye(p)
wp(p) =wp(p)) = — {1 (p) + Ip2(p) —I—A—} ; (D7b)
’ T T 0 s0p(p)
with
1 T 1 A n
Ir1(p) = rP-V-/ yF(p') cot [—{KF(p) - ;F(P/)}:| dp’, (D8a)
i _x 2
1 (7 1 . A
Isi(p)=;— [ ys(p)cot |:_{§F(P) - ZB(p’)}] dp’, (D8b)
TJ)_x 2
1 [T 1 . -
Ir2(p) = 4—/ yr(p') cot [—{4“3(17) - §F(P/)}] dp’, (D8c)
TiJ_, 2
1 T 1 . n
Ip2(p) = —P.V. / yB(p) cot [5{4‘3 (p) — §B(Pl)}:| dp’, (D8d)
where P.V. denotes Cauchy’s principal value.
The kinematic condition at the free surface is given by
0ZF  _ AF 2w
W—U)F or W —TU)F, (D9)

where Zp = Zp(p, 1) = xp(p, ) +izr(p, 1), {r = Cr(p, 1) =Ep(p, 1) +iAF(p, 1) and
w denotes the complex conjugate of w. Taking the derivative of the dynamic condition at
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the free surface given by Bernoulli’s equation with respect to p along the free surface, we
obtain

a 19 L o7
00r) 19wy + 221 g, (D10)
at 8p 20dp 2w dp
where ¢ denotes the velocity potential at the free surface and
a 0 0Z
9r _pe 19| _ge 1228 ., | (D11)
ap op ap
The bottom condition is given by
a
s _, (D12)
ap

where 15 denotes the streamfunction at the bottom and

%:Im{%}: m{@.w}, (DI13)
ap ap ap
Note that (D7a) and (D11) yield

ye(p) =2[%E —Re|%E - (i (p) + I (o))} ] (D14)

Similarly, (D7b) and (D13) with (D12) produce
19"
y(p) =2-Im o {IF2(p) + I2(p)} . (D15)

In this work, we choose {7 and d¢F /dp as the dependent variables, and apply a pseudo-
spectral method to the numerical computation of (D9) and (D10), similarly to that for
the long wave models in §5.1. For this, we need to obtain wr included in (D9) and
(D10), which is determined by yr and yp, as shown in (D7a). After solving the evolution
equations (D9) for 21: and (D10) for d¢r/dp, we can find yr and yp at a new time step
as follows. The integrals in (D8) can be approximated using the trapezoidal rule and, in
particular, Cauchy’s principal value integrals in Ir;(p) and Ip2(p) can be approximated
using the alternating trapezoidal rule (Beale, Hou & Lowengrub 1996, (6)). Then (D14)
and (D15) are approximated by a system of simultaneous linear equations for yr and yp,
which we numerically solve using the successive over-relaxation method.

To estimate the accuracy of this method of FNL computation, we monitor the wave
energy E(t), which is the sum of kinetic and potential energies, for the initial cnoidal wave
(5.12) with a flat bottom h = ho (L =60, xo = —20, At =0.05, N =2048 and Nyjer =
400). Then it is found that, for the dimensionless wave height @g < 0.18, the cnoidal waves
propagates in almost permanent form with constant speed ¢y in (5.15) and the relative error
|E(t) — E0)|/E(0) <0.04 %.
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