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Abstract: We consider strongly nonlinear long waves on the surface of a homogeneous fluid layer. By modifying the formulation for
the high-order spectral (HOS) method for waves in water of finite depth, we present a higher-order nonlinear system for the surface
elevation and the velocity potential on the free surface to describe the two-dimensional evolution of large amplitude long waves. It is
shown that the resulting system preserves the Hamiltonian structure of the Euler equations and can be transformed to the strongly
nonlinear long-wave model for the depth-averaged velocity. Due to truncation of the linear dispersion relation for water waves, both
the system for the surface velocity potential and that for the depth-averaged velocity are ill-posed when the order of approximation is
odd and even, respectively. To avoid this ill-posedness, fully dispersive models are also proposed. Under the same order
approximation, the long-wave model is found more effective for numeral studies of large amplitude long waves than the finite-depth

model.
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Introduction

In recent years, broadband nonlinear surface
waves in water of finite depth have been studied using
the High-Order Spectral (HOS) method developed by
West et al.l', Dommermuth and Yue', Craig and
Sulemm, and others. In particular, the formulation of
West et al.!'! has been shown effective for numerical
computations and its numerical solutions have been
found to compare well with laboratory experiments,
for example, in Refs. [4-5] for non-breaking broad-
band waves and in Refs. [6-7] for breaking waves
with an eddy viscosity model to represent energy
dissipation due to wave breaking.

In the formulation of West et al.l'!, the system of
nonlinear evolution equations describes the dynamics
of the surface elevation and the velocity potential
evaluated at the free surface, which are the canonical
variables of the Hamiltonian formulation for the ori-
ginal surface wave problem, as shown by Zakharov!®.
Although no small parameter is explicitly introduced,
the right-hand sides of the time evolution equations
are written in infinite series, which can be understood
as asymptotic series under the assumption of small

* Biography: Wooyoung Choi (1961-), Male, Ph. D., Professor
Corresponding author: Wooyoung Choi,
E-mail: wychoi@njit.edu

wave steepness: £<1, where e=a/1 with a
and A being the characteristic wave amplitude and
wavelength, respectively. For numerical computations,
one should truncate the series to a desired order of &.

While the HOS formulation truncated at a rela-
tively low order successfully describes the evolution
of weakly nonlinear waves in water of finite depth, the
order of approximation needs to be increased as the
water depth decreases, which is computationally
challenging. Therefore, it would be useful to find a
model that could converge faster to the solutions of
the Euler equations in the shallow water regime. Such
efforts have been made extensively under the long-
wave assumption.

There are two important parameters relevant to
long surface waves: @ =a/h and f=h/A, where

h is the water depth. When « = O(f*) <1, one can
obtain the well-known weakly nonlinear models,
including the Kortwweg-de Vries (KdV) equation and
the Boussinesq system. See, e.g., an earlier review by
Miles™!,

In shallow water, the wave amplitude can be as
large as the water depth so that « is no longer small.
While the long wave approximation is valid (£ <«1),

the parameter for nonlinearity « can be O(1). This

strongly nonlinear scenario has been investigated by
Su and Gardner (SG)'” and Green and Naghdi
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(GN)!" for one and two-dimensional waves, respec-
tively. Their strongly nonlinear models for the depth-
averaged velocity are the shallow water equations
combined with the leading-order (linear and nonlinear)

dispersive terms that appear at O(f°) .

It is interesting to notice that Rayleighm] obtai-
ned in 1876 the steady solitary-wave solution under
the same assumption of ¢ =0(1) and g <. In fact,

the ordinary differential equation for solitary waves
that Rayleigh!'*! used is exactly the steady form of the
SG or GN model. Almost 80 years later, the same
steady formulation was also proposed independently
by Serre!"*!. Similarly to Stokes expansion for periodic
waves, the expansion for strongly nonlinear long
waves introduced by Rayleigh!'? will be referred to as
Rayleigh expansion in this paper.

Validity of the Rayleigh expansion for large
amplitude waves of a=a/h=0(1) needs to be

tested in comparison with the FEuler equations.
Asymptotically, as long as the wave profile remains
smooth in the sense that no short-wavelength distur-
bances are excited, the SG or GN model is expected to
well describe the evolution of long waves of large
amplitudes. For solitary wave collisions, this has been
confirmed in Li et al.™ by comparing the numerical
solutions of the SG model with those of the Euler
equations. As expected, a good agreement was obser-
ved for small to moderate wave amplitudes, but a
discrepancy is found as the amplitude approaches its
maximum value (e, /h =0.83).

Instead of the depth-averaged velocity, following
Nwogu!"”!, nonlinear long-wave models are often
written for the horizontal velocity at a vertical level
for a better dispersive behavior. Wei et al.'® deve-
loped a strongly nonlinear long-wave model and, for
solitary waves propagating over bottom topography,
showed that its numerical solutions are in good
agreement with the Euler solutions before the slope
becomes too high.

As the aforementioned strongly nonlinear long-

max

wave models typically neglects any terms of O(S3")

or higher, they need to be improved to describe
evolving steep surface waves for which the long wave
approximation could be inaccurate. A systematic
higher-order approximation has been made by Agnon
et al.m], Madsen et al.[lg], Wu[19-20]’ and many others.
In particular, Wu®” presented a few different systems
for different velocities, including the depth-averaged
velocity, the bottom velocity, the free surface velocity,
and the velocity at an intermediate depth.

Here the formulation of West et al.!"! is modified
for shallow water to obtain a higher-order nonlinear
system for long waves. To preserve the Hamiltonian
structure of the original water wave problem, two
canonical surface variables (the surface elevation and

the velocity potential evaluated at the free surface) are
adopted for dependent variables. The resulting system
is then studied in comparison with the finite-depth
model for the HOS formulation and the depth-
averaged velocity model.

1. Basic formulation

For inviscid water waves, the free surface boun-
dary conditions can be written in terms of the surface
variables'™ as

L H+VO-VE=1+Ve W (1)
@ +%|vq>|2 +gl =%(1 +veHm? 2)

where {'(x,?) is the surface elevation, @(x,?)=¢(x,
z=¢,t) is the velocity potential evaluated at the free

surface, W is the vertical velocity evaluated at the free
surface defined by W =0¢/0z|:=¢ and g is the

gravitational acceleration. Here the subscript ¢
represents partial differentiation with respect to time ¢
and V is the two-dimensional horizontal gradient
given by V=(0/0x,0/0y). These equations can be

regarded as a system of nonlinear evolution equations
for £ and @ once W is expressed in terms of

these two variables. Depending upon how to close this
system, one can obtain various theoretical models,
which in general need be solved numerically unless an
additional approximation is made.

To close the system given by (1)-(2), the velocity
potential is first expanded in Taylor series about a
fixed vertical level at z=2Z:

b=y TLEE gy

+
@ =

S (=D (=DM o oo 09

,Z) 2/ +1)! VY ®
By introducing
. .0
G=d... w2 )

Z z=Z

#(x,z,/)and w(x,z,t)=0¢/dz can be written'™ as:
¢=cos[(z—2)V]p+sin[(z—Z)V] -V'w 5)
w=—sin[(z — £)V]-Vé +cos[(z — £)V]w (6)
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For the HOS formulation, by evaluating ¢ and w
at z=¢
surface variables @(x,t) and W(x,t) can be found,

in (5)-(6), the expressions of the free

in terms of ¢; and W, as:
@ = cos[(¢ —2)V] +sin[(C —£)V]-V ' (7)
W =—sin[({ —2)V]- V@ +cos[(¢ —Z)V]w (8)

1.1 Finite-depth model for HOS

For surface gravity waves on water of finite
depth, following West et al.''. one can choose the
mean surface level for Z, i.e., Z=0. Then, the free
surface variables @ and W are given, from (7)-(8),

by
@ = cos(¢ V), +sin(EV) -V, )
W =cos({V)w, —sin(¢' V) -V, (10)

where ¢, :¢|FO and w, :w|z:0. If one can write

w, interms of ¢,, @ can be expressed in terms of
¢, and ¢ from (9). With substituting Z=0 and

z=—h and imposing the bottom boundary condition
(w=0at z=-h), equation (6) yields such a
relationship between w, and ¢, :

w, =—tan(hV)-V¢, =-L[4¢)] (11)

where sec(#V)sin(AV) = tan(hV) has been used for

constant /4 . Here the linear operator £ is the
Dirichlet-to-Neumann (DtN) operator for the lower
half-plane given by

£ =tan(hV)-V (12)

Notice that £ is defined as an infinite series in
physical space that requires truncation for its evalua-
tion, but can be evaluated exactly in spectral space as

F(LLf]) =k tanh kh A [ f] (13)

where # denotes the Fourier transform, and % =

|k| with k being the two-dimensional wavenumber

vector. In (13), we have used tan(ikh) = itanh(k#) .
When (11) is substituted, (9) becomes

@ =[cos({ V) =sin({ V) - V' L1, (14)

1117

This equation needs to be inverted to express ¢, in
terms of ¢ and @& . While the inversion cannot be

made explicitly, the expression of ¢, can be obtai-

ned as an infinite series. Although it is not required to
formally introduce a small parameter, it can be
expected that the resulting expression is simply an
asymptotic series under the assumption of small wave
steepness, or, equivalently, |Cf V¢O|=O(6¢O). Then,
by substituting the resulting series into (10), one can
obtain an expression for W in terms of { and @ .
Finally, by substituting the expression of W into
(1)-(2), one can obtain a system of nonlinear evolution
equations for § and @ . After truncating the series
to a desired order, the system can be solved numeri-
cally using a pseudo-spectral method. For example,
when truncated at  O(e*) , the system is given®") by:

6 =—L[P]-V-(EVD)-L(SL[P]) ~

L’[{L’((L’[cb]) +%g2v2¢} -
% GH[@]} (15)
P gy 1 2 _

@ =—¢¢ 1V O VD +(£[0)
z[méz[@])%fvz@} (16)

The explicit higher-order systems and their
Hamiltonian structures can be found in Choi™” in
both physical and spectral spaces.

This approach has been referred to as the HOS
method, which was first developed inde}[)endently by
West et al.l'! and Dommermuth and Yue'®. A similar
formulation has been presented by Craig and Sulem"!
by expanding the nonlinear DtN operator. While the
HOS method can be described in various ways, the
formulation consistent with the description here can
be found, for example, in Choi®" and Choi et al.”. A
comparison of numerical solutions with different
orders of approximation with laboratory experiments
is presented in Goullet and Choil.,

1.2 Generalization of HOS to shallow water

For long waves in shallow water, instead of
z=0, it is more convenient to choose the bottom
level for Z,i.e., Z=-h to have, from (5)-(6),
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¢(x,z,t) =cos[(z+h)V]g, a7
w(x,z,t)=—sin[(z +h)V]-Vg, (18)

where the bottom boundary condition (w=0) has
been imposed. Likewise, from (7)-(8) with z=-#,
@ and W can be simplified to

@ = cos[(¢ + )14, (19)
W = —sin[(¢ +h)V]- Vg, (20)

where ¢, E¢|z=—h' Similarly to the finite-depth case,

(19) needs to be inverted to express ¢, in terms of
¢ and @. Contrary to (14), the resulting expression

of ¢ is expected to be an asymptotic series for long
waves (f <« 1), but no assumption on « needs to
imposed so that o = O(1) for finite amplitude waves.

Therefore, this expansion should be appropriate for
finite amplitude long waves although ¢ =af is still

small. Notice that this is exactly the same assumption
that Rayleigh'” adopted to find his solitary wave
solution.

In this paper, using (17)-(20), we will obtain a
higher-order nonlinear long-wave model for ¢ and
@, which can be considered a generalization of the
HOS model to shallow water. Before we consider the
nonlinear case in Section 3, we first examine the
linear dispersion relation of various models mentioned
previously.

2. Well-posedness of linear systems
When linearized for small amplitude waves,
(1)-(2) can be reduced to

=W, &=-g¢ @n

Similarily, (19)-(20) can be linearized, with a/h <1,
to

@ =cos(hV)¢,, W =-sin(hV)-V¢, (22)

which can be combined to find the linear relationship
between W and @ as

W =-L[®] (23)

where £ =tan(hV)-V, as defined in (11). Then, the

linear system given by (21) can be written as
¢ =-L[P], &=-¢g¢ (24)

which can be combined into ¢, = g£L[{]. The same
equation also holds for @. For ({,®)~ exp[i(k-x—
ot)], using (13), equation (24) gives the full linear
dispersion relation:

" = gk tanh kh. (25)

Therefore, without any further approximation, the
finite-depth model (24) yields the exact linear
dispersion relation for water waves.

For long waves, as AV = O(f) < 1, the operator

£ 1in (24) can be expanded as

» n+l n+l 2y72\n
L= hz 4 (4 _I)Bz(n+1)(_h \% ) Vz
per [2(n+D]!

(26)

where B, is the Bernoulli numbers given by B, =
1, B,=1/6, B,=-1/30, B,=1/42, ---. When

the £ -operator is truncated at O(B"), the linear
system given by (24) becomes

¢ =—4[P]. & =-g¢ 27)

where £, is given by (26) with changing the upper
limit of the summation to M . Then the linear
dispersion relation for the truncated system (27), or

¢, =g4,[&], 1s given, with kh=O(p) , by
2 2 1 2, 2 4
o = ghk [1—5(1{;1) F )

4M+1 4M+l _ 1 B
( ) 2(M+1) (kh)zM (28)
(M +2)!

Now one can see that, when the operator £ is
truncated with an odd integer for M, the system
given by (27) becomes ill-posed in the sense that short
waves of large k are unstable with unbounded growth
rates as the right-hand side of (28) becomes negative

for large k& with B, <0 for odd M. On the

other hand, it is well-posed for even M. Therefore, the
long-wave model for the surface variables (4 and

@) given by (27) should be truncated at O(B*")

with even M for numerical studies.

(M+1)
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While the long-wave model for ¢ and @ trun-

cated at O(f”) should be avoided, most well-known
nonlinear long-wave models including the Boussinesq
equations contain dispersive terms of O(f3”) as they

are written in terms of different variables: the surface
elevation and the depth-averaged velocity.
From its definition given by

= (h+§) ji Vodz (29)

the depth-averaged velocity # can be written, using
(17), as

1
(h+¢)

u=

sin[(h+<)V]g, (30)

Once again, for small amplitude waves, u# can be
approximated, after replacing 2+¢ in (30) by 7,
to

= %sin(hV)gzﬁb = %tan(hV)@ 31)

from which V@ can be approximated, in terms of
u,by

Vo= 7u] (32)
where the linear operator 7 1is defined as

o 4)1B _hZVZ n
j=z 211( )

— (2n)! 9

Then, the linear system for { and u# can be written
as

¢, =-hV-u, 7ul=-gvV¢ (34)

which can be combined into J[{,]= ghV*¢ . As the

operator J becomes in Fourier space a Fourier
multiplier given by

F(JLf]) = khcoth(kh) 7| f] (35)

the linear system given by (34) yields the full linear
dispersion relation: @’ = gktanhkh . For long wave,

when truncated at O(f
gives the following dispersion relation

*My, the linear system (34)

1119

1 1
1+ (kh)* —— (kh)* +---+
{ 5 (k)" == (k)

4M 2M 2
(2MZ;”' (kh) }a} = ghk (36)

Contrary to the system for ¢ and @, the depth-

averaged system is well-posed for odd M , but
ill-posed for even M . This implies that the depth-
averaged system given by (34) should be truncated
with odd M unless the dispersive terms are modeled
differently. Therefore, a higher-order depth-averaged
model should be used with care.

3. Rayleigh expansion for surface variables

3.1 Closure
From (19)-(20), @ and W can be written, in

terms of the velocity potential at the bottom, ¢, , as

@ = cos(nV)g,, W =—sin(pV)-V, 37)
where n=h+¢ . To find an expression for ¢ in

terms of ¢ and @, the first equation in (37) is

inverted to
¢b = Z ¢2m—1 > djl = @ (38)
m=1
m—1
Dy, =2 4By, ] for m22 (39)

where we have used (A4), (A4b) with

_( l)m 77 v2 , A

¥+ A =0 (40)

Then, by substituting this into the second equation in
(37), the expression of W can be found as

W= W, (41)

m—

VVZm C2j+l[@2(m - l

Jj=0

for m>1 (42)

where we have used (A6)-(A7) with
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2m+l1

— 0 C) ( 1)m+l 77 VZ(m-H) (43)

G
2m+1 (2 + 1)'

2m
With assuming that nV=0(f) and ¢{/h=0Q),
one can notice that .4 [@]/®@=0(>") and
G @UVO|=0(S™"")  Therefore, @, /@ =
o "] and Wzm/Vd)|=0(ﬂ2”H) for m=>1 .

Although no small parameter is explicitly introduced,
this formal expansion produces an asymptotic series in

B* as Rayleigh!'™ suggested.

3.2 Nonlinear evolution equations for surface vari-
ables
By substituting (41) into (1)-(2), the nonlinear
evolution equations for § (or n=h+¢ ) and @

can be found as

=20,010). #=3 R, (0.0) (#4)

where O, and R, are given by

O,=W,-V®-Vp (45a)
QZm - 2m |V77| I/VZ(m 1) for mz2 (45b)
1.
R, R, = EW2 (46a)
1 —1
EZ:; 2y W- |V’7| ZVVZ(m iWa;
for m>3 (46b)

Relative to the left-hand sides, one can see that O,

and O(%,) are O[B*" "] Therefore the leading-
order terms in (44) (with m=1)are O(1).

3.3 Hamiltonian structure

Zakharov'™® showed that the total energy defined
by
1 o¢
E= +O—= 47
> [ G o ] (47)

is the Hamiltonian so that the evolution equations for
¢ and @ can be written as Hamilton’s equations:

oc _9JE , o® __JOE (48)
o Sv o o

where O0E/0( and OE/S6@ represent the func-

tional derivatives of E with respect to the two
canonical (or conjugate) variables ¢ and @ ,

respectively. Therefore, the system (44) conserves the
total energy FE .
After substituting (44) for 04 /0t into (47), the

total energy given by
1 o0
E=2 | {géz +@ 0, (:,@} dx (49)
m=1

can be expanded as

E= Z E2m (50)

m=0
where E,, =O(f™") for m>0 are given by
E,=[(g¢* + @ g[@])dx (51)
E,, =[®9,[0ldx, m>1 (52)
3.4 Truncated systems

From

n n'
_ 2 _N s

ATV A =T (53)
C=-nv, C = ’; V4, 5'——’;v" (54)

with V*" =(V?)", one can write explicitly @, and

4 s .
W, ,correctto O(B") and O(B’), respectively, as

_ n

@=0. ¢-Tvo (55)
2 2 4

@, =77—V2(77—V2(D]—77—V4(D (56)
21 | 2 41

W, = v’ (57)

773 4
= v L vip |+ 1 vip 58
n [2 J 3 (58)
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2
W, :__n‘72{21_‘72[77

v —77—4V4(D +
2! 2! 4!

3 2 5
”-v“(”-v@)-”-v%p (59)
31 (2! 51

Then, by setting the upper limit to M +1 in (44)
with M =2 , the second-order model correct to

O(B*) is given by

n+V-V@)+V’ G;fv@j +
2 2 5v72
Y v-( =’V v¢j+
15
1
5773V : (nVn)(VZG?)} =0 (60)
1 1 2 2 2

@f+g§+EV$~V@—EI7 (VD) +

7’ [vz anvz@j +%|v77|2 Vi -

énzv“@}vzcb =0 (61)

which have errors of O(°) . Here the system correct

to O(B) is referred to as the M -th order

system. When linearized, the second-order system
(60)-(61) yields the linear dispersion relation given by
28) with M =2:

o = ghk’ [1 —%(kh)z +%(kh)4} >0 (62)

Therefore, the second-order system is well-posed and
is suitable for numerical computations.

With the Hamiltonians are given, from (51)-(52),
by

E2=j %[gé’ernV(D-V@]dx (63)

E,=- j %;f(szp)de (64)

1121

1
E, =jgn5v2(v¢).v2(va))—

éfv(nvf;)(v@f]dx 65)

(60)-(61) can be also obtained from Hamilton’s
equations given by (48).
When any terms of O(f°) or higher are neg-

lected from (60)-(61), the leading-order (or zeroth-
order) system can be found as

n,+V-qVeP)=0 (66)
@t-i-gé’-‘r%VCp'V@:O (67)

which is equivalent to the shallow water equations.
On the other hand, the first-order system correct

to O(S%) are given by

n,+V-@Vd)+V? G;fv@jzo (68)

@t+g§+%v¢.v¢—%n2(v2<p)2:0 (69)

This system is asymptotically equivalent to the GN
system written in the depth-averaged velocity.
Unfortunately, as shown previously, the first-order
system given by (68)-(69) is ill-posed and, therefore,
should not be used for numerical computations as it is.

For weakly nonlinear waves of a=O0(f), the

well-posed second-order model can be further simpli-
fied to

S +V-[(h +§)V¢]+%h3v4¢ +
WV (¢ VD) +%h5V6(D -0 (70)

th-i-gé’-l-%V@-V@—%hz(Vz@)z:O (71)

where the errors relative to the leading-order terms are
O’ B ,af"). It is worthwhile to mention that the

weakly nonlinear system (70)-(71) can be also derived
from the finite-depth model (15)-(16) under the

second-order approximation valid to O(¢’). See the
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detailed derivation in Choi*",

3.5 Regularization

As discussed in Section 2, the ill-posedness of a
truncated system arises from an approximation to the
original linear dispersion relation. Therefore, one can
make the truncated system well-posed by changing its
dispersion relation back to the full linear dispersion
relation given by (25). As can be seen from (27), one
possibility to achieve this is to modify the evolution
equation for ¢ in (44), under the M-th order appro-

ximation, to

M+l

n=Y 0,,(1,®)+ £4,[@]- L[P] (72)

m=1

where the integral operator £ is defined in (13) and
the local operator £, is given, from (26), by

4n+1 (4n+1 _ 1)32(,1“) (_h2v2 )n

[2(n+D]! v (73)

M
L, =hY,
n=0

Compared with the original system, the evolution
equation for 7 has two additional terms. The first
additional term £, [®@]
linear dispersion relation that is contained in the
summation of (), ~while £[@] provides the full

linear dispersion relation. Then the system given by
(72) along with the evolution equation for @
becomes well-posed even for odd M . For example,
from (72), the regularized first-order (M =1) model

can be obtained as

eliminates the truncated

n+V-Vd)+V’ Gyfvchj =

AV +§h3V2V2cD—L‘[¢>] (74)

along with (69) for the evolution of @ . Furthermore,
the regularized model has the full dispersion relation
for any M . A similar idea was proposed by
Whitham'®! who improved the dispersion relation of
the KdV equation by replacing the third-order spatial
derivative term in the KdV equation by an integral
operator that produces the full linear dispersion
relation for uni-directional waves.

3.6 Comparison with the finite-depth model

As e=qaf , the assumption of S« still
implies ¢ <« 1. Therefore, similarly to the finite-depth
model, the wave steepness defined by ¢ =a/A has

to remain small for the long-wave model to be valid.
Nevertheless, one can think that the finite-depth and
long-wave models are applicable to weakly and
strongly nonlinear waves, respectively, in the follo-
wing sense. First one should notice that the characte-
ristic horizontal velocities for the two models are

different: U, =(gA)"* and U, =(gh)"* for the

finite-depth and long-wave models, respectively.
From the free surface boundary conditions, or,
equivalently, from (1)-(2), the horizontal velocity
|V@|=O(CD//1) can be scaled as |VCD|/U1=

O(e)«1 for the finite-depth model, |V (D|/ U, =
O(a)=0(1) for the long-wave model. Therefore, the

long-wave model with « = O(1) can be considered a

strongly nonlinear model.

In general, the long-wave model can be derived
from the finite-depth model by taking the long-wave
limit. It should be pointed out that, as € =af = O(f)

when o =0(), one should use the 2(M +1)-th

order finite-depth model to obtain the M-th order
long-wave model. More specifically, the second order
long-wave model (68)-(69) can be obtained from the

sixth-order finite-depth model valid to O(¢°) .

Solving a higher-order finite-depth model that has a
large number of terms is computationally expensive.
Thus the lower-order long-wave model is more
advantageous for numerical simulations of large
amplitude long waves.

Numerically, the finite-depth model (15)-(16)
needs to be solved using a pseudo-spectral method,
where an integral operator £ can be easily
evaluated in Fourier space as a Fourier multiplier
(ktanh k) , as shown in (13). When truncated at

O(S*") with an odd integer for M , the system (44)

can be solved with either a finite difference or a
pseudo-spectral method. On the other hand, the
regularized model (72) should be solved using a
pseudo-spectral method for the evaluation of £ . As
the order of approximation increases, the long-wave
model introduces terms of higher-order spatial
derivates and therefore a small time step might be
required if an explicit time integration scheme is
adopted.

4. System for depth-averaged variables

4.1 Transformation
The expression of # in (30) can be inverted to

Vg, = it@m_l (75)

m=1

where #, =u and
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u,, = Dz, Uy, ;4] for m=2 (76)
Jj=1
with 22 given by
J 392]
S S/ B vE R S (77)
To@2j+D! !

Also, from (37) and (75),
terms of 7 and u , as

W can be expanded, in

W=y W, (78)
m=1
_ m—1 _
on = D2 Ky [0 (79)
=

where the vector operators K, are given by

2j+1

4 n 2j
K, ., =D 2 H),V v (30)
In addition, from
Vo =Vg¢|_ +WVn (81)

along with V¢|z:¢=cos(77V)V¢b from (17), v=

V@ can be written, in terms of # and ¢, as

V= ZVZm—l (82)
m=1

where v, =u and

_ m—1 _
Vomor = VVz(m—l)VU + ZAZj [uz(m—j)—l] for m>2  (83)
=0
are given by (76) and (79),

where l_tj and VI_/,.

respectively, and .4, are given by (40). When the

expressions for W and v given by (78) and (82)
are substituted into (1)-(2), the system of nonlinear
evolution equations for 7 and # can be obtained.

Interestingly, at any order of approximation, the
evolution equation for 7 is always given by

n,+V-(nu)=0 (84)

1123

This is not so surprising as (84) implies conservation
of mass. It is in fact well-known that equation (84) is
the exact evolution equation for 7 and can be

obtained by integrating the continuity equation over a
fluid column.

On the other hand, after taking the gradient of (2),
the evolution equation for v=V @ can be found as

- V[irzm @ ﬁ)} (85)

where r,, are given by
1—2

r,=—(gn+tv-v), r4:5W2 +v, v, (86a)

B 1 m=1 _ _ 1 m=2 _ _
P =5 D Wiy W, +_|V’7| 2 Wi W, =

23 2 =
1 m
—szj_l “Vymjyn for m=3 (86b)

23
Notice that (85) is written in conservative form and,
once it is solved numerically for Vv, one needs to find
u from (82) by inverting an semi-linear operator that
depends on 77 .

Although the original three-dimensional velocity
field is irrotational, the depth-averaged velocity field
u is no longer irrotational. From (83), the vorticity
of the two-dimensional velocity field # is given by

V== Vxv,, (87)

m=2

where Vxv=0 hasbeenusedas v=V@.

It was shown by Matsuno®" that the system for
u also preserves the Hamiltonian structure of the
original Euler equations for surface waves, and
conserves the total energy defined by

E=[(e¢* + 05 dx=[(e¢> +pv-idx  (89)

where v can be expressed in terms of 7 and u
using (82) with (76) and (79).

4.2 Truncated systems
When the right-hand side of (85) is evaluated
with m=M +1 for the upper limit of the summation,

the system is valid to O(S°""). For example, to find

the evolution equations valid to O(B”), one should
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first find the expression for v=V@ correct to
O(f?) given, from (82), by

v= Zzlv2m—l +0(8") (89)

m=1

where v, are given by

3
=, v, =—lv(’7—v.ﬁ] (90)
n 3

Then the evolution equation for u# can be found,
from (85) with r, +r, on the right-hand side, as

{ﬁ—lv[”—}vaﬂ =_V(gn+u-u)+
n 3 )

2 — 3
viZwv.ap-Lvlly.g 1)
2 n 3
Using the following expression obtained from (87)
Vxﬁ=—%77V77><V217+O(,H4) (92)

Equation (91) can be rewritten as

0 +u-Vi+gVe=

3
lv{%[v-ﬁl +E-V(V-E)—(V'z7)2]} (93)
n
where we have used V(V-u)=V’u+0(f).

The first-order system given by (84) and (93)
was previously derived by Su and Gardner!'” for
one-dimensional waves. Later, using a different
approach, Green and Naghdi''"! obtained the system
for two-dimensional waves, which is often referred to
as the GN system. It was shown!'* that the numerical
solutions of the GN system agrees much better with
those of the Euler equations than the weakly nonlinear
Boussinesq equations.

It is interesting to notice that Rayleigh[lz] first
derived the steady form of the GN system for
traveling waves and found the solitary wave solution
propagating in the x -direction

7(X)=h+asech’(kX), E(X)=c(1—h—°] (94)
n

where X =x-c¢t and k and the wave speed € is
are given by

2
S R ) (95)
Ah+a) gh  h

respectively.

As discussed previously, the next-order approxi-
mation to (85) for M =2 will result in an ill-posed
system. Similarly to the system for ({,@), one can

also regularize the system by subtracting the truncated
linear dispersive terms and adding a full linear
dispersive term to the evolution equation for # . Also,
if one wants to include the full linear dispersion even
for the well-posed case, the system can be modified in
the same way. For example, the GN system with the
full linear dispersion relation is given by (84) and

(v 7, @)+ S, =V{Zrzm<m>} 96)

where 7,, is the local operator given by (26) with

replacing by M the upper limit of the summation
and 7 is the linear integral operator given by (35).

For example, the fully-dispersive GN system is given
by

[j[ﬁ]h?vzﬁj +u-Vu+gVe =

t

lv{%a[v.ﬁt +E-V(V-ﬁ)—(V-fl)2]} 97
n

5. Conclusion

To describe the evolution of large amplitude long
waves, we have presented a higher-order nonlinear
system for the surface elevation and the free surface
velocity potential by assuming f=h/A <1, but

a=al/h=0(). The system is a generalization of the

finite depth water model for the HOS method to
shallow water with preserving the original
Hamiltonian structure. It has been shown that the
system for the surface variables is ill-posed when it is

truncated at O(B°") with odd M while the

widely-used system for the depth-averaged velocity
suffers from ill-posedness with even M. Never-
theless, both systems can be regularized by replacing
linear dispersive terms by a term with full linear
dispersion. In comparison with the finite-depth model,
the long-wave model can be truncated at a lower order
that has a less number of terms and is more beneficial

@ Springer



for numerical studies.
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Appendix A: Inversion and composition of infinite
series
Consider an infinite series

EEIAES) (AD

where operators * are given. Using the Cauchy

n
product, its inversion can be found, in infinite series,
as

0= Y GL/1= g, (A2)

where % ¢, =7 with Z being the identity opera-
tor and

n—

A G, ==Y F. .G for nx1 (A3)

1
n—j
Jj=0

and g,(x)=&,,[f(x)] are given by

&(x) =7 [f ()] (Ada)
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g,(x)=-A" $ F g, ;(x)] for n>2 (A4b) q(x)= Zq,, (%) (A6)
When ¢(x) is defined as where ¢, (x) are given by
4=, [P0 with p()=D 5,0 (A9 4,0=2%p, ] for nz1 (A7)

it can be expressed as
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